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Summary:

This course presents the essential tools and techniques for processing volume data as part of

rendering and visualization.  We will examine the processes of 1) linear and nonlinear filtering,

2) interpolation, 3) reconstruction, 4) feature extraction, 5) segmentation, and 6) model fitting.

Both basic fundamentals of linear image processing as well as more advanced nonlinear methods

in level set and energy-minimization-based techniques will be covered, illustrated by case studies

and applications.
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Summary Statement:

This course presents the essential tools and techniques for processing volume data as part of

rendering and visualization.  We will examine the processes of 1) linear and nonlinear filtering,

2) interpolation, 3) reconstruction, 4) feature extraction, 5) segmentation, and 6) model fitting.

Both basic fundamentals of linear image processing as well as more advanced nonlinear methods

in level set and energy-minimization-based techniques will be covered, illustrated by case studies

and applications.

Expanded Statement:

Conventional volume rendering has been used to visualize volume data as a sampled density

map.  However, more and more people are looking at high dimensional data that has noise,

occluding surfaces, limited resolution, etc., requiring users to do more "processing".  Advanced

volume processing is what enables filtering, interpolation, reconstruction, feature extraction, and

model fitting.  This course covers the reconstruction of continuous models from sampled data,

the application of transfer functions for shading and classification, and the segmentation and

projection of the reconstructed values for rendering.  The goal is to illuminate structures within

the data without unwanted artifacts or masking detail.

Prerequisites

Basic knowledge of 3D computer graphics and an understanding of the basic principles of image-

processing.



Topics:

Participants will gain insights into the mathematics of the elements of effective volume

visualizations and the processes by which they are created.  In addition, we will cover emerging

topics in volume data processing including level sets, shape extraction using adaptive deformable

systems and model-based segmentation.

Course Speakers:

Guido Gerig
University of North Carolina at Chapel Hill

Ioannis Kakadiaris
University of Houston

Raghu Machiraju
the Ohio State University

Torston Moeller
Simon Fraser University

Ross Whitaker
University of Utah

Terry S. Yoo
National Library of Medicine, NIH

Course Syllabus:

Our goal is to elevate the level of the debate regarding the mathematics of volume graphics.  We

will treat the issues of reconstruction, analysis, and resampling from the perspective of

continuous mathematical and statistical models.  In order to keep the material from being dry and

theoretical, a great deal of emphasis is being placed on examples and case studies.  Examples

will be presented periodically throughout the course, illuminating the motivations, benefits, and

potential pitfalls of the image processing techniques being discussed.  The afternoon will be

dedicated to emerging techniques relevant to both 3D image processing and volume graphics.

The selected topics represent active areas of research that should interest those who wish to

explore new research in volume graphics.

We have designed the course to flow from one topic to the next, beginning with the

elementary mathematics of volume image processing, continuing to linear and then nonlinear

methods.  In the afternoon, emerging topics, too, flow from basic tools, through model-based

methods, and end with new approaches in level sets.



Course Syllabus

1st morning session - (90 min. total)

INTRODUCTION TO VOLUME DATA FOR COMPUTER GRAPHICS [Yoo]  (10 mins)
The connection between mathematics and visualization
Sources of volume data:

• Scanning of physical objects and medical subjects.
• Range data.
• Simulation and CFD.

Topics to be covered and not to be covered, & what we hope to accomplish.

FILTERING AND FREQUENCY FUNDAMENTALS [Yoo] (30 mins)
Filters
Frequency – a biological example
Fourier Transforms
The convolution theorem and the Fourier slice theorem

LINEAR FILTERING AND FILTER DESIGN [Machiraju] (50 mins)
Derivatives of volume data.
Sources of error and error propagation in filtering.
Approximation, interpolation, and anti-aliasing.

---BREAK (15 min.)---

2nd morning session - (105 min. total)

ASSESSMENT OF QUALITY IN VOLUME RENDERING  [Moeller and Machiraju] (90 mins)
Function Reconstruction from Discrete Data.
Exploring transfer functions for volume rendering: Cause and effect examples.
Error analysis of reconstruction processing and derivative filters

INTRODUCTION TO NONLINEAR FILTERING [Yoo] (15 mins)
The diffusion equation.
Nonlinear diffusion.
Geometry driven diffusion.

---LUNCH---



Course Syllabus (cont.)

1st afternoon session - (100 Mins total)

ELASTICALLY ADAPTIVE DEFORMABLE MODELS [Kakadiaris] (50 min.)
Generating energy functionals for segmentation.
Deformable surfaces and contours.
Finite element and finite differencing techniques for deformable models.
Examples.

MODEL BASED SEGMENTATION [Gerig] (50 mins)
Shape representation: Alternatives to triangular meshes.
Shape variability.
Object evolution toward a target shape.
Examples.

---BREAK (15 min.)---

2nd afternoon session - (95 min. total)

LEVEL SETS [Whitaker] (90 min.)
Blobby models and beyond.
Level set basics.
Evolving isosurfaces.
Applications of level set methods to morphing and reconstruction of range data.

WRAPUP [Yoo or Machiraju] (5 min.)
Suggested reading.
Suggested venues, journals, and conferences.
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Speaker Biosketches

Guido Gerig is a Taylor Grandy Professor of Computer Science and Psychiatry at the University of
North Carolina at Chapel Hill, where he studies methods for segmentation and visualization of
multidimensional medical data as well as the statistical analysis of 3D shape.  He holds a MSc. in Natural
Sciences, and both a Ph.D. and a PD in Electrical Engineering and Computer Science all from ETH
Zurich.  Guido serves on several program committees and editorial boards for medical image analysis
journals and conferences, and he was awarded the UNC Computer Science Students Association
Teaching Award in 1999.

Ioannis A. Kakadiaris is an Assistant Professor in the Computer Science Department of the University
of Houston.  He received the Ptychion (B.S.) (1989) in Physics from the University of Athens, an M.Sc.
(1991) in Computer Science from the Northeastern University, and his PhD (1997) in Computer Science
from the University of Pennsylvania.  Dr. Kakadiaris is the Director of the Visual Computing Lab and his
expertise includes physics-based modeling, computer vision, computer graphics and medical imaging.
He received the NSF Faculty Early Career Award for his proposal, "An Integrated Framework for Data-
Driven Representations and Algorithms in Visual Computing" in 2000.

Raghu Machiraju is an Assistant Professor of Computer and Information Science at the Ohio State
University.  His research interests include visualization, graphics, image analysis and high performance
computing.  He obtained his Doctorate from the Ohio State University in 1996.  Previously he served as
an Assistant Professor of Computer Science at Mississippi State and as a research scientist at the NSF
ERC for Computational Field Simulation.  He received the NSF Faculty Early Career Award for his
proposal, "On the Assessment of Volume Rendering Algorithms in Visual Computing" in 1998.  Raghu
has participated in related tutorials at IEEE Vis 2000.

Torsten Moeller received his PhD in Computer and Information Science from Ohio State University in
June 1999. He received a Vordiplom (BSc) in mathematical computer science from Humboldt University
of Berlin, Germany. He is currently an assistant professor at the School Of Computing Science at Simon
Fraser University, where he is co-director of the Graphics, Usability and Visualization Lab. His research
interests include the fields of Scientific Visualization and Computer Graphics. He is especially interested
in interactive and accurate volume rendering methods for regular and irregular data.

Ross Whitaker is currently an assistant professor at the University of Utah, Department of Computer
Science.  His research interests include: computer vision, image processing, medical imaging, and
computer graphics/visualization.  He received his B.S. degree in Electrical Engineering and Engineering
Physics from Princeton University in 1986 and his Ph.D. in Computer Science from the University of
North Carolina at Chapel Hill in 1993.  Previously he has been a research scientist in the User Interaction
and Visualization Group at the European Computer-Industry Research Centre in Munich, Germany and
an assistant professor of Electrical and Computer Engineering at the University of Tennessee.

Terry S. Yoo is a Computer Scientist in the Office of High Performance Computing and
Communications, National Library of Medicine, NIH, where he explores the processing and visualizing
of 3D medical data, interactive 3D graphics, and computational geometry.  Previously as a professor of
Radiology, he managed a research program in Interventional MRI with the University of Mississippi.
Terry holds an A.B. in Biology from Harvard, and a M.S. and Ph.D. in Computer Science from UNC
Chapel Hill.  He has been a speaker and organizer of successful courses on medical visualization and 3D
image processing (SIGGRAPH 1993, 1994, 1998, Vis 2000).
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Image Processing
Fundamentals

•Terry S. Yoo
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Do What?  How? 

• Find the surface normal to the embedded surface?

• Locate an object within the volume?

• Take the derivative of a kidney?

• How do I evaluate the error introduced by sampling?

• What is aliasing, really?

• How does this all work together in volume graphics?



Image Basics  

• Given a discrete volume dataset, vol[x][y][z]

• Imagine a volume generating function, f, such that for 
any particular point pi = (xi,yi,zi):

f(xi,yi,zi) = vol[xi][yi][zi] 

• Must reconstruct f(x,y,z) from vol[x][y][z].

• Can make measurements of  f(x,y,z), (e.g.,derivatives) 

• HOW?

Convolution

• Sampling.

• Interpolation.

• Reconstruction.

• Low pass filtering.

• Noise suppression.

• Edge enhancement.

• Derivative measurement.

• Linear scale space analysis.



Convolution
Convolution integral

h(x)⊗ I(x) = h(τ)I(x − τ) dτ
−∞

∞
∫

Convolution & the Gaussian
Convolution integral

Gaussian as a convolution kernel 
(with spatial scale parameter, σ)

h(x)⊗ I(x) = h(τ)I(x − τ) dτ
−∞

∞
∫

h(x) = G(σ,x) = 1
σ 2π e

− x2

2σ2



Smoothing - noise filtering

Input, φ(x) Kernel, G(x,σ) = φ(x) ⊗ G(x,σ)

⊗

⊗

=

µI (x| σ) = G(σ,x)⊗I(x) = G(σ,τ)I(x −τ) dτ
−∞

∞

∫

σ = 1 σ = 16 σ = 24 σ = 32

input

Linear Scale Space



Convolution in 2D
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= φ(p) ⊗ G(p,σ)⊗

Properties of the Convolution 
Operator
Property:

• Commutative.

• Associative

• Distributive over addition.

Mathematically:

• f ⊗ h = h ⊗ f 

• (f ⊗ h) ⊗ g = f ⊗ (h ⊗ g)

• f ⊗ (h + g) = (f ⊗ h) + (f ⊗ g)



Convolution & differentiation
• Problem: Real-world data are seldom 

accompanied with continuous functions, 
suitable for differentiation.

• Observation: Differentiation is just a 
convolution!       

• Problem: Derivatives of real-world data are not always defined.

• Observation:  Differentiation is associative and commutative.

h(x) ⊗ ∂/∂x ⊗ f(x) = ∂/∂x ⊗ h(x) ⊗ f(x) 

• Solution: Combine differentiation with a regularizing kernel.

1/(2e)

(2e)

Differentiation

Not-differentiable NaN

⊗ =



Differentiation

⊗ =

⊗ =

Differentiation

⊗

⊗

=



Differentiation

⊗

=

Now for something different…

•But not completely different...



eiπ = -1

eα+iβ = cos α + i sin β



The Fourier Transform
• A different mirror with which to view images.

• The Fourier transform 

• The result transforms a function of x in image space to a 
function of ν in frequency space.

• There is an Inverse Fourier transform for undoing this process.

Fourier Transforms of common 
functions
Image Space: Frequency Space:

Box
(nearest neighbor)

Pyramid
(linear interpolant)

Gaussian
(std. distribution)

Comb / Shah
(sampling function)

F(Box)
sinc

F(Pyramid)
(linear interpolant)

Gaussian
(non-normalized)

Comb



Properties of the Fourier 
Transform
Property:

• Frequency Scaling �
Inverse Spatial Scale Change

Property:

• Spatial Scaling �
Inverse Frequency Scale 
Change

The Convolution Theorem

• Convolution in space = multiplication in frequency

• Convolution in frequency = multiplication in space



Revisiting Convolution

•now see convolution as a transform, a 
multiplication, and an inverse transform.

Ä

Revisiting Convolution (2)

⊗ =

=X

Fourier Transform Inverse Fourier



Revisiting Convolution (3)

Input, φ(x) Kernel, g(x,σ) = φ(x) ⊗ g(x,σ)

⊗

⊗

=

F(Input), Φ(x) Kernel, G(x,σ) = Φ(x) ´ G(ν,σ)×

Fourier Transform Inverse Fourier

Discrete Fourier Transforms

• Periodic.

– Assume that the function is a single period of a 
infinitely repeating function.

– Or:  Think of it as an image that wraps onto itself 
like a doughnut (torus).

• Discrete.

– If there are n samples in the spatial domain, there 
will be n samples in frequency domain, too.



Discrete Fourier Transforms (1)

Discrete Fourier Transforms (2)

(from G. Wolberg, 1990, Digital Image Warping, IEEE Press)



Discrete Fourier Transforms (3)

(from G. Wolberg, 1990, Digital Image Warping, IEEE Press)

Sampling

•now see sampling as a multiplication with 
frequency issues.

⊗ =

=X



Sampling (2)

(from A. Glassner, 1995,
Principles of Digital Image Synthesis,

Morgan Kaufman)

Note: adding more 
(higher) frequencies 
alters the period of 
the ringing, but does 
not reduce the 
amplitude.

Sampling (3)

• Bandlimited.

– A signal φ is considered bandlimited if its Fourier transform, 
F(φ(x)) = Φ(ω) satisfies the following condition

Φ(ω)  = 0    and    Φ(-ω)  = 0  for all ω > ω limit

• Satisfies the Nyquist criterion.

– The discrete signal does not contain frequencies higher than 1/2
the sampling frequency



Aliasing

• Signal that isn’t Bandlimited.

• Sampling effects.

⊗ =

=X

•Non-bandlimited signal

•Low sampling rate (below Nyquist)

•Non perfect reconstruction

Sources of Aliasing



Possible Errors

• Post-aliasing

–Reconstruction filter passes frequencies beyond the Nyquist
frequency (of duplicated frequency spectrum) => frequency 
components of the original signal appear in the reconstructed signal 
at different frequencies.

• Smoothing

–Frequencies below the Nyquist frequency are attenuated.

Possible Errors(2)

• Ringing (overshoot)

–Occurs when trying to sample/reconstruct discontinuity.

• Anisotropy

–Caused by non-spherically symmetric filters.

–Requires filters that are invariant with respect to rotation.



Resample

Continuous
3D

the pipeline (westover ‘91)

Manipulation & analysis:  
shade,project, composite
(opacity, scatter, density)

Discrete
2D

Discrete
3D

Reconstruct
(filtering)

Transform

Antialias w/rt 2D
(filtering)

Input

Image

input

• Bandlimited.

• Appropriately sampled:  above the Nyquist frequency.



•Given:

•Needed:

2D 1D
•Given:

•Needed:

Reconstruction - Interpolation

Example in 1D

=´



How?  Convolution

⊗ =

=⊗

Nearest
neighbor

Linear

Interpolation (summary)
• Very important; regardless of algorithm

expensive => done very often for one image

• Requirements for good reconstruction

– performance

– stability of the numerical algorithm

– accuracy



Resample

Continuous
3D

the pipeline (westover ‘91)

Manipulation & analysis:  
shade,project, composite
(opacity, scatter, density)

Discrete
2D

Discrete
3D

Reconstruct
(filtering)

Transform

Antialias w/rt 2D
(filtering)

Input

Image

transformation - magnify / minify

• Remember, spatial scaling = inverse frequency scale.

• Magnification / scaling of the reconstructed input ⇒

transformation / minimization of the sampling function.

• Minification / scaling of the reconstructed input ⇒

transformation / magnification of the sampling function.



Resample

• with antialiasing

• without antialiasing

Summary

• For (n = 1; n < image_size; n++)

gradx[n] =  image[n-1] * -0.5 + image[n+1] * 0.5;



You’re really approximating...

⊗

=

With all the consequences in the 
frequency domain!

Summary

• Convolution is a basic operation, used in:

– interpolation, reconstruction.

– Noise filtering.

– Differentiation, measurement.

– Statistics.

• The frequency domain.

– It exists.

– Operations in discrete images have frequency based 
consequences.

– It’s happening whether you’re watching for it or not.



Evaluation & Design of Filters
Torsten Moeller, Simon Fraser Univ.

Raghu Machiraju, The Ohio State University

Other Significant Contributors:
Klaus Mueller,  SUNY-Stony Brook

Roni Yagel, Insight Theraputics
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Image Processing

Nearest neighbor Linear Interpolation
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§ Numerical evaluation of Rendering Integral
§ discretization of rays necessary
§ Interpolate - f(t)
§ Determine opacity - a(t)
§ Determine shade - c(t)

Practical Volume Rendering

n n+1

C
in

C
ou

t
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Pr
e-

ali
as

ing

Signal Sources & Processing
Original
signal

bandlimited
signal

sampled
signal

Pre-filter

sampling
Reconstruction

filter

Post-aliasing



SIGGRAPH 2001

Functional Assumptions

BandLimited Function: F(ω) = 0, ω > ωNyqyuist

Sampled signal originated from a smooth polynomial signal

SIGGRAPH 2001

Pr
e-

ali
as

ing

Signal Processing

Pre-filter

sampling
Reconstruction

filter

Post-aliasing
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Framework
Numerical Analysis approach:

§ discretization:

§ reconstruction: Interpolation
Nearest neighbor
ppi with zero-degree polynomial

Linear interpolation
ppi with first degree polynomial

)(][ kTfkf =

SIGGRAPH 2001

Problem Definition
§ Given a set of n+1 points {(xi, fi)}. 
§ Find a function f(x) for an arbitrary 

x.

Approximation: Interpolation:
0)( =− ii fxfε=− ii fxf )(
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Problem Definition
§ Generally there is no way to predict the 

values in-between the given (measured) 
points (xi, fi). 
§ Need knowledge of the space of functions, 

that our measurements were made in. 

?
xi xi+1

SIGGRAPH 2001

Mathematical Approach
§ Usual assumptions are:
§ space of smooth functions Cn

§ space of bandlimited functions
§ Function spaces characterized by specific 

basis functions φi(x),
§ Each function expressed as a linear 

combination of these bases:

K++= )()()( 1100 xaxaxf φφ
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Mathematical Approach (2)
§ different possible bases:
§ represent different function spaces
§ vary in quality
§ vary in computational efficiency

§ Resort to:
§ Polynomial interpolation (Lagrange basis, Newton form)
§ Piecewise polynomial interpolation (Hermite, cubic

splines, Bezier, B-splines)
§ Orthogonal polynomials (Legendre, Chebychev, others)
§ Trigonometric functions
§ Wavelet basis

SIGGRAPH 2001

Polynomial Interpolation
§ Given: Set of n+1 points S = {(xi, fi)}
§ Sought: Representation of f(x) in the 

polynomial basis φi(x) = xi

§ there is a unique polynomial pn of degree n, 
that interpolates S

( ) n
nn xaxaxaxpxf +++=≈ K1

1
0

0)(
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Lagrange Polynomials
§ Defined as:

§ We conclude:

§ Problems: very costly to evaluate.
§ Solution: Power form or Horner’s Method

Better - Newtons form

)())(())((

)())(())((
)(

1110

1110

niiiiiii

nii
i xxxxxxxxxx

xxxxxxxxxx
xl

−−−−−
−−−−−

=
+−

+−

LL

LL

( )∑
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=
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k
kkn xlfxp

0
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Accuracy
§ If

§ where

§ Warning 1: For z outside                      grows 
way too fast.
§ Warning 2: There are functions for which

pn(x) doesn’t approach f(x).

)!1(
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+
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Piecewise Polynomial Interp.
§ Many possible schemes for PPI, which 

differ in their accuracy, and features
§ Hermite, 
§ pth degree Splines
§ Bezier
§ B-splines
§ NURBS.

SIGGRAPH 2001

Orthogonal polynomials
§ Computation of  coefficients of pn(x) is 

unstable. 
§ Basis xi is not orthogonal.
§ Rewrite polynomial pn(x) in a different, 

orthogonal, basis Pi:

)()()()( 1100 xPbxPbxPbxp nnn +++= K
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Orthogonal polynomials (2)
§ with condition, that inner product is zero:

§ where w is a weighting function. For a 
continuous domain, we have:

0, =
wji PP

dxxwxPxPPP
b

a

jiwji )()()(, ∫=
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Orthogonal polynomials (3)
§ Common orthogonal polynomials:
§ Legendre,
§ Chebychev,
§ Trigonometric functions (not polynomials)
§ Bessel functions (not polynomials).
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Trigonometric functions
§ More than just a tool for interpolation
§ Widely used for analysis of signals
§ Basis functions:

§ Transform

xiex ω
ωφ =)(

∫

∫
∞

∞−

−

∞

∞−

=

=

dxexfuF

dueuFxf

iux

iux
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2

1
)(
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π
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Trigonometric functions (2)
§ Discrete transform - is an approximation 

of the continuous transform, but 
constructed, such that the inverse 
transform works:

§ With basis functions:
nkjin

j ek πφ 2)( =

∑

∑
−

=

−

−

=

=

=

1

0

2

2
1

0

1 n

j

nkji
jk

nkji
n

k
kj

ef
n

F

eFf

π

π



SIGGRAPH 2001

Wavelet basis
§ Major idea - decompose the function space 

into smaller spaces:

§ Typically this multi-scale representation 
can be exploited:

jjj WVV ⊕=+1

jj WWWVV ⊕⊕⊕⊕=+ L1001
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Wavelet basis (2)
§ Basis ϕj,l(x) for smooth spaces Vj fulfills 

dilation equation:

§ Basis ψj,l(x) for detail spaces Wj fulfills 
wavelet equation:

)2(2)(

)2(2)(

, lxx

kxhx

jj
lj

k
k

−=

−= ∑
ϕϕ

ϕϕ

∑ −=
k

k kxgx )2(2)( ϕψ
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Wavelet basis (3)
§ Synthesis of a function (assuming ϕj,l(x),

ψj,l(x) are orthogonal):

§ Analysis of a function (assuming ϕj,l(x),
ψj,l(x) are orthogonal):

∑=
kj

kjjk xbxf
,

, )()( ψ

∫
∞

∞−

= dxxxfb KJJK )()( ,ψ
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Requirements
§ Performance
§ Stability of the numerical algorithm
§ Accuracy (numerical + perceptual)
§ Smoothness of reconstructed function



SIGGRAPH 2001

Requirements (2)
§ Accuracy considerations depend on  

underlying function space.
§ For smooth function spaces, we consider 

asymptotic error behaviors. 
§ For bandlimited spaces, we consider  

blurring, aliasing and overshoot (Frequency 
domain).
§ Not considered – Perceptual metrics

SIGGRAPH 2001

Reconstruction in Practice

Engineering approach:
black-box with reconstruction filter

“System” or
Algorithm
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Reconstruction in Practice (2)
Engineering approach (cont.):

§ nearest neighbor

§ linear filter:

Convolution with
box filter

Convolution with
tent filter

SIGGRAPH 2001

Reconstruction - Convolution
§ How can we characterize our “black box”?
§ Black-box/algorithm:
§ linear
§ time-invariant

§ then it can be characterized by the 
response to an “impulse”:

“System” or
Algorithm
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Convolution (2)
§ Finite Impulse Response (FIR) vs.
§ Infinite Impulse Response (IIR)
§ Impulse:

§ discrete impulse:
∫
∞

∞−

=

≠=

1)(

0 if ,0)(

dxx

xx

δ

δ

1]0[

0 if ,0][

=
≠=

δ
δ kk
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Convolution (3)
§ An arbitrary signal x[k] can be written as:

§ Let impulse response be h[k]:
LL +−+++−+= ]1[]1[][]0[]1[]1[][ kxkxkxkx δδδ

“System” or
Algorithmδ[k] h[k]
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Convolution (4)
§ for a time-invariant system h[k-n] would be 

the impulse response to a delayed impulse 
δ[k-n]
§ hence, if y[k] is the response of our system 

to the input x[k] (and we assume a linear 
system):

∑
−=

−=
N

Nn

nkhnxky ][][][

“System” or
Algorithmx[k] y[k]

IIR - N=inf.
FIR - N<inf.
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Transforms Pairs
Fourier

Transform

Average
Filter

-1
-0.5

0
0.5

1
1.5

2
2.5

3
3.5

-10 -8 -6 -4 -2 0 2 4 6 8 10

Sinc(t)

Box/Sinc
Filter
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Transforms Pairs (2)
Linear
Filter

Gaussian
Filter

derivative
Filter

0
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0.4

0.6

0.8
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1.2

0 0.2 0.6 1 1.4 1.8 2

linear interpolation
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-25 -20 -15 -10 -5 0 5 10 15 20 25

Cosc(t)
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Higher Dimensions
§ An-isotropic Filters
§ (radially symmetric)

§ separable filters

( ) ( ) ( )yhxhyxh ⋅=,( ) ( )22, yxhyxh +=
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Filter Evaluation 
Frequency Domain
§ global features
§ robust noise 

handling
§ no blurring
§ no aliasing

ò Signal Processing

Spatial Domain  
n local features
n minimal error
n smoothness

ò Approximation 
Theory/Analysis
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Frequency Domain Issues
§ Postaliasing
§ reconstruction filter passes frequencies beyond 

the Nyquist frequency (of duplicated frequency 
spectrum)
§ Frequency components of the original signal 

appear in the reconstructed signal at different 
frequencies

§ Smoothing
§ frequencies below the Nyquist frequency are 

attenuated
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Frequency Domain Issues (2)
§ Ringing (overshoot)
§ occurs when trying to sample/reconstruct 

discontinuity
§ Anisotropy
§ caused by not spherically symmetric filters

Aliasing OK Blurring

SIGGRAPH 2001

Ideal Reconstruction

π

Low-pass
filter

π

band-pass
filter

π

high-pass
filter

Realizable filters do not have sharp transitions;
also have ringing in pass/stop bands
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Evaluation of Filters

n Frequency methods
n Discrete Fourier 

Transform
n Divergence from 

Ideal
n Laplace Transform

§ Spatial Methods
§ Discrete Moments
§ Asymptotic Error
§ Smoothness
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Fourier Transforms
§ Let’s look at a special input sequence:

§ then:
kiekx ω=][

ki

N

Nn
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N
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Fourier Transforms (2)
§ Hence        is an eigen-function and H(ω) its

eigenvalue
§ H(ω) is the Fourier-Transform of the h[n] 

and hence characterizes the underlying 
system in terms of frequencies
§ H(ω) is periodic with period 2π
§ H(ω) is decomposed into
§ phase (angle) response
§ magnitude response

kie ω

)(ωH<

)(ωH
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Example –
y n( ) 1

2
--- x n( ) 1

2
--- x n 1–( )+=

x n( ) e i n ω=

y n( ) 1
2
--- 1

2
--- e n ω–+ 

  e i n ω=

C ω( ) 1
2
--- 1

2
--- e n ω–+ 

 =

C ω( ) ω
2
----c o s 

  e
i– ω

2
----
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C 0( ) 1=

C π( ) 0=
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Ideal Interpolation
Spatial Domain:

§ convolution is exact
Frequency Domain:

§ cut off freq. replica

( ) ( ) 0=− xfxfr ( ) ( )
x

x
x

π
π

=
sin

Sinc
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Or Ideal Reconstruction
§ Box filter in frequency domain =
§ Sinc Filter in spatial domain

impossible to realize (really?)

Smoothing

Post-aliasing

Pass-band    stop-band
Ideal filter

Practical
filter

0.75

0.8

0.85

0.9

0.95

1

0 0.050.10.150.20.250.30.350.40.450.5
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0
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0.6

0.8
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0 0.2 0.6 1 1.4 1.8 2

linear interpolation
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windowed Sinc

An Easy Fix – Windowing
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wind t M,( )
1 t M⁄+ M– t 0≤ ≤
1 t M⁄– 0 t M≤ ≤

0 otherwise
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Far From Ideal -
Marschner, Lobb

pass band stop band

actual filter

postaliasing error

smoothing error

ideal filter

ωdH
R

hS
R

21
1)( ∫−=

ωdH
R

hP
R

21
)( ∫=
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Carlbom
Approximates ideal frequency response with error

Uses Remez algorithm to minimize error:

With ideal interpolation filter

Where τ is the offset

|))()(|)(max()( ωωωω FHWE −=

πωτ

ω
2

)(
i

eF
−

=
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Ideal Derivatives
Spatial Domain:

§ convolution is exact
Frequency Domain:

§ cut off freq. replica

( ) ( ) 0=′− xfxf d
r ( ) ( ) ( )

2

sincos
Cosc

x

x
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pass band stop band

postaliasing error

smoothing error

Far From Ideal
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Practical Derivative Filters

Lichtenbelt et al Dutta Roy & Kumar

SIGGRAPH 2001

QuickFix – Windowing (Goss)

n Window of ideal  derivative filter (Cosc).
n Kaiser window (based on Bessel Functions)
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Example – Fourier Trans. 
y n( ) 1

2
---x n( ) 1

2
---x n 1–( )–=
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D ω( ) 1
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--- 1

2
---– e nω–
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2
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 e
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2
----

=

C 0( ) 0=

C π( ) 1=
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Accuracy
§ Taylor Series:
§ approximate the error of the numerical 

algorithm
§ evaluate its asymptotic behavior.

§ Assumption: 
some derivatives of the underlying function f
exist.
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Keys
•Constructs cubic interpolation kernel, such that it is 
symmetric, interpolating, C2

•Leads to “cardinal splines
•Uses Taylor series expansion - optimal 
•Compares these methods in spatial as well as in frequency 
domain 

h t( )
α 2+( ) t

3
α 3+( ) t

2
1+–

α t
3

5α t
2

– 8 α t 4 α–+

0
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0 t 1< <
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2 t<
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Mitchell, Netravali
Construct cubic filters (piecewise polynomial), that are 
C1 normalized

Numerical study:

f t( ) fr
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Cubic Interpolation Filter for B=C

B=0

B=1

Mitchell, Netravali (contd.)
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Spatial Domain Evaluation 
§ Reconstruction of the Nth derivative:

§ Analyze Are all al(τ) = 0 for l<N?
§ Normalize Is aN(τ) = 1?
§ Classify How many al(τ)=0 for l>N?
§ Error How large is the error term?

......)( )1(
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10 +++++= +
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N
N

N
N
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Apply Taylor Series
§ Numerical Reconstruction - Convolution

§ Apply Taylor Series to Convolution Sum

...)()())1(()1(...)( +−+−−−+= ktwkfktwkftfr

...)(")()(')()()()( 210 +τ+τ+τ= tfatfatfatfr
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a l
w

τ( ) T l
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What are all these a’s ?

§ They are nothing but discrete moments !
§ And one can also prescribe the accuracy of 

reconstructed function
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Example
§ Good interpolation filters

1)(0 =τa 0)(1 ≈τa 0)(2 ≈τa

§ Good derivative filters

§ Good 2nd derivative filters

0)(0 =τa 1)(1 =τa 0)(2 ≈τa

0)(0 =τa 0)(1 =τa 1)(2 =τa
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Error of the Cubic Derivative filter 

with a=-1 applied to f(x) = x5
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Error Estimation
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-0.2
0

0.4

0.8
1

-2 -1 0 1 2

a0=1, a1=T(2α+1)(1-2t)(t-1)

a2 = 2T2(2α+1)t2(t-1)2, a3=T3t(1-2t)(1-t)

Catmull-Rom Interpolation
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-1.5
-1

0

1
1.5

-2 -1 0 1 2

a0=1, a1=T(2α+2)(1-6t)(t-1)

a2 = 3T2(2α+1) T(1-τ)(1-2τ), a3=T3(6τ2-6τ+1)

Catmull-Rom Derivative
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Proof is in the Pictures …
Interpolation 
α = -0.2, -.5, -1.0

Derivative 
α = -0.2, -.5, -1.0

SIGGRAPH 2001

•Method (FD)H - derivative first
•Compute normal at grid points
•Interpolate new normals

•Method (FH)D - interpolation first
•Reconstruct continuous function f(t)
•Apply discrete derivative filter

• Method F(DH) - continuous derivative (new)
•Convolve derivative filter with interpolation filter
•Apply this filter to the data samples

•Method FH’- analytic derivative
•Analytical derivative of the interpolation filter

Normal Estimation Schemes
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Normal Estimation Schemes

Central Difference + Linear Interpolation: 

a0=1, a1=T a2 = 0, a3=T3(-3τ2+3τ+1)

Cubic Derivative (α=-0.5): 

a0=1, a1=0, a2 =0, a3=T3(6τ2-6τ+1)

Turns out Simple Estimation is not that bad after all !
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Spatial Filter Design
Which DERIVATIVE of the 

original function do we want to 
reconstruct?

What ACCURACY
do we require from 
the reconstruction 

process?
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reconstructed function 
be?
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Piecewise Catmull-Rom
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Accuracy Not Enough
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Smoothness
§ Smoothness = Visual Artifacts
§ Reconstructed Function:
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§ For f to be smooth (in CM) the filter 
weights must be smooth:
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Frequency Considerations
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All such filters have linear phase.
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Interpolation filters
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Results - Marschner/Lobb
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Results - Pattern Mapping
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Results - Pattern Mapping
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Derivative Example
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Derivative Filters
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Summary
§ To evaluate filters spatial domain approach yields 

constraints on filters
§ Frequency domain approach allows
§ interpretation of designs 
§ wise choice of parameters
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ABSTRACT 

We describe a new method for analyzing, classifying, and 
evaluating filters, which can be applied to interpolation filters, and 
derivative filters. Our analysis is based on the Taylor series expan- 
sion of a convolution sum and some assumptions on the behavior 
of the data function. As a result of our analysis, we derive the need 
and the method for normalization of derivative filter coefficients. 
As an example, we demonstrate the utilization of our methods to 
the analysis of the class of cardinal cubic filters. Since our tech- 
nique is not restricted to interpolation filters, we can show that the 
Catmull-Rom spline filter and its derivative are the most accurate 
reconstruction and derivative filter among this class of filters. We 
show that the derivative filter has a much higher impact on the ren- 
dered volume than the interpolation filter. We demonstrate the use 
of these optimal filters for accurate interpolation and gradient esti- 
mation in volume rendering. 

1 INTRODUCTION 

Reconstruction of a continuous function and possibly its 
derivatives from a set of samples is one of the fundamental opera- 
tions in visualization algorithms. In volume rendering, for 
instance, we must be able to interpolate the data set at arbitrary 
locations to evaluate the rendering integral. The gradient (or first 
derivative of the function) is important in classifying the volume 
and applying a proper illumination model [5][12]. 

Assumptions - We denote by fit) a continuous function (the 
signal) which is sampled into the discrete function fk = f(W) , 
where T is the sampling distance and k is an integer. In computer 
imagingflr) is not available; we have only fk, which is the discrete 
image we need to manipulate. An important assumption we make 
is that the continuous signal f is sampled at or above the Nyquist 
frequency [17][21]. Inherent to this assumption is that the underly- 
ing function is bandlimited and hence analytic, i.e., all derivatives 
exist at all points. In fact, signals commonly found in volume visu- 
alization are bandlimited because, during the process of acquiring 
digital images, acquisition devices (e.g., cameras, scanners) per- 
form a filtering operation and bandlimit the function. Images gen- 
erated by numerical simulations of physical phenomena (common 
in disciplines such as computational fluid dynamics) are also band- 
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limited because, typically, robust numerical solutions can be 
obtained only if the algorithm incorporates a smoothing step. 
Finally, all rendering and scan-conversion algorithms, in order to 
provide antialiased images, typically employ a filtering step that 
bandlimits the image. Malzbender presents similar observations 
for volumes obtained through medical acquisition devices (e.g CT, 
MRI) [ 141. Much has been written about the reconstruction of sam- 
pled data sets in the fields of signal processing [ 171 (1D data) and 
image processing [3][6] (2D data), applied numerical mathematics 
r11[1w211. 

Motivation - Before resampling, we must ret nstruct fromfk 
the continuous function, which we denote by I (t) . Here, h P 
denotes the low-pass interpolation filter. Before we can classify or 
apply any shading method to our data set, we need to reconstruct 
the derivative of f(t) from the known samples fk. We denote the 
derivative of the contin ous function f(t) by f (t) and the recon- 
structed derivative by ry r (t) Here, d denotes the high-pass deriva- 
tive filter. The filters h and d are usually chosen without much 
thought towards the adverse effects of the filter performance. The 
trilinear and central difference filters are often used for the recon- 
struction of the underlying function and its derivative, because 
they are inexpensive, However, the use of the trilinear filter results 
in blurring and aliasing in the final image, while the application of 
the central difference filter results in the loss of fine details. 

With recent advances in hardware it is now possible to con- 
sider the use of better, albeit computational expensive filters. As a 
result, there exists a need for quantitative and qualitative methods 
to evaluate the goodness of the interpolation and derivative filters. 
Quantitative methods are useful since they provide an error metric 
to compare and contrast filters. Also, they can lead to the selection 
of optimal filters. On the other hand, qualitative methods allow the 
classification of the filters into categories and may lead to the 
application of further metrics e.g perceptual. 

For our evaluation methods, we also require that the function 
is included in the evaluation. Also, the evaluation should be con- 
ducted in the spatial domain instead of the more cumbersome fre- 
quency domain. 

With this background and assumptions in mind we summa- 
rize, in Section 2, what previous research has been done in this 
field. In Section 3 we introduce our concept of Taylor series expan- 
sion of the convolution sum. Because of their importance, we dn- 
gle out the case of interpolation and derivative filters. In Section 4, 
we illustrate an application of our general methods to the group of 
cardinal cubic interpolation and derivative filters. In Section 5 we 
show some experimental results, and, in Section 6 we suggest steps 
for furthering this research. Finally, in Section 7, we summarize 
our findings. 



2 RELATED WORK 

Researchers have generally studied and evaluated filters in 
frequency domain. One of the earliest comparative studies of inter- 
polation filters for ima.ge resampling was done by Parker et al [ 191. 
They compared nearest neighbor, linear, cubic B-Spline, and two 
members of the class of cardinal cubic splines, through a discus- 
sion of their respective frequency spectra. They found the Catmull- 
Rom spline to be superior. 

A thorough study of cardinal cubic splines in frequency 
domain was performed by Park and Schowengerdt [18]. They 
found that the optimal interpolation filter of this class highly 
depends on the signal to which it will be applied. For most applica- 
tions, the parameter CL will be around -0.6 or close to the Cat- 
mull-Rom spline, for which the parameter is -0.5. Keys [1 I] 
showed that the latter filter is optimal, within the class of cardinal 
splines, in the sense that it interpolates the original function with 
the smallest spatial error. By using a Taylor series expansion of the 
convolution sum, he found that the Catmull-Rom spline interpola- 
tion filter has an error ;proportional to the cube of the sampling dis- 
tance. 

Mitchell and Netravali [ 161 introduce a more general class of 
cubic splines, which we refer to as BC-splines. Cardinal cubits are 
a subclass of these cubits. Mitchell and Netravali conducted a 
study of more than 500 sample images, classifying the parameter 
space into different regions of dominating image artifacts such as 
blurring, ringing, and anisotropy. They also found, by using a Tay- 
lor series expansion, that filters in which B + 2C = 1 are most 
accurate numerically and have an error proportional to the square 
of the sampling distance. Neither Keys nor Mitchell and Netravali 
approximate the actual error of their filters. 

A recent comparative study by Marschner and Lobb [ 151 pro- 
poses the use of different metrics for different image artifacts. Spe- 
cifically, they introduce metrics in the frequency domain to 
measure the smoothing, postaliasing, and overshoot of an interpo- 
lation filter and found the windowed Sine filter to behave the best. 
Unfortunately, their metrics do not depend on the actual function to 
be reconstructed, an issue that Park and Schowengerdt found to be 
crucial for frequency analysis. 

All the aforementioned approaches neglect to take derivative 
filters into account in their studies, a precondition to compare ren- 
dered and shaded imag,es. A good survey of existing derivative fil- 
ters can be found in the paper by Dutta Roy and Kumar [7] in 
which they describe the design of maximal linear filters in fre- 
quency domain. Their filters can be adapted to various frequency 
ranges, an important consideration for practical applications. 

Goss [9] extends the idea of windowed filters to derivative fil- 
ters. He uses a Kaiser window for the ideal derivative filter, which 
is shown, e.g. in [2], to be the derivative of the Sirzc filter and 
which we denote as the Cost filter, but does not explain why this 
windowing is necessary and why a Kaiser window will work rea- 
sonably well. The work: by Bentum [2] uses the cardinal cubits as a 
basis to develop derivative filters. Although he shows different 
plots of these filters for different parameters, he does not analyti- 
cally compare these different filters. 

While most of the existing research concentrates on frequency 
analysis, we believe that the spatial analysis is just as important. If 
the local error can be k.ept small, then the effect of image artifacts 
also diminishes. In fac.t, we find that the results of Keys’ spatial 
analysis are nearly identical to the results of the frequency analysis 
done by Park and Schowengerdt. 

In this work we develop tools for the spatial analysis of inter- 
polation and derivative filters. We show the importance of the nor- 
malization of the filter coefficients and how this step is performed. 
Specifically for the class of cardinal splines, we derive known and 
new results in Section 4 using our new spatial method. 
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3 TAYLOR SERIES EXPANSION OF THE 
CONVOLUTION SUM 

To reconstruct a continuous function f(r) or its derivative 
f (t) from a set of sampled points fk we compute a weighted 
average of these samples. This process IS also known as convolu- 
tion of the sampled signal with a filter which determines the 
weights. If we convolve the samples with a continuous interpola- 
tion filter h, we reconstruct the original function At). Simil.arly, if 
we convolve the samples with a continuous derivative filter d, we 
can reconstruct the nth derivative of the original function. We 
denote the re:sult by f(r) , where w denotes the kind of filte:r used. 
This can be written as: 

Now fk represents the samples of the original function f(t) at 
the values kT, where T is the sampling distance. Since we assume 
that all the derivatives off(t) exist, we can expand fk = AkT) in a 
Taylor series infaround t. Therefore, we write: 

Iv f’“‘(t) 
(N+ UC5 ) 

fk =AkT) := c -yj-Wl)"+f~N+l~; (kT- t) cN+ I) 
II=0 

where Sk E [I, kTJ . Substituting this Taylor series expansion 
into Equation (1) and reordering the terms according to the deriva- 
tives off(r), we can rewrite Equation (1) as: 

jfw = 2 a,w(t)f(“) (t) f r; (t) (2) 
n=O 

where the coefficients u:(t) and the remainder term ,vI( t) 
are: 

a;(t) = $ 5 (kT-t)“w$-k) 
k=--m 

i f(N+‘)(tk) (kT-t) (N+l),(+) 
k=-ce 

This gives us the impression that the values of the coefficients 
CJ~ and the remainder term r; depend on t. This is scmewhat mis- 
leading. Let us first have a look at the coefficients qn . For practi- 
cal reconstructions of signals, we do not use an mfinitely long 
filter. Therefore, a filter w has a finite filter length that we call M. 
The filter w is defined to be zero outside the interval I-M, Ml. Next, 
we observe that we are evaluating the filter w at points exactly one 
unit length apart. These weights are applied to an n-th degree poly- 
nomial (kT - t) n sampled also at points exactly T apart, centered 
at t. Therefore, it makes sense to rewrite t in terms of an offset z 
from T, written as: 

t= (i+QT,whereOlz<l,andiEZ 
Therefore, the coefficients a: can be expressed in terms of 

this offset: 

i+M 

UIi,T(Q = Ur((i+z)T) =-$ C( (k-i)T-zT)“w(T- (k-i)) 
k=i-M 

which can be simplified to: 



M 

k=-M 

(3) 

Here, we clearly see that a: depends not on t itself, but rather 
on the distance to the next sampling point (expressed by ‘t ). This is 
because z tells us how ‘far away’ a reconstructed value is from an 
already known sampled value. Therefore, we canwquantify how 
‘hard’ the reconstruction process really is. Since a, i T does not 
depend on i and, T is set by the data acquisition step (and therefore 
cannot be changed during the reconstruction proczss), we will drop 
the appropriate subscripts in the expression for an . 

If we do the same analysis for the remainder term rz, we 
find: 

2 f(N+‘)(ck $(k-7) (N+‘)w(z-k) (4) 

where ek, i E [t, (k + i) T] Finally, the convolution sum in 
Equation (1) can be expressed as: 

Our objective is to quantify and classify the error occurring 
du$ng thewreconstruction process. We can do this by comparing the 
a,, and rN of various filters w. The pri;cipal idea is to choose the 
largest N such that all the coefficients an evaluat; to zero, with the 
exception of LZ~ for interpolation filters and a,,, for m-th order 
derivative filters. This coefficient should evaluate to one, since we 
want to reconstruct the continuous function or its m-th order deriv- 
ative respectively. Choosing the value of N in $is way, the recon- 
struction error is simply the remainder term r,,, . We observe that 
the coefficients depend solely on the underlying filter w. This leads 
us to a conceptually ideal way to compare and classify different fil- 
ters. We can put all the filters chzracterized by the sa 
class. The reconstruction error r,,, 1s o ,tJh order 0( 

bJ 

F 
+Y in one 

) That 
$ 

l-3 

s that for typical applications, rN will be smaller than 

‘N ’ iff N, > NZ . Therefore, in gene I, e prefer filters in a class 
it largest N. The filters in class (N-l} we simply call N-th degree 

error filters (N-EF) to comply with standard nomenclature in 
numerical mathematics. We can further di ti 

II 

guish among filters in 
the same class using their absolute errors rz 

This classification is very important and should strongly influ- 
ence the choice of a filter for a given application. A N-EF will 
reconstruct a polynomial of (N-l)th or lower degree (the original 
function as well as its derivative) without any errors. In many 
applications, the underlying data can be sufficiently modeled with 
lower degree polynomials. Therefore, a 3EF or 4EF may be suffi- 
cient. 

This classification scheme is important in determining the suf- 
ficient and necessary resolution of voxelization (discretization) 
algorithms. One restriction might occur, when the researcher can- 
not change the resolution, e.g. the resolution of an MRI scanner. In 
such cases, one needs to consider the error terms quantitatively 
only, because the placement of a filter in a N-EF group depends on 
the asymptotic behavior of the filter error. Therefore, one can find 
examples where, for some T, a specific filter in the 2EF group will 
perform better than a specific filter of the 3EF group. 

3.1 Continuous Interpolation Filters 
In the case of an interpolation filter h, we need to require that 

CL: be exactly one. This requirement is also recommended by 
Mitchell and Netravali [16]. To achieve this, we simply normalize 

the filter coefficients by dividing them by uz Without this normal- 
ization step, we cannot rely on the accuracy of the interpolated 
function. 

3.2 Continuous Derivative Filters 
As with interpolation filters, we also need to normalize a 

derivative filter d. For simplicity, we will concentrate on the deriv- 
ative filter for the reconstruction of the first derivative f(t) of the 
original function. Higher order derivative filters can be treated sim- 
ilarly. 

We are reconstructing the derivative of the function instead of 
the function itself and therefore need to set the coefficient in front 
of f(t) to one. That yeans we must normalize it by dividing the 
filter coefficients by at . This is less known, yet very important for 
a reliable normal estimation. The reconstruction of derivative> is 
still more complicated than this; we also need to require that a0 is 
zero! In fact, if this condition does not hold, the result is useless. 
As an example, let us examine the Cost filter, the ideal derivative 
filter. It has been shown that the ideal derivative filter is simply the 
derivative of the ideal interpolation filter Sine [2]. Therefore, we 
have 
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-0.3 

offset 

FIGURE 1. We computed the normalized coefficient 
ud in terms of the offset to the next sampled value. 
ti e find it only to be zero for t = 0.5 

i 

0 
Cost(t) = Sine’(t) = 

t=O 
1 
( 

sin (nt) ; cos (nt) - 7 
> 

t#O 

The Cost filter (like the Sine filter) is an infinite filter and 
therefore not applicable. In the case of the Sine filter, we could use 
a truncated Sine filter, which is equal to the Sine filter for all 
It] I M and zero outside of this interval. In the case of the Cost fil- 
ter, we cannot simply use a truncated Cost filter, since ar will not 
be zero. To demonstrate this, let us set M to three, which results in 
six filter weights for the reconstruction. This is a rather expensive 
figer. I~J Figure 1 we plotted the normalized coefficient 
ao(z)/ul(z) . We found this function to be varying between -0.4 
and 0.4. Notice the behavior of this specific truncated Cost filter on 
a linear function as shown in Figure 2. We would expect a function 
close to constant one (the derivative of the linear function 
f(x) = x), but instead we see a linearly increasi 

P 

gfrror opfl 

%( 

In 
order to get a correct result, we need to subtract uo(z)/u, (2) t) 
from the reconstructed value. That means we actually need to 
reconstruct the original functionf(t) in order to compute its deriva- 
tive. But this would require another convolution with an interpola- 
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tion filter, which would be inefficient. A proposed way around this 
problem is to window the truncated Cost filter [9]. 

We conclude that a careful analysis of a filter is necessary 
before its use. 

Truncated Cost Filter applied to f(x) = x 
15- . I 

X 

FIGURE 2. We truncated the Cost filter at M=3. 
Since the coefficient ut is no1 zero, we end up with 
artifacts that make the filter useless. (The expected 
result is the constant function one.) 

3.3 An Approximation of the Error r: 

The error as computed in Equation 4 is more a theoretical 
result than a practical one, because we do not know the c,,, i. To 
get a fair idea abouhthe: behavior of the actual error, we suggest an 
approximation of rN. In practical applications the length M of the 
used filter w is usually small, since a larger filter width M results in 
reduced efficiency. Therefore, we conclude that the interval 
[ (i - M) T, (i + M) T] , in which all the & i are to be found, is 

relatively small. In addition, for MRI and CT data sets we found a 
behavior of the data sei.s in the frequency spectrum corresponding 
to the function 1 /co’ for small r. Therefore, we do not expect a lot 
of high frequencies, which would result in a fast changing function 
within a short interval. It is reasonable to assume that especially 
fcN+ t)(t) will not change much on a small interval of length 2M. 
We conclude, that: 

r max 
5~ [(i-M)T, (i+M)T] 

cv+ ‘WN) 

or. 

Tw+l) A4 -- c (k-4) ( w+lvk=-M N+‘)W(T-k) 

r;, i(‘) 2 max 
SE [(i-M’)T, (i+M)T] 

If we can approximate the (N+l)st derivative of the underly- 
ing function, then we can approximate thewactual error. Even if this 
is not possible, we can at least compute aN+ t to get an idea about 
the scale of the error. How well this error-bound approximates the 
actual error can be seen in Figure 3, where we used the derivative 
of the cubic interpolation filter to compute the derivative of a quin- 
tic polynomial. People usually model practical data sets with cubic 
polynomials locally. We have chosen a quintic polynomial since it 
is a supergroup of cubic polynomials and has higher variations and 
faster changing derivatives. 

Error of Cubic Derivative filter (CX = -1) applied to f(x) = x5 

600000 r- . . - . . . - ii: 1 

10 15 20 25 30 3.5 40 45 50 
X 

FIGURE 3. The absolute error of the cubic derivative 
filter with the parameter o! set to -1 applied to the 
polynomial of 5th degree. Also we have computed the 
error bound according to Equation 5 using the result 
from Table 1 in Section 4.2. We can see that our error 
bound is very tight and almost exact. The actual error is 
shown as error bars and the computed error-bound is 
drawn as a connected curve. 

4 OPTIMAL CUBIC FILTER 

Now, let us apply the methods we developed in Section 3 to 
the group of cubic filters. The group of cubic filters are described 
as: 

(a+2)(t]3- (o:+3)(t]*+l 0 <: (t( < 1 

h(t) = aIrI - 5alt1* + 8altl -4a 1 <ItI< 

0 2<ltl 
This class of filters is derived by Keys [Ill. He shows that for 

a = -0.5 this filter is a 3EF. He also uses a Taylor series expan- 
sion to derive this result. In Section 4.1 we will derive this result 
again, to demonstrate the power of our method. Bentum [2] devel- 
oped a continuous derivative filter originating from the cubic inter- 
polation filter. This filter is simply the derivative of the cubic 
interpolation filter, and can be written as: 

’ -3at*- loaf-8a -2<t<-1 

-3(a+2)t*-2(a+3)t -1 <t<o 

d(t) = 3(a+2)t2-2(a+3)t O<f<l 

3at* - 1Oat + 8a 
1 <r<2 

\ 
2<ltl 

0 

In section Section 4.2 we show that for this derivative fihter as 
well, a = -0.5 is optimal and produces a 2EF. 

4.1 The cubic interpolation filter 

The cubic filter has a window size of two, i.e. an overall 
extent of four. Therefore, we have four weights to consider. These 
are: 
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h(T) = (a+2)T3- (cr+3)T2+ 1 

h(T- 1) = - (a+ 2)T3 + (2a+3)T2-cXaz 

h(z+l) = az3-2a72+az 
(6) 

h(z - 2) = - at3 + aT* 

We are using these filter weights to compute the coefficients 
af from Equation 3. The results are summarized in Table 1. 

TABLE 1. Coefficients for the cubic interpolation filter 

h 

a2 I 272(2a+l)22(r-l)2 
I 

1 1 

at (evaluated only for 7-’ 

a = -0.5) 
,Ql-2T) (1 -z) 

I I I 

For a: we compute their sum and find that this coefficient is 
exactly one. This is an important result, for it tells us that cubic 
interpolation filters do not need to be normalized. This saves many 
computations and makes this class of filters more efficient and 
more attractive for practical applications. 

Considering a, we find, as Keys [ 111 did, that the cubic filter 
with a = -0.5, also known as the Catmull-Rom-Spline, has the 
best behavior in terms of numerical accuracy and makes this cubic 
interpolation filter at least a 2EF. Additionally, we find, that in the 
special case of z = 0.5 the cubic interpolation filter is, for any 
choice of a, at least a 2EF too. This means we interpolate exactly 
in the middle of two sampling points. If we neither choose a to be 
-0.5 nor interpolate in the middle of two sampling points, the cub$ 
interpolation filter represents a linear order filter (IEF) and at 
substituted in Equation 5 represents an error bound for this class of 
cubic filters. 

For fylrther analysis in the case of a = -0.5 or 7 = 0.5, we 
evaluate a2. For r = 0.5 it will not be zero, and therefore substi- 
tuted in Equation 5 presents an error approximation. In the case of 
a = -0.5, a2 will evaluate tx zero and in order to approximate 
the error, we need ho analyze u3 

Computing a3 for a = -0.5, we find that this coefficient is 
not zero and therefore, substituted in Equation 5, represents an 
error-‘bound for the Catmull-Rom cubic filter. Thus this filter is a 
3EF filter. We conclude that the choice ~1 = -0.5 results in an 
optimal cubic interpolation filter. This filter is optimal in terms of 
numerical accuracy. Keys presented this same result, except, that 
he did not provide an error-bound and did not mention the special 
case in which the offset z is set to -0.5. 

With 7 set to -0.5, we find that also a: evaluates to zero and 
we get an even better filter. This special discrete interpolation filter 
has the following filter coefficients: 

h(f0.5) = 9/16 

h(kI.5) = -l/l6 

For this filter, we find similarly ai(0.5) = -3T4/ I28 , which, 
again, we plug into our error approximation of Equation 5. There- 
fore, when both conditions hold (Z = 0.5 and a = -0.5 ), we 
have a 4EF filter. 

4.2 The cubic derivative filter 

Bentum [2] introduced the cubic derivative filter, but did not 
provide an analysis nor an analytical comparison of its perfor- 
mance for different values of the parameter a. Although this filter 
is really just a quadratic filter, we prefer to call it ‘cubic derivative’ 
filter, since its parent is the cubic interpolation filter, which is a 
very well known and commonly used class of filters. The four rele- 
vant weights in this case are: 

d(z) = 3 (a+2)T2-2(a+3)T 

d(7-1) = -3(cx+2)22+2(2a+3)2-a 

d(z+l)= 3aT2-4wr+a 

d(z-2) = -3a~~+2az 

These are the derivatives of the weights for the interpolation 
filter in Equation 6. As in the previous section, we compute the 
coefficients in Tab15 2 using Equation 3.ex 

To compute a,, we compute the sum of these weights and find 
that a: is indeed zero. In Section 3.2 we found that this is a 
requirement for good derivative filters, and we also saw that it is 
not obvious this condition holds. Here, we note once again that 
cubic filters are a well-defined class of filters. As showf in Section 
3.2, we need to normalize the other coefficients by ,a! . Note that 
for a = -0.5, the normalization step is a simple division by the 
sample distance T. This again saves time and the convolution 
becomes more efficient, making this class of filters useful for fast, 
accurate volume rendering. Especially in the case of T = 1 this 
division does not need to be performed. In the given literature we 
could not find a mention of this necessarydnormalization step. We 
also want to point out that in the case of f1 = 0, we really have a 
filter which computes a higher order derivative. TJis is the case, 
e.g. if 91 = -1.5 and z = 0.5 We not only find a, to be zero but 
also a2. That means that we actually recover at least the third 
derivative of the underlying fynction. A more thorough analysis, 
where one would compute a3 or higher, is beyond the scope of 
this paper. 

Interoolation coefficient a, 
, 

0.4 . 

0.2. a = -1.c 

-0.2 . 
a=0 

-0.4 ’ 

0 0.2 0.4 0.6 0.8 1 

FIGURE 4. Here we plot the coefficient ah of the cubic 
interpolation filter for varying a. a is d, -0.2, -0.4, - 
0.6, -0.8 and - 1. We set T to one. 

As is the case for the cubic interpolation fiiter, we discover 
that for a = -0.5 or z = 0.5 the coefficient a2 is zero, leading 
us to a derivative filter of higher order error. If 2one of these two 
conditions hold, we substitute the normalized a2 into Equation 5 
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ant find an error bound. In the case that a = -0.5, we substitute 
a,/T mto Equation 5 for an error bound. Since we normalize by 
r this filter is a 2NF. 

Again, we conclude that for the cubic derivative filter 
a = -0.5 is the optimal filter in terms of numerical accuracy. 
Note that we lose one degree of accuracy for the first derivative fil- 
ter. The cubic interpolation filter is a 3EF. However, the cubic 
derivative filter is only a 2EF. 

In the case that a # -0.5 , we find that both filters are linear 
error filter (IEF). For a better perspective we plotted the error coef- 
ficients of the error term in Equation (5). For the interpolation filter 
we plotted a: for different a in Figure 4 and for the derivative fil- 
ter we plotted a.$/a;’ m Figure 5. We find that the actual error 
term is larger in magnitude for the derivative filter. 

TABLE 2. Coefficients for the cubic derivative filter. 

d 
aI 1+ (2a+ l)(-6T2+65-l 

These are important observations, for in order to obtain as 
reliable data for derivatives as for the interpolated signal, we need 
to apply more sophisticated filters. Furthermore, if we use the same 
a for interpolation and derivative filter as Marschner and Lobb 
[15], the error introduced by the derivative filter is larger. 

Derivative coeffjcient a?/a, 

0.4 

FIGURE 5. We plot the normalized coefficient 
ad/ad of the cubic derivative filter for varying a. 
a*isd,-. -. -. -. 02, 04, 06, 08and-l.WesetTtoone. 

5 EXPERIMENTAL RESULTS 

For our experiments we used an analytic data set and a MRI 
data set. The synthetic data set is the same function as the one used 
by Marschner and Lobtl [15], sampled into a 40 x 40 x 40 volume 
lattice. A high definition ray caster, sampling the volume at a step 
size of 0.05 voxel lengt.hs, was employed to display the function’s 

opaque isosurface at 0.5 of the maximum function value. In con- 
trast to the images given in [15], Figure 6 focuses on the: center 
section of the function, where the distinct effects induced by the 
various interpolation-derivative filter pairings are most apparent. 

In Figure 6.1 through Figure 6.9 we rendered this data set 
with varying a for interpolation and derivative filters. Along the 
rows we decrease a for the interpolation filter from top 
(a = -0.2 :I to bottom (a = -1 ). Along the columns we decrease 
a for the derivative filter from left (a = -0.2 ) to right 
(a = -1 ). We find that the differences between rows are not as 
striking as the differences between columns. That demonstrates our 
findings in Section 4.2, where we concluded that the derivative fil- 
ter has more influence on image quality than the interpolation filter. 
In order to be able to compare interpolation filters, we suggest to 
fix the derivative filter, preferably one with error that is neghgeable 
compared to the errors in the interpolation filter. 

The sec:ond data set is an MRl of a human head, also used by 
Bentum [2]. Here, we fixed the interpolation filter to the optimal 
cubic filter and varied a for the derivative filter. In 
Figure FIGURE 7.. 1 through Figure FIGURE 7..3, we find that the 
best image is achieved when a is set to -0.5. That is exactly what 
we expected from our analysis in Section 4.2. Figure FIGURE 8..1 
through Figure FIGURE 8..3 show the same set of filters applied to 
a small section of the brain and rendered from a close-up view. 

6 FUTURE GOALS 

In many applications, especially volume rendering, we want 
to both reconstruct the underlying function and/or its derivative 
and also resample it on a new grid. Therefore, it is necessary to 
study the overall error expressed in the & error norm. We are 
working on developing better tools to study this error. Eventually, 
we want to come up with techniques similar to the ones presented 
in this paper that will allow us to classify different filters and also 
to quantify them, efficiently computing their L2 error. 

In terms of filter design, we can use our tools to design filters 
of arbitrary order. Setting the coefficients in Equation 2 to zero for 
a given N, we end up with N linear equations for 2M+I coeffi- 
cients. We can solve this linear system, matching N and M appro- 
priately, and we find a NEF. It would be interesting to study how 
this filter behaves in terms of the offset T, for it woulcl enable us to 
construct filters of arbitrary accuracy. Similar to the adaptive filter 
design of Machiraju et al [13], we can use these different filters 
adaptively in different areas of the function. Knowing the error, 
caused by convolving a particular filter with a particular applica- 
tion, we want to find ways to adapt the type of filter we use, 
according to a given error tolerance. 

We plan to extend the techniques describes in Section 3.2 for 
higher order derivatives and to the evaluation of filters others than 
the cardinal cubic splines, such BC splines [ 161 and other optimal 
filters [4]. 

It is also important to study the behavior of different filters, 
when applied to rapidly changing functions. (Such behavior could 
be caused by noise.) Our analysis remains valid, except for the 
error estimation in Equation 5, where we assumed slowly changing 
functions. 

7 SUMMARY 

In this paper we applied a Taylor series expansion to the con- 
volution sum. This resulted in an alternative representation of the 
convolution sum which lead to a qualitative and quantitative com- 
parison of both reconstruction and derivative filters. We found that 
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the normalization of the filter coefficients is important for accurate 
reconstruction. 

We then applied these techniques to the analysis of the class 
of cardinal cubic splines. We derived several special filters, which 
are numerically optimal within this class. Especially, we concen- 
trated our efforts on interpolation and derivative filters and found 
that, when both are applied to a function, the error introduced by 
derivative filters are more significant than those caused by interpo- 
lation filters. 

We expect the techniques developed here to be applicable to 
the design and evaluation of other reconstruction and high order 
derivative filters. 
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Derivative: a = -0.2 Derivative: a = -0.5 Derivative: a = -1.0 

FIGURE 6. Marschner Image (3x3) FIGURE 7. Head 1,2,3 
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Derivative: ~1 = -0.5 

FIGURE 6. Marschner Image (3x3) 
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Abstract 

Tire task of reconstructing the derivative of a discrete fin&on 
is essential for its shading and rendering as well as being widely 
used in image processing and analysis. We survey the possible 
methods for normal estimation in volume rendering and divide 
them into two classes based on the delivered numerical accuracy. 
The three members of the fist class determine the normal in two 
steps by employing both interpolation and derivative jilters. 
Among these is a new method which has never been realized. i%e 
members of the first class are all equally accurate. The second 
class has only one member and employs a continuous derivative 
jilter obtained through the analytic derivation of an interpolation 
jilter. We use the new method to analytically compare the accuracy 
of the jrst class with that of the second. As a result of our analysis 
we show that even inexpensive schemes can in fact be more accu- 
rate than high order methods. We describe the theoretical compu- 
tational cost of applying the schemes in a volume rendering 
application and provide guidelines for helping one choose a 
scheme for estimating derivatives. In particular we jind that the 
new method can be very inexpensive and can compete with the nor- 
mal estimations which pre-shade and pre-classify the volume [8]. 

Keywords: interpolation filters, derivative filters, filter design, nor- 
mal estimation, ‘Ihylor series expansion, efficient volume rendering 

1 INTRODUCTION 

Reconstruction of a continuous function and its derivatives 
from a set of samples is one of the fundamental operations in visu- 
alization algorithms. In volume rendering, for instance, we must be 
able to interpolate the function at arbitrary locations to obtain the 
volume densities. The gradient (the first derivative of the function) 
is employed in both volume classification and shading [3][8]. If the 
gradient estimation is done carelessly, shading and classification 
will yield wrong colors and opacities. Since the derivative’of a 
function indicates the velocity of change of the function values, the 
presence of noise especially will lead to incorrect images [4]. 

There have been various studies and comparisons of accur&e 
interpolation filters, a summary of which is given in [10][12]. 
However, as is also shown in [ 121, the derivative approximation has 
a larger impact on the quality of the Image and therefore deserves a 
thorough analysis, which is the goal of this paper. 

The ideal derivative filter is the Cost filter, which is the deriv- 
ative of the ideal interpolation fiiter (Sine) [1][4]. For a practical 
use of the Sine filter, windowing is suggested [7]. Goss [6] extends 
the idea of windowing from interpolation filters to derivative fil- 
ters. He uses a Kaiser window to mitigate the adverse effects of the 
truncated ideal derivative filter. Bentum et al. [l] use the Cardinal 
cubic splines to develop derivative filters. A good Survey of exist- 
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ing digital derivative filters can be found in the paper by Dutta Roy 
and Kumar [4]. 

While all of the previous work focuses on the design of deriv- 
ative filters, no work is known to us, that tries to conduct a compar- 
ative study of gradient filters. Especially, in the case of volume 
rendering, most algorithms are driven by efficiency considerations 
and may decompose the gradient estimation in one or two steps. 
One step is typically the interpolation of the normals or of the data 
values with a continuous interpolation filter. The other step is the 
application of a digital derivative filter (e.g. central differences) in 
order to cocpute the normal at the sampling location. However, 
there have been schemes proposed, that estimate the normal at an 
arbitrary point in the volume in one step [I]. The goal of this paper 
is to enumerate and classify the different schemes of gradient esti- 
mation and to analyze them in terms of accuracy and efficiency. 

In this paper, we denote byf(t) a continuous function (the sig- 
nal) which is sampled into the discrete functionfi&] =flkLr), where 
Tis the sampling distance and k is an integer. In computer imaging, 
J(t) is not available; we only haveAk]. We denote by h(t) the con- 
tinuous function kernel used for interpolation and by d[k] the digi- 
tal (i.e. only defined for integer arguments) derivative filter. 

We emp1oy.a Taylor series expansion of the convolution sum 
for our numerical analysis, as introduced in [ 121. Our Taylor series 
expansion provides both qualitative and quantitative means of ana- 
lyzing filters. In Section 3, this analysis is expanded to the convo- 
lution of two filters. The methods of [12] are briefly summarized. 

1.1 Tayl.or Expansion of the Convolution 
Sum 
To reconstruct a continuous functionf(t) or its derivative j’(f) 

from d set of sample point.qJ[k], we convolvef[k] with a filter ker- 
nel, i.e. we compute a weighted average of these samples. By con- 
volving the sampled signal fik] with a continuous interpolation 
filter h, we reconstruct an approximation of the original function 
j(t). Similarly, if we convolve the samples with a continuous deriv- 
ative filter d, we reconstruct an approximation of the derivative of 
the original function. We denote the result of this operation by 
f;(t), where w is the filter used. Formally, this can be written as: 

f:“(t) = c f[k]-w(;-k) 

k--m 
(1) 

Now we can expand f[k] = f (k?‘) into a Taylor series about 1. 
The Taylor series expansion at that point would be: 

f[k} = i f~(kZ’-t)“+f(N+“‘k)(k~-t)~~+~) 
n. 

II-0 
(N+ l)! 

where f ‘“‘(0 is the n-th derivative off and & E [t, ki”] 

Substituting the Taylor series expansion into the convolution 
sum of Equation 1, leads to an alternative representation for the 
reconstructed value at a point 1: 



displayable value (e.g., RGBu). N 

f:“(t) = c cqT)f(“)(f) + rg i(z) 
n-0 

a;(T) - f c (k-z)“w(z-k) 

(2) 

or 

r#) = a; + * (z)f’N + ‘J(t) 
where z is chosen such that t = (i -I- z)T , with 0 < z c 1, and i is 
an integer. It is noteworthy that the derived Taylor coefficients a 
and the remainder term r only depend on the offset to the nearest 
sampling point, i.e., they are periodic in the sampling distance T. 
For further details, please refer to [12]. 

The characterization of the filtering process in Equation 2 
imposes 4 different criteria for a, good normal estimation scheme. 
First of ail, we require a$’ to be zero. Secondly we have to normal- 
ize by al in order to reconstruct the actual derivative as opposed 
to a multiple of it. Further by determining the largest N, such that 
UK is zero, we can determine the asymptotic error behavior of a 
filter for a decreasing sampling distance T. Finally, the remainder 
term r gives us an indication of the absolute error of that filter. 

This expansion of the convolution sum assumes that at least 
the first N derivatives of the functionfexist, where N depends on 
our error analysis. This condition is generally met in practice since 
image and volume acquisition devices such as scanners and cam- 
ems inherently perform a low-pass filtering operation that bandlim- 
its the functions [2]. Numerical simulations of physical 
phenomena, as performed in the field of computational fluid 
dynamics, usually generate bandlimited images as well since typi- 
cally robust numerical solutions can be obtained only if the aigo- 
rithm incorporates a smoothing step [15]. Finally, ail rendering and 
scan-conversion algorithms, in order to provide antialiased images, 
usually also employ a filtering step that bindlimits the image. 
Bandlimited functions do not contain frequencies higher then a 
certain limiting frequency in their spectra. One can conclude, that 
bandlimited functions are analytic functions and all N derivatives 
exist. 

The remainder of the paper is organized as follows. In 
Section 2, we summarize the different schemes for normal estima- 
tion. In Section 3, we modify the Taylor series expansion of the 
convolution operation for the specific use of cascading two filters, 
and compare the schemes of Section 2 numerically. In Section 4, 
we examine possible implementations of the normal estimation 
schemes and compare their efficiency. Experimental results are 
also presented in Section 5. Finally, in Section 6, we summarize 
the results of this paper and discuss some open questions. 

2 GRADIENT RECONSTRlkTlON FROM 
THE VOLUME SAMPLES 
We will use the symbol F to represent the discrete function 

flkj. Further, we let D and H denote the derivative and interpola- 
tion’operatom, respectively. In the process of volume rendering 
there are two additional operators applied to the data. The first is 
the trmsferjh/ion, which maps the raw data values into material 
attributes such as color, opacity, and reflectivity. We denote this 
operator, also called clussifcutionfirnction, by C. The second oper- 
ator applied to the data is shading, which illuminates the data. The 
shading operator, which we denote by S, takes as input material 
attributes, light attributes, and the surface normal, and produces a 

Unlike all other methods described in this paper, some nlgo- 
ritfims ([8][3][16]) perform inrerpoiation after classification and 
shading. Normal values are computed at the grid points and classi- 
fication, is also applied to the original data values. Then, these data 
points are shaded. The final RGBa volume is then interpolated at 
the appropriate sampling points. Using our notation, this method 
can be summarized by (((FD)c)s)H. This is indeed an efficient 
method, since CS does not have to be computed for every sample 
point (which is the case for ail other methods described in this 
paper where interpolation is done before CA’) but mther it is com- 
puted only for the:original data points. However, this method will 

produce correct results only if both C and S are linenr opemtors. 
The result of employing a non-linear transfer function or illuminn- 
tion model may, for example, cause the appearance of errors or 
pseudo-features that are nonexistent in the original data, In the 
case of S, one must therefore allow illumination models consisting 
of only ambient lighting. In the case of C, the linearity restriction 
may not be acceptable for many applications. For example, If we 
want to find the opacity in-between two data values a and 6 (using 
linear interpolation), we would find (C(a)tC(b))/2 by performing 
classification first. However we would find C((utb)/2) by perform- 
ing interpolation first. Obviously, if C is a non-linear operator, the 
two results will be different. We therefore concentrate our analysis 
and discussion in the more’ general and accurate methods that per- 
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Since S needs the output of C, shading will always be per- 
formed after classification. Since S needs the function’s derivative, 
it will always be after D. We now present four different ways of 
computing the function derivatives. Except for the fhst approach, 
(FDJH,:in ail others the operators CS will be performed qf?er the 
interpolated derivative has been computed. 

2.1 Method (FD)H - Derivative First 
One way of computing the derivative at a point I of a discrete 

functionflk] is to first compute the normal at the grid points kTand 
then interpolate these normals, producing the derivative at the 
desired location r. This is the method most commonly used in vol- 
ume graphics [6][9]. The first step, the computation of the deriva- 
tive at the grid points, can be expressed in the following 
convolution: 

t--a 
Now the derivative at an arbitrary point can be interpolated ns: 

Square brackets are used to emphasize the discrete nature of the 
operator. Since a convolution in spatial domain is the same ns n 
multiplication in frequency domain, we conclude the following fre- 
quency characterization of the above operation: 

$*(;I - (I;~NW’&JNHW (3) 

Here DD(w) denotes the Fourier transform of the discrete derivn- 
tive filter and F&I) denotes the Fourier transform of the sampled 
functionJk]. The Fourier transform of a discrete function contoins 
replicated frequency spectra at k2rc (where k is an arbitmry inte- 
ger). Therefore. D&II) and F&I)) are periodic functions with 
period 2~. Following the Fourier transform in Equation 3, we will 
refer to this method as (FD)H. 



form CS only after gradient estimation and interpolation. 

2.2 Method (FH)D - Interpolation First 

In this approach, we first reconstruct the continuous function 
Al) from the sampled values fk and then apply the discrete deriva- 
tive filter d [lO][i4]. Since the derivative filter is discrete, we only 
need to evaluate the convolution sum of the interpolated function at 
discrete points. ‘ihe interpolated function $(r) can be expressed 
as a convolution of the samples& using the mterpolation filter h: 

k---a 

The reconstructed derivative can be computed by: 

Using similar arguments as above, we find the Fourier Transform . 
to be: 

F,t$) - (F&)H(o)P&d (4) 

Using our previous notation scheme, we refer to this method as 
method (FH)D. 

2.3Method F(W) - Continuous Derivative 
Looking at all possible combinations of applying the interpo- 

lation filter and the derivative filter to the discrete signal, we ate led 
to a theoretical result. Namely, that we can first convolve the digital 
derivative filter with the continuous interpolation filter. The result 
will be a new continuous derivative filter which we can apply to the 
data samples, enabling us to reconstruct the derivative at any arbi- 
trary point I directly. This can be written as: 

k-4 

where the continuous derivative filter d/z(r) is obtained as the con- 
volution of the digital filter d[k] with the interpolation filter h: 

dh(r) - c d[k] . h(;- k) 

R-4 

We can show that the frequency representation of this process is: 

F:(y) - FDWDDWHW (5) 

therefore referring to this method as F(DH). The benefit of this 
scheme is more conceptual at this moment. In Section 3 we show 
how it can be used for a convenient analysis of the normal estima- 
tion process. Further we will show in Section 4, that this method 
can also be the most efficient to use for volume rendering algo- 
rithms. 

2.4 Method FH’ - Analytic Derivative 

A fourth method to compute the gradient of a discrete fimc- 
tion is to convolve the samplesJk] with the analytical derivative of 
the interpolation filter h: 

./f!‘(t) - i $h’($-k) 

k--a, 

In this case, h’ represents a continuous derivative filter, allowing 
us to reconstruct the continuous derivative P(r) directly from the 
samplesAk] in just one convolution. This is very similar to the pre- 
vious method F(DH). It differs only in the way we construct the 
derivative filter: In method F(DH) we compute a convolution sum 

for the continuous derivativeBfiiter, while in this method we com- 
pute the continuous derivative filter analytically. Bentum et al. [l] 
apply this idea to cardinal spiines, and Marschner and Lobb [ 1 l] 
use this for the BC-splines. The Fourier transform of the derivative 
of a functiou is sim 

% 
iy the scaled Fourier transform of that function 

multiplied by iw (i = -1)[2]. Therefore, we find that the Fourier 
transform of f:‘(t) is: ’ 

F,h’(;) = F,(o@H(u)) 

and we refer to this method as FH’. 

3 NUMERICAL ACCURACY t 
Comparing Equations 3, 4, and 5 we easily find that these 

three methods are numerically equivalent and thus produce the 
exact same reconstructed derivative of $ Therefore, we will con- 
centrate on comparing the methods (FD)H, (FH)D, F(DH) with the 
method FH’ . In order to compare the numerical accuracy of the 
methods, we use the tools developed in [12] and summarized in 
Section 1.1. 

For method FH’ , w in Equation 1 is simply the derivative of 
the interpolation filter h. For other methods, we choose the deriva- 
tive filter described in Section 2.3. To clarify the notationtire will 
replace w by dh. To better compute the coefficients a, (2) of 
Equation,2 for the derivative filter dh, we will substitute the convo- 
lution sum of t&e derivative and interpolation filters into the 
expression for a, (2) in Equation 2: 

U?(T) = 5 i (k-T)“( c d[l].h(r-k-l)) , 
‘k-4 r---a 

which simplifies to: 

a;fT) = 7 Tn c d&f i (k-z)“h(z-k-1) 

Substituting m for ktl in the inner sum, we get 

which resolves to 

c (m-i)‘h(r-m)) 
W-03 

i-0 

This means that the error coefficient of a convolution filter is 
simply the convolution of the error coefficients of both filters. In 
Table 1, we have computed the coefficients for some commonly 
used filter combinations. The first column shows the error coeffi- 
cients for the probably most common used filter combination of 
linear interpolation and central differences, abbreviated by DL. 
Another common choice is the combination of a cubic interpola- 
tion filter (we have chosen the class of cubic cardinal splines) with 
central differences. We let DC denote this filter class. For the class 
of analytic derivative filters we have chosen the derivative of the 
cubic interpolation filter, as introduced in [l]. We use C to repre- 
sent this filter class. 

In the case that a=-0.5, ai is zero for ail three methods and 
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central difference t central difference t 
linear interpolation (DL) cubic interpolation (DC) cubic derivative (C) 

d 
=0 

0 0 0 

d 
=I 

T T T(l t(2a-t 1)(-6t2t6z-1)) 

4 0 -T2(2at i)z(l-z)(l-27) 3T2(2a t 1 )t( 1 - T)( I- 22) 
d 

=3 Tz 

(normalized) 

$1 t32-3z2) 

a--0.5: T a - -0.5 : $(6?-6w 1) 

T2 
z-o:- 

T2 

z = o.56gatg+) 

z-o:- 
6 

Table 1Coefficients for some commonly used filter combinations 

d we must compare h, . One can easily prove that this coefficient for 
DL is always greater than 7?6 (the coefficient for DC), which in 
turn is greater than the coefficient for C. This implies that, the 
worst behavior is observed for DL, and C is more accurate than 
DC. 

Therefore we conclude, that the optimal filter to use is C for 
CL = -0.5. However, one might be interested to use different a in 
different situations. For instance Park and Schowengerdt [ 131 con- 
clude from a frequency study of the cardinal cubic splmes, that 
some CL (different than -0.5) might yield better images. They find 
that a depends strongly on the underlying function to be recon- 
structed. Therefore it is of interest to analyze the spatial error for 
different a as well. 

In the case that a# -0.5, the coefficient for a$ is zero only for 
the method DL. In order to compare the error coefficient among the 
methods DC and C, we compare a$ for both filters. As we have 
pointed out in [12], these coefficients need to be normalized. Fig. 1 
shows a plot of a$ after its normalization. Note that T simply 
scales both plots equally. Therefore, it can~be set to one. In Fig. 1, 
one can clearly see that the error coefficient for DC is smaller than 
the error coefficient for C. Therefore, we conclude that DC is supe- 
rior to C when a# -0.5. This is a rather unexpected result, since 
one would naturally expect the analytic derivative of a filter to be 
more exact and therefore to perform better. As we have just seen, 
this is not necessarily the case. 

We are left to compare the error behavior of the most common 
method DL with the other two methods. Again, for the specini 
cases, where the second coefficient or the second derivative of the 
function go to zero, we must compare a$ in order to find the most 
accurate filter. For the other cases however, we can follow the fol- 
lowing analysis. If we have influence on the original sampling dis- 
tance T for our applications, we can always find a T, such thnt the 
combination of central difference and linear interpolation is supe- 
rior to the other two methods. In other words, DL is asymptotically 
better than DC and C. However in most practical applications we 
are given a data set with fixed sampling distance T. In these cases 
we need to weight the actual error of the filters and conclude from 
this comparison which filter is.more accurate. If we are comparing 
DL and DC, we want to find out for which CL DC performs better 
than DL. Mathematically: 

For the special cases that z = 0 and z = 0.5 (where a$ = 0 ) 
we found by comparing a$, that C is more accurate than DC force 
a E r-3,-0.6]. Another value to consider is the second derivative of 
the underlying function. When it goes to zero, we also have to use 
the error coefficient ai for an error comparison. 

Normalized derivative coefficient a2for DC 
1 

a-C 

I I 
\ 

0 0.2 0.4 0.6 0.8 1 
I 
0 0.2 0.4 0.6 0.8 

Using the second error approximation of Equation 2, we find the 
following criteria: 

We can conclude that the choice of u very much depends on 
the resampiing offset z and the actual data. After some aigebmlc 
manipulations, we can conclude: 

6) 

For a in this range the method DC is more accumte than DL. As 
expected, the choice of the most accurate filter strongly depends on 
the underlying data. 

For a similar comparison of the methods DL and C we find: 

FIGURE 1. In both plots we set T to 1.0. a takes the values 0, -0.2, -0.4; -0.6 -0.8, -1. (a) The coefficient a$ of the central difference 
and cubic interpolation filter for varying a. (b) The normalized coefficient a,d/af of the cubic derivative filter for varying U. 
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1 1 

kif’2’0 +2 
7-5 f'"'(t) I/ I 

ra+0*55-14 f(2)(r) +2 * 

R I 

(7) 

3 f'3'(t> 

An important observation that we draw from Equation 6 and 
Equation 7 is the dependency of the comparative accuracy on the 
sampling distance. The higher the sampling rate the smaller the 
range in which C or DC performs better than DL. This means that 
for densely sampled data sets a combination of linear interpolation 
and central difference is not only efficient, but also recovers the 
derivative accurately. That can also be explained in the frequency. 
domaio. The higher the sampling rate, the further apart the fre- 
quency spectra are placed. In other words, the signal’s aliases are 
more separated. Thus, the deficiencies of the central difference 
operator at higher frequencies do not impose a problem since no 
signal aliases exist in this frequency range. This is an important 
and new result, since it tells us, that for some data sets DL is just as 
accurate, as the other two (more expensive) methods DC and C. 

4 EFFICIENCY CONSlDERAiIONS r 

In this section, we compare the four methods (FH)D, (FD)H, 
F(HD), and FH' from an efficiency perspective. While the first 
three methods are equivalent from an accuracy standpoint, they are 
not so from an efficiency point of view. This section also contrasts 
the overall computational effort of these four shading-deferring 
methods with the demands of the popular, but less accurate, pre- 
shading scheme [8]. We denote this approach as ((FD)CS)H, where 
C and S sbnd for classification and shading that occur after gradi- 
ent computation but before color interpolation. Our comparisons 
will be valid for the 3D case only (a typical application will be vol- 
ume rendering algorithms). If we compare normal estimation 
schemes in other dimensions, our analysis will be similar. 

In the following discussion, we distinguish between imple- 
mentations that compute. all results on-the-fly, and implementa- 
tions that utilize some form of caching to reuse previously 
computed results. The latter approaches obviously requires an 
extra amount of memory and cache management overhead. We 
now introduce some terminology: 

EL: The computational effort to apply the operator h where 1 can 
beH,D,DH, H', or CS. 

1141 :Number of filter weights used for applying the operator h 

n: Nun&.r of data elements (voxels). 

nr: Number of samples. 

For digital filters 17111 is obviously the length of the filter, but 
for continuous filters (e.g. cardinal splines) /?J is usually the filter 
support, i.e. the number of sample values, that are influenced by 
the filter. Since the filter operation is the weighted sum of [Xl ele- 
men&, we usually have EL - 2@\I - 1 for a straight forward 
implementation of llhll multiplications and llq- 1 additions. 
However, for some special filters, there will be a more efficient 
implementation. For instance, the central difference filer (in one 
dimension), can be implemented in 2 operations (one subtraction 
and one division by 2) as opposed to 3 operations (two multiplica- 
tions by 0.5 and one subtraction). Therefore, we find it important to 
separate between E, and IlkI . 

In the following discussion we will discuss the cost of recon- 
structing the function and its derivative at all the sample points. We 
will also comment on the cost of applying the classification and 
shading operators. 

4.1 (FD)H - Derivative First 
In this method, we first compute the gradient at $1 grid voxels 

within the extent of the interpolation filter h, and then interpolate 
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these gradients using H. An on-the-fly approach would have to 
compute jH[ gradients for a total cost of ljH&,, followed by 
three interpolations to com’pute the three gradient components and 
one interpolation to compute the data value itself. The total cost is 
thus: 

By storing computed gradienk in a gradient volume, one could 
reduce the cost to: 

n-ED+m(3EH+EH) 

The process- of classification and shading will require additional 
mE,-s cost and the total cost will then be: 

n-ED+n1(4EH+Ecs) 

However, in the ((FD)CS)H method, classification and shading are 
applied to the data values, and the interpolation filter is applied to 
the resulting RGBa values. Therefore, the total cost for this 
method, assuming caching, is: 

Since in most cases, to assure proper sampling, n 5 nt , the 
computational advantage of this method is clear. Moreover, when 
classification and illumination does not change for multiple render- 
ing, the cost of the first component in the last two equations is 
amortized and can therefore be ignored. If we ignore the shading 
component then the cost of reconstructing the function and its 
derivative assuming caching is given by: 

n-ED+nt(4EH) 

4.2 (FH)D - Interpolation First 
The (FH)D method computes the derivative at a ray sample 

location from a set of additionally interpolated samples in the 
neighborhood of the sample location. In parallel (orthographic) 
rendering of volumes the data is resampled into a new grid. If this 
grid is cached somewhere, one can perform the derivative calcula- 
tions using the data values at that grid. 

With& caching, in order to compute the derivative at a sam- 
ple location, (FH)D interpolates nD/ additional samples, each at a 
cost of EH, and uses them to obtain three axis derivatives at the cost 
ED. Another interpolation at fhe sample location, each at a cost of 
EH, yields the function value. The total cost for reconstructing the 
function and its derivative is: 

nz([Dll -.E, + E. + EH) 

Later, these samples are classified and shaded, with an additional 
cost (for the whole volume) of t.v. E,,. However, if caching is 
employed, only one interpolation is needed per sample, and the D 
operator uses only existing samples. Therefore the total cost for 
reconstructing the function and its derivative: 

nlWD + EH) 

4.3 F(M) - Continuous Derivative 
Here the derivative filter is pre-convolved with the interpola- 

tion filter which increases its size. The gradients are then computed 
by convolving the volume by this combined DH-filter. The total 
cost for computing the function and its derivative is then given by: 

ndEDH + EH) 

This is the most direct method of the three methods presented SO 
far and there is no caching mechanism available to gain some 
speedup. 

4.4Method FH’ - Analytic Derivative 
This method is not equivalent to the previous three in terms of 



accuracy, as other sections of this paper demonstrate. FH’ uses a 
special gradient filter derived from the interpolation filter to es& 
mate the gradients. Since this derivative filter has the same size as 
H the corresponding cost for computing the function and its deriva- 
tive is: 

m(EH +&I. 

4.5 Summary and Numerical Examples 
We are now ready to compare the theoretical cost functions 

presented in the previous subsections and provide some numerical 
examples to highlight the differences. Table 2 lists all costs derived 
above and gives two numfrical examples: In case 1, H and H' are 
cubic filters (~~H~~ - 4 ), D is a central differenge filter 
(@A - 6 ), and in case 2, H is a triliiear filter (11Hll = 2 ) and D 
is again the central difference filter. For the following discussion 
we count the number of floating point operations associated with 
each operator, but we do not distinguish between additions, multi- 
plications or diyisions. In this case, the cost of EH for H being 
cubi 5 is 2.4 -1 - 127, of EH for H being trilinear is 
2.2 -1 = 15 , of E. for D being central difference the cost is 6. 
Since the derivative filters are directional filters, and EDH denotes 
the cost of computing all three derivative components, we find that 
EDH is three times the. cost of one derivative component operation. 
In order to find the directional derivative, we convolve the interpo- 
lation filter of size s-s-s = s 3 with a ID derivative filter of 
length k (in our case - central differences - k = 2). That results in a 
filter of size (s + k- I). s . s . Therefore we find the cost of EDH 
for If being cubic is 477 and for H being trilinear is 69. 

As expected the analytical derivative method (FH’) is the 
most efficient one. However, as we showed in Section 3, it is not 
necessarily the most accurate. Among the other three schemes 
(which are numerically identical), we find our new method 
(F(DH)) most efficient if there is no caching. However, if caching 
is available, (FH)D is certainly the most efficient way to compute 
the normal and the data value at this point. Therefore, we conclude 
that in terms of efficiency and in terms of accuracy, there is no need 
for the most commonly used method (FD)H (in the case of 
deferred shading). As was pointed out already in Section 4.1, if we 
do shading at the grid locations, we might find a more efficient 
algorithm, yet trading speed for accuracy. 

5 EXPERIMENTS 

The images were rendered employing a simple raycaster to 
find isosurfaces.The volumes were resampled at an interval of 0.05 
voxel lengths. At each sampling point, the raycaster first applied 
the interpolation kernel to reconstruct the, function at that point. If 
the reconstructed value was above a pre-set isovalue, the derivative 
filter was used to compute the 3D gradient. Shading was then per- 
formed using the traditional Phong lighting model [S] with diffuse 
and specular reflections. The obtained color and opacity were com- 
posited with the previous ray values, and the ray was terminated 
after the opacity reached a value close to one. Since for all our iii- 
ters both the interpolation and the derivative kernel were separable, 
the filter operations could be efficiently performed using a scheme 
similar to the one given by Bentum et al [I]. 

For our experiments we used an analytic data set, derived 
from the same function as the one used by Marschner and Lobb 
[Ill. Specifically, we used: 

J(x,y, 2) = ~-~sin@.)+~cos(l2rrcos~.J~)) 

Since we study different derivative filters, we have fixed the 
interpolation filter to be the Catmull-Rom interpolation filter - a 

cubic filter with small error as was also shown in [ 121. From Equa- 
tions 6 and 7 we learn that the range of a where C and/or DC per- 
forms better than DL is dependent on the data set. lb address this 
issue, we have computed the ratio [f(3)(f)/f(2)(r)! analytically 
for the data points for the three axis directions x, y, and z, where we 
reconstruct and collected them in a histogram, plotted in Fig. 2. In 
order to guarantee that all data points are reconstructed more accu- 
rately using DC (or C) than DL,‘we would have to choose the min- 
imal ratio. This ratio is zero and therefore we can conclude that 
only for a - -0.5 we can guarantee, that the derivative reconstruc- 
tion at any single point will be better for the methods DC and C as 
opposed to DL. In order to get 
higher ratio of lft3)(r)/ft2)(1) ip 

ractical results, we could choose a 
, giving up on the accuracy assur- 

ante for some reconstructed values. If we for instance choose the 
ratio 7, we still guarantee all z directional derivatives to be esti- 
mated more accurately. Approximatly 8% of the directional deriva- 
tives in y will be more accurate by DL, and only 3.8% of the 
directional derivatives in x will be better by DL. 

When we plug in the ratio of 7 into Equations 6 and 7, we Rnd 
the theoretical result that for a E [-0.78,-0.221, DC performs better 
than DL and for a E r-0.65,-0.34], C performs better than DL, 
These theoretical ranges have steered our experiments and in Fig. 3 
(see color plates) we have rendered the Marschner-Lobb data set 
for several different a. For a better (analytical) understanding of 
these rendered images, we have also drawn the angular error 
images in Fig. 4. For each reconstructed normal we computed the 
actual normal and recorded their angular difference. The grey 
value.of 255 was displayed for an angular error of 5 degrees. 

For the first row of images we have used a - -0.5. Following 
our analysis in Section 3, we expect that E(C) < E(DC) < &(DL), 
where E(A) denotes the error measure of image A. The first row of 
Fig. 3 shows the different images for a - -0.5. Although the differ- 
ences are small, one can find DC to be better, than DL. Although 
the image for DC is overall smoother, it’s error image in Fig. 4 
reveals a much higher error than for C. 

The images for a - -1.0 show the opposite behavior. From our 
analysis we deduce the following error behavior: 
a@L) < E(DC) <E(C). From Fig. 3 we conclude, that C clearly is 
the worst image. Also a visual comparison of DC and DL leads to 
the conclusion, that DL is better than DC. The error images in 
Fig. 4 support this analysis. 

. The rows for a = -0.6 and a = -0.7 show rather a tmnsitional 
phase. Since the change of the filter weights happens continuously, 
we cannot necessarily expect a sudden sharp change in the image 

SOOOO.Ol 
I 

FIGURE 2. The ratio of llft3)(r)/ft2)(r)~ for the dlrectional 
derivatives in x, y, and z direction respectively for the 
Marschner Lobb data set. 
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‘Ibble 2. Comparison of efficiency of the normal estimation schemes 

quality. The differences in the image quality can be better studied 
using the error images in Fig. 4. We can conclude, that for a = -0.6 
our results follow our theoretical analysis: a(DC) c a(C) < &(DL). 
However, for a = -0.7 it is debatable, which method is preferable 
in terms of image quality. Analytically we show 
E(DC) < &(DL) < E(C). It is clear, that the image for C is the least 
appealing to the viewer. 

6 CONCLUSIONS AND FUTURE GOALS 
We have classified the different techniques of normal estima- 

tion into four groups, and we have developed a new scheme 
F(DH). We showed that the schemes (FD)H, (FH)D and F(DH) are 
numerically equivalent, and then extended the idea of classifying 
filters using Taylor series expansion to the convolution of two fil- 
ters, We found that computing the analytic derivative of a filter ker- 
nel (method FH’) is not always more accurate than using a 
combination of that filter with the central difference kernel (any of 
the methods FDH). Therefore, a careful analysis of existing filters 
and filter combinations is suggested. 

The new scheme F(DH) opens up new ways to design contin- 
uous derivative filters. Furthermore, this method of normal estima- 
tion is also the second most cost-efficient one, if no caching is 
performed (with FH’ being the most cost effective one). However, 
if caching is enabled, then the method (FH)D is clearly preferable 
over any other method in terms of efficiency. In fact, what is 
believed as one of the most commonly used methods, (FD)H, is 
one of the slowest normal estimation method. The only advantage 
one could gain is the precalculation of the shading operation at the 
grid voxels, as Levoy [8] has proposed it. However, as was pointed 
out in Section 2, this method is certainly not preferable if accu- 
rately rendered images are required. 

One of our immediate goals is to compare various combina- 
tions of known derivative and interpolation filters in order to find 
new derivative filters. We also would like to extend the error analy- 
sis to frequency space so that we can examine any aliasing and 
smoothing errors. Finally, it would contribute to the accuracy of 
our analysis to include a noise model. We also believe that it is 
very important to further investigate the shading and classification 
steps in terms of numerical accuracy. 
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ABSTRACT

The correct choice of function and derivative reconstruction filters
is paramount to obtaining highly accurate renderings. Most filter
choices are limited to a set of commonly used functions, and the
visualization practitioner has so far no way to state his preferences
in a convenient fashion. Much work has been done towards the
design and specification of filters using frequency based methods.
However, for visualization algorithms it is more natural to specify
a filter in terms of the smoothness of the resulting reconstructed
function and the spatial reconstruction error. Hence, in this paper,
we present a methodology for designing filters based on spatial
smoothness and accuracy criteria. We first state our design crite-
ria and then provide an example of a filter design exercise. We also
use the filters so designed for volume rendering of sampled data
sets and a synthetic test function. We demonstrate that our results
compare favorably with existing methods.

Keywords: Interpolation (G.1.1)Approximation (G.1.2)Quadra-
ture and Numerical Differentiation(G.1.4)Picture/Image Genera-
tion (I.3.3)Reconstruction (I.4.5)

Other Keywords: Volume Rendering, Filter Design, interpola-
tion, derivatives

1. INTRODUCTION

The reconstruction of a function and its derivatives from a set of
given samples of that function is a fundamental operation in many
areas. Computer graphics, scientific visualization, and image pro-
cessing are just a few examples. In all these areas, a set of samples
of an unknown function is usually all we know of that function.
Hence, the reconstruction of the function between sample points is

rather arbitrary, and one cannot talk about anideal reconstruction
function. The notion ofideal reconstruction is based on the
assumption, that a given function is a member of a certain func-
tional space, e.g. theL2 space or the bandlimited function space.
This functional space (and therefore theideal reconstruction
method) is usually determined by the particular application. In
visualization, and in other fields, we assure that the given function
belongs to the space of smooth functionsCn, wheren is an integer.

A very important and often studied space in the class of all smooth
functional spaces, is the space of bandlimited functions (a subclass
of ). They are often studied in the frequency domain using a
signal processing approach. Although these methods are capable
of controllingglobal errors such as blurring and aliasing, nolocal
spatial assessment of their accuracy can be conducted directly. It
turns out that the ideal reconstruction filters for the space of band-
limited functions are impractical to use. Hence research in this area
has focused on finding efficient filters that approximate the ideal
filter [1][4][7][9][10][14][15].

Another body of work has concentrated on minimizing the local
spatial error for design and evaluation of filters [11][16][17][20].
The local error was measured and minimized using a Taylor series
expansion. Since visual perception, judged by ringing, aliasing and
blurring, was of concern, the frequency behavior of the resulting
filter was discussed. In addition, spatial design gives an easy con-
trol over the size of the filter, and hence on the efficiency of the
resulting filter, a property frequency-based methods do not have.
However, it was found that the sole concern for numerical accu-
racy can lead to discontinuous filters, which can produce visual
artifacts that are easily detected [17]. The goal of this paper is to
overcome this problem by introducing a smoothness requirement
into the filter design process.

All filter designs in the spatial domain have built filters according
to an accuracy criteria. In this paper we introduce, for the first
time, filter design criteria for interpolation and derivative filters
which yield functions with a minimal numerical error and still
maintain good spectral properties. The only assumption that we
require of the original function (represented by the given samples)
is that it is smooth and a member of the functional spaceCn. We
also show how our design criteria relate to criteria in frequency
domain.

Our filter design is not restricted to cubic polynomial basis func-
tions, but can generate filters of arbitrary smoothness and accu-
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racy. In this paper, we design optimized piecewise polynomial
interpolation filters according to a set of smoothness and accuracy
requirements. These filters are drawn from the set of all piecewise
polynomial filters, a more general class of filters than the popular
BC-splines. Since our methods also apply easily to any derivative
filter design, we find optimal piecewise polynomial gradient filters
as well. Our results, which go beyond the de-facto standard of the
popular cubic BC-splines introduced by Mitchell and Netravali
[16], are summarized in Table 1 and Table 2. These tables provide
a guide to which filters should be used in most applications. Fur-
thermore, we provide the practitioner with an easy and fast way to
design filters that are specific to their applications by determining
an application oriented set of smoothness and accuracy criteria.

The outline of this paper is as follows; Section 2 summarizes pre-
vious research in this field. In Section 3, we introduce the design
criteria that we use in Section 4 to design new filters. In Section 5
we present some experimental results and in Section 6 we suggest
steps for furthering this research. Finally, in Section 7, we summa-
rize our findings.

2. PREVIOUS RESEARCH

Two of the more important and well studied reconstruction algo-
rithms are interpolation and gradient estimation. In volume render-
ing, we must be able to interpolate the function at arbitrary
locations to obtain the volume densities needed for arbitrary view-
ing. The gradient (the first derivative of the function) is employed
in both volume classification and shading [6][13]. If the gradient
estimation is done incorrectly, shading and classification will yield
misleading colors and opacities.

Many researchers have shown that theSinc filter is an ideal inter-
polation filter for the space of bandlimited functions (a subclass of

). In this space theCosc filter, which is the analytic derivative
of theSinc filter, is an ideal derivative filter [1][7][19]. These fil-
ters completely cut off the frequencies above a certain Nyquist fre-
quency. Because of this discontinuity in the frequency domain,
those filters have infinite support in the spatial domain and there-
fore are impractical to use for digital signals. Windowing theSinc
filter was introduced in order to smoothly limit this filter spatially
[10][19]. Carlbom [4] computed an approximation to a modified
Sincfilter with a minimized Chebychev error. Goss [9] extended
the idea of windowing from interpolation filters to derivative fil-
ters. He used a Kaiser window to mitigate the adverse effects of
the truncated ideal derivative filter. Instead of trying to find a good
approximation to the ideal filter for all frequency ranges, Dutta
Roy and Kumar’s filter design [7] can be easily adapted to find
good approximations for select frequency ranges.

A comparative study by Marschner and Lobb [15] proposed the
use of different error metrics for various reconstruction artifacts of
interpolation filters. These error metrics operate in the frequency
domain and measure the smoothing, post-aliasing, and overshoot
attributes of an interpolation filter. This study showed that the win-
dowedSinc filter has the best behavior.

In the spatial domain, Keys [11] analyzed a certain class of cubic
splines, also calledcardinal splines, using a Taylor series expan-
sion. He showed that, within this class, the Catmull-Rom spline is
optimal in the sense that it interpolates the original function with
the smallest asymptotic spatial error. He also graphically compared
the Catmull-Rom spline with the ideal interpolation filter, noticing
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that it is suitable for practical applications in computer graphics.
Mitchell and Netravali [16] introduced a more general class of
cubic splines which we refer to asBC cubic splines or in short,
BC-splines. Cardinal cubic splines are a subclass of the BC-
splines. Mitchell and Netravali conducted a study involving more
than 500 sample images, classifying the parameter space into dif-
ferent regions of dominating reconstruction artifacts such as blur-
ring, ringing, and anisotropy. They found, by using a Taylor series
expansion, that filters for which  are the most numeri-
cally accurate within the class of BC-splines and have an error pro-
portional to the square of the sampling distance. They also found,
through their empirical studies, that these filters, although numeri-
cally superior, are not always visually superior.

Recently, we have shown [17] that the derivative approximation
has a larger impact on the quality of the volume rendered image
than the interpolation operation and therefore deserves a thorough
analysis. Unfortunately, not much work has been done in the spa-
tial design of derivative filters. Bentum et al. [1] use the Cardinal
cubic splines as a basis to constructing the derivative filter through
an analytic derivation of the interpolation filter. Although the
authors illustrate the effect of various parameters on these filters
via a number of frequency plots, they do not analytically compare
the different filters. We (in [17]) have developed tools for the spa-
tial analysis of both interpolation and derivative filters of arbitrary
order. We used a Taylor series of the convolution sum in order to
come up with four evaluation criteria. These criteria include
asymptotic, as well as absolute, local error effects of the filter on
the reconstructed function. We use these criteria in our current
paper as a way to control the numerical error of the filters that we
design. Using the methods developed in [17] we conducted a com-
parison of various derivative (normal vector) reconstruction meth-
ods and classified them into four reconstruction schemes [18].

Since we will employ the results of [17] throughout our paper, we
include a summery here:

2.1  Taylor Expansion of the Convolution Sum
To reconstruct a continuous functionf(t) or its derivative from
a set of sample pointsf[k], we convolvef[k] with a continuous fil-
ter kernelw. The filterw can be either an interpolation or a deriva-
tive filter. We denote the result of this operation by .
Formally, this can be written as:

, (1)

where T is the sampling distance. Now we can expand
 into a Taylor series ofN+1 terms aboutt. The

Taylor series expansion at that point would be:

where  is then-th derivative off and .

Substituting the Taylor series expansion into the convolution sum
of Equation 1, leads to an alternative representation for the recon-
structed value at a pointt:
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(2)

whereτ is chosen such that , with , andi is
an integer. It is noteworthy that the derived error coefficientsa
only depend on the offsetτ to the nearest sampling point, i.e., they
are periodic in the sampling distanceT. For further details, please
refer to [17].

The characterization of the filtering process in Equation 2 imposes
four different criteria for a good reconstruction scheme of thek-th
derivative. First of all, we require  to be zero for alln smaller
thank. Secondly we have to normalize by  in order to recon-
struct the actual derivative as opposed to some multiple of it. Fur-
ther by determining the largestN, such that  is zero, we can
determine the asymptotic error behavior of a filter for a decreasing
sampling distanceT. Finally, the remainder termr gives us an indi-
cation of the absolute error of that filter.

This expansion of the convolution sum assumes that at least the
first N derivatives of the functionf exist, whereN depends on our
error analysis. Hence, we assume that the underlying function is a
member of the class of smooth functionsCN. This condition is
generally met in practice [2][17][21].

3. DESIGN CRITERIA

Whenever we are trying to reconstruct a function from sample
points we are hoping that the reconstruction process performswell
and we don’t get manyartifacts. However our understanding of
such terms likegood reconstruction as well asartifacts during this
process is usually highly dependent on the specific application.
Most applications share an attempt to recover the original sampled
function as accurately as possible. In order to measure the accu-
racy of the process, one must have an idea about the type of origi-
nal function from which the samples were recovered. As we have
pointed out in Section 2.1, it is not restrictive to most applications
to assume that the original function is continuous to some degreen
and therefore belongs to the class of functionsCn. This is the only
assumption, that we require for our filter design.

In addition of hoping for an accurate function reconstruction,
almost all applications will require the reconstruction of a smooth
function. Since we assume a smooth original function, it is natural
to expect a smooth function as the result of the reconstruction pro-
cess. A smooth reconstruction will also guarantee the disappear-
ances of image artifacts in visualization and imaging applications.
Another application is CAD in which designers reconstruct sur-
faces from a set of sample points (knots) using basis functions that
are developed to yield surfaces ofC1, C2 or higher continuity. The
reason for smooth function reconstruction is that our visual system
is capable of detecting and enhancing even small discontinuities in
images. For example, in Fig. 2b and Fig. 4b (see color plates) we

fr
w

t( ) an
w τ( )f n( ) t( )

n 0=

N

∑ rN i,
w τ( )+=

an
w τ( )

Tn

n!
----- k τ–( ) nw τ k–( )

k ∞–=

∞

∑=

rN i,
w τ( ) max

ξ i M–( ) T i M+( ) T,[ ]∈
f N 1+( ) ξ( )( ) 

  aN 1+
w τ( )≤

or

rN
w τ( ) aN 1+

w τ( )f N 1+( ) t( )≈

t i τ+( ) T= 0 τ≤ 1<

an
w

ak
w

aN
w

reconstructed a test function (introduced in [15]) and an MRI data
set with a filter that was designed solely by requiring high accu-
racy [17] and therefore yields very little absolute error. It, how-
ever, suffers from discontinuities, leading to a discontinuous
reconstructed function. Consequently, we would like to reconstruct
a function, that is a member of the continuous function spaceCn.

For practical applications, the efficiency of the reconstruction pro-
cess is of great importance as well. In volume rendering, the effi-
ciency of a reconstruction filter, which is employed routinely many
times [1], is a source of great concern. It is desirable to use as few
samples as possible in order to reconstruct the function at a new
location.

We conclude that for general filter design we have to answer three
questions:

• What derivative of the original function do we want to recon-
struct?

• What accuracy do we require from the reconstruction process?

• What spaceCn should the reconstructed function belong to?

Commonly there is also the question of how many filter weights
should the filter have. We have elegantly answered this question by
minimizing the number of weights and by designing the most effi-
cient filter fulfilling the constraints of the design.

The first two questions can easily be expressed using the frame-
work developed in [17]. Assuming that we want to reconstruct the
k-th derivative of the given digital signal f, we simply require that
all error coefficients  in Equation 2 be zero, wheren < k. Fur-
ther, we require that the coefficient of thekth derivative be one.
Formally, this can be expressed as:

Condition 1:  for all  and .

The major goal of the design in spatial domain is numerical accu-
racy. We gain numerical accuracy by requiring the error coeffi-
cients  beyondk to be zero. This leads to what we call N-EF
filters (that is, Error Function of theNth order) ([17]):

Condition 2:  for all .

It is no restriction to consider the filterw to be composed of ele-
mentswk, which are defined by

.

An example of this piecewise decomposition of the filterw is illus-
trated in Fig. 1. Now it is easy to see that the first two conditions
yield an equation system in the unknownswk. The solution of that
equation system will define a filterw, that fulfills Condition 1 and
2. Since this is a linear equation system, we can easily solve it
symbolically by Gaussian elimination, which yields a solution for
thewk. This concludes the first step of our function design, defin-
ing a class of filters, that guarantee an N-EF accurate reconstruc-
tion of thekth derivative of the original function.

As we have pointed out earlier, not every filter of this class yields a
continuous reconstructed function and therefore might lead to
undesirable artifacts. Hence, we desire the reconstructed function
to be part of a smooth function spaceCM. From Equation 1 it is
clear that we need to require our filterw to be in this class. In order
to be a member ofCM, a functionw and itsM derivatives must all
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be continuous everywhere, including every open interval
for every integerk, and also at all the integer pointsk themselves.
Since the equation system ofConditions 1 and2 yields a piecewise
filter kernel, we can mathematically express the smoothness crite-
ria as:

Condition 3:  and  for allk and

all , where  denotes them-th derivative of .

After solving the equation system ofConditions 1 and2 and deter-
mining the smoothness of the desired filter, we have a new set of
criteria for our filter that needs to be met. In order to design an
actual filter, we have to find a solution that fulfills all these condi-
tions. While it is not necessary to restrict oneself to piecewise
polynomial filters, we have done so here. The reason for this is that
they are easy to use and implement, and are therefore very popular.
Now Conditions 1, 2 and3 translate to a linear equation system in
the coefficients of piecewise polynomials. The solution of this
equation system yields a class of polynomials. These can be fur-
ther restricted by choosing efficient filters, i.e. with the least num-
ber of filter weights and small degrees of polynomials. This
concludes the filter design. Summarizing the filter design includes
the following steps:

Step 1: Solve a linear equation system created by Conditions 1 and
2 in the pieceswk of the filterw.

Step 2: Choose a set of basis functions for the representation of
wk.

Step 3: Solve for the coefficients of the basis functions, consider-
ing Condition 3 as well as the solution of Step 1.

Our design criteria also have validity in the frequency domain. It
can be shown that our accuracy criteria, defined by specifying the
error coefficients , translate to conditions on the frequency rep-
resentation of the filterw at the DC value.  represents the DC
value itself and  thek-th derivative of the frequency spectra at
that point. This is a very desirable condition and was suggested as
a filter design criteria by Dutta Roy et al. [7], for designing maxi-
mal linear filters. Since it is impractical to use an ideal reconstruc-
tion filter (in the  sense), their idea was to design filters that
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come very close to the ideal filter in parts of the frequency spectra
and includes some important frequencies. For general applications,
we would expect to have the most important frequencies around
the DC value.

Since the accuracy criteria only fixes the frequency domain at a
single point, it is not enough to guarantee well behaved filters. Our
smoothness criterion in Condition 3 constructs filtersw of the class
CM. That means they can be decomposed (using a Taylor series)
into a polynomial ofMth degree and a remainder term. Now, the
polynomial ofMth degree translates into a function defined as

 in frequency space [3]. This guarantees a quick decay
of our reconstruction filter. The higher the smoothness condition,
the quicker the decay. This ensures that aliasing effects of our
designed filter diminish with increasingM.

Having explained the general design process, we turn to demon-
strate it by ways of an example.

4. EXAMPLE

Let us assume we want to construct a derivative filter. We expect
this derivative filter to be somewhat reliable in terms of accuracy,
so we choose a 2EF filter. Further, we aim for aC1 continuous fil-
ter. That leads to three conditions to fulfill:

1. derivative filter:

(3)

2. numerical accuracy 2EF:

(4)

3. smoothness C1:

(5)

Here  are the error coefficients defined in Equation 2 with a
positive offsetτ, . The filter to be constructed isw.
Decomposing our filterw in pieceswk as mentioned in Section 3,
we can write the three conditions above in terms of the filter
weights . We will use the notationwk and
wk(τ) interchangeably. Using the definition of the error coefficients
in Equation 2 will simplify the conditions of Equation 3 through
Equation 5 to:

1. derivative filter:

(6)

2. numerical accuracy 2EF:

(7)

3. smoothness: (here  denotes the derivative of )
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(8)

The choice of the number of filter weights  (which is the same
as the number of piecewise, non-zero parts of the functionw) is
rather arbitrary. If we choose too many, the resulting filter becomes
inefficient. If we choose too few, the equation system might not
lead to a solution at all. Since we are trying to design cost-efficient
filters, we’d like to have as few as possible filter weights. Since, in
computer graphics, we are interested in anti-symmetric derivative
filters (symmetric interpolation filters) and the weightswk(τ) are
defined over integer intervals, we always need an even number of
weights (Fig. 1). Conditions 1 and 2 already impose three equa-
tions on the filter weights, thus we expect at least four weights to
be necessary for our resulting filter.

The equation system in Equation 6 and Equation 7 has three equa-
tions in the four unknownswk. Therefore it is under-determined
and leads to the following set of solutions (setting T to 1):

(9)

Any filter w whose filter weights fulfill Equation 9 is guaranteed to
be a 2EF first derivative filter. The actual filter can be constructed
using specific basis functions for thewk and insuring that our
smoothness condition (Equation 8) is fulfilled. An obvious choice
for theC1 continuous basis function would be polynomials, since
polynomials are a member of .  Using our notat ion

, we require:

,

where the coefficientsCk, Bk, Ak are unknown and remain to be
determined. Here again the choice of a second order polynomial is
rather arbitrary. If we choose too high of a degree, we get an ineffi-
cient, parameter depending solution. For too low of a polynomial
degree, we might not get a solution, since not all constraints on the
wk from Equation 9 andCondition 3 can be fulfilled. Substituting
this definition of the filter weights  into Equation 8 yields the
following condition on their coefficients:
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Substituting the polynomial definition of the filter weights  into
Equation 9 yields these conditions on their coefficients:

Further, requiring anti-symmetric filters, yields the following con-
ditions:

,

which translates to

in all positivek. This leads to an equation system in the coeffi-
cients, which solved and substituted into Equation 9, leads to the
following filter weights:

.

This concludes our filter design of aC1 2EF first derivative filter.

In the Appendix we list all the interpolation and first derivative fil-
ters that we constructed using different accuracy and smoothness
criteria. Because of space constraint we have only given the poly-
nomial coefficients in a matrixM. The filter weights are computed
by:

for a cubic filter with 6 weights. The size ofM is adapted by the
size of the filter and the degree of the polynomial. All filters are
laid out in a table where the rows represent the smoothness criteria
and the columns represent the accuracy criteria. We have looked at
1EF through 4EF filters andC0 throughC3 smoothness criteria.
We also included filters that were constructed without Condition 3
- smoothness. That simply leads to discontinuous filters. Those fil-
ters might be of interest for applications that care about accuracy
only, for example in cases where the resulting function is used for
measurement, rather than visual inspection. The advantage of
these filters is that they are sometimes faster while having only lit-
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tle (numerical) error. We have argued in [17] that these filters
might even lead to reasonable images under certain conditions and
therefore represent an efficient alternative that should not be dis-
carded.

The most general usable filters are probablyC0, C1 and 2EF, 3EF
filters. For the interpolation filters we find that the most efficient
C1-3EF filter is the well known Catmull-Rom spline, also found by
others to be the most accurate BC-spline. It is also noteworthy that
this filter is not the best filter in the class of cubic BC-splines in
terms of smoothness. We also found that the BC-filter for which
B=1 and C=0 is aC2-2EF filter. Therefore this filter might be pref-
erable over the Catmull-Rom spline for some applications. In order
to improve on the Catmull-Rom filter in terms of accuracy one
requires 6 filter weights. In order to improve smoothness of the
reconstructed function while maintaining the same accuracy, one
has to choose at least a fourth degree polynomial. The best filter
with just 2 filter weights would be either a 2EF or aC3 continuous
filter.

For derivative filters, the filterC1-2EF is probably a good first
derivative filter. It is one of the best possible that only requires 4
filter weights and is still only a quadratic filter. In order to improve
on it, we would either have to go to 6 filter weights or to a fourth
degree polynomial. It is also interesting to note, that this filter is
the analytic derivative of theC2-2EF interpolation filter, which
was a BC-spline with B=1 and C=0.

5. EXPERIMENTS

The images were rendered employing a simple ray-caster to find
the iso-surfaces. The volumes were sampled at an interval of 0.05
voxel lengths. At each sampling point, the ray-caster first applied
an interpolation kernel (we used the Catmull-Rom cubic spline) to
reconstruct the function at that point. If the reconstructed value
was above a pre-set iso-value, the derivative filter was used to
compute the 3D gradient. Shading was then performed using the
traditional Phong lighting model [8] with diffuse and specular
reflections. The obtained color and opacity were composited with
the previous ray values, and the ray was terminated after the opac-
ity reached a value close to 1.0. Since both the interpolation and
the derivative kernel were separable, for all our filters, the filtering
operations could be efficiently performed using a scheme similar
to the one given in [1] and [18].

For our experiments we used an analytic data set and an MRI data
set. The analytic data set is derived from the same function as the
one used by Marschner and Lobb [15]. Since, due to spatial con-
straints, it is not possible to include the entire set of images that
can be obtained using all given filters, summarized in Table 1 and
Table 2, we have chosen the discontinuous andC0 1EF filters as
well as the discontinuous andC0 3EF filters. Fig. 2 (Fig. 2,4,5 in
color plates) shows the synthetic data set. In order to better visual-
ize the influence of the filters we also computed the angular error
images. For each reconstructed normal we computed the actual
normal and recorded their angular difference. The grey value of
255 was displayed for an angular error of 15 degrees. The discon-
tinuous 1EF filter is simply the well known central difference filter,
and the discontinuous 3EF filter is the filter that we have found to
be a filter yielding better accuracy in our previous work [17]. Here
it is clearly visible, that filter design solely based on accuracy crite-
ria will not lead to acceptable images. Adding a simple smoothness

constraint, which is reflected in theC0 filters, results in very accu-
rate images that are free of visible artifacts. It also becomes very
clear, especially in the error images of Fig. 3, that the 3EF filter
will lead superior images in terms of numerical accuracy.

The same behavior as for the analytic data set can also be observed
for the MRI data set in Fig. 4. This data set is a close up view of an
MRI of a human brain. Here, we also fixed the interpolation filter
to the Catmull-Rom filter and varied the derivative filter in the
same way as we did for the Marschner Lobb images.

Another application requiring smooth reconstruction filters is the
size preserving pattern mapping of Kurzion et al. [12]. Here, the
problem is to continuously map a texture to a parametric surface or
implicit surface, including volumetric iso-surfaces, at a constant
density. In the past, only manual mappings were able to perform
this task, while this paper introduces an automatic method. The
authors use the curvature of a surface at a point in order to continu-
ously vary the scale of the mapped image. This curvature is
approximated using the derivative of the underlying function. A
C1 continuous filter is essential for the success of this method as it
ensures continuous mapping of texture on the surface. We used a
163 grid (a shrunken down version of the original 1283 head) for
calculating the curvature. This means that the head is composed of
rectangular patches on which the normal derivative is calculated
by the same 43 grid samples. Fig. 5a uses the central difference fil-
ter, which gives a very poor estimation of the curvature, hence the
mapping of the density varies sharply between patches. Fig. 5b
uses aC0-2EF filter that generates a very constant density across
the head, but shows discontinuities along the patch lines. The filter
we designed for this application is theC1 continuous 2EF deriva-
tive filter of Table 2. Fig. 5c shows an application of this filter and
we observe that all previous problems no longer exist.

(a) (b)

(c) (d)
FIGURE 3. Error images of the Marschner Lobb data set ren-

dered using the following derivative filter (a) discontinuous
1EF (b) discontinuous 3EF (c)C0-1EF (d)C0-3EF; darker
colors mean lesser error



6. FURTHER RESEARCH

Since, in this paper, we restricted ourselves to piecewise polyno-
mial filters, we would like to explore different basis functions.
Especially using trigonometric basis functions likesine andcosine,
we would like to explore possible similarities to windowedSinc
andCosc filters. We hope that this might improve the efficiency of
the filters, maintaining the same smoothness and accuracy while
using fewer filter weights.

Our accuracy criteria, as outlined here, have also been used to
specify and design filters in other domains, especially in wavelet-
based multiresolution analyses, by Daubechies and others [5]. We
hope to explore the effect of our smoothness criteria also for defin-
ing new basis functions in the wavelet domain and to study its
effects on the wavelet transform.

In applications of computer graphics, especially scientific visual-
ization, the final image is not just influenced by the interpolation
and derivative method, but sometimes also by a shading equation
and compositing operations. Therefore, it is necessary to analyze
the overall error expressed in theL2 error norm. We are working
on developing better tools to study this error. Once we are able to
characterize the complete rendering pipeline, we might be able to
adapt the reconstruction filters in a way to compensate for the
overall error and to produce better images.

7. CONCLUSIONS

In this work, we have introduced design criteria for the design of
optimal and smooth reconstruction filters. It was demonstrated,
contrary to previous beliefs, that it is not sufficient to base filter
designs just on accuracy criteria. Rather, our design criteria are not
only the accuracy of the reconstructed function, but also its charac-
terization as a function in the spaceCM of all M-times continuous
derivable functions. We further demonstrated, by ways of an
example, aC1 2EF filter, how such a filter can be constructed. We
then provided a table, listing all optimal interpolation and deriva-
tive filters that match smoothness and accuracy criteria of up toC3

continuous and 4EF, respectively. These tables may serve as a
guide on what filters should be used for a certain application. The
filters listed in these tables go much beyond the very popular class
of piecewise polynomial filters, described in the past by Mitchell
and Netravali’s BC-splines [16]. Furthermore, this paper gives the
practitioner an easy way to design specific filters to match their
specific application, by determining a very application oriented set
of criteria - smoothness and accuracy.
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10. APPENDIX

10.1  Interpolation filters

TABLE 1. the new actual filters for interpolation filters
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10.2  First Derivative filters
TABLE 2. the new actual derivative filters
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FIGURE 2. Marschner Lobb data set rendered using the following derivative filter (a)
discontinuous 1EF (b) discontinuous 3EF (c)C0-1EF (d)C0-3EF (e)C3-4EF

(a) (b)

(c) (d)

(a) (b)

(c) (d)

FIGURE 4. MRI data set rendered using the following derivative filter (a) discontin-
uous 1EF (b) discontinuous 3EF (c)C0-1EF (d)C0-3EF

(a)

(b)

(c)

FIGURE 5. Size preserving pattern mapping of
a texture on an MRI scan of a human head
using (a) a discontinuous 1EF derivative
filter (central differences) (b) aC0-2EF
derivative filter (c) aC1-2EF derivative fil-
ter in order to determine the pattern density.
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Siggraph 2001

Transfer Functions
§ Determine classification/shading step on the 

rendering pipeline

§ Assign visual optical properties to  numerical 
values of dataset

§ Typically, color, opacity, and emittance

§ Opacity transfer function makes features of 
interest opaque

Siggraph 2001

TFs  and Salient Iso-Values
§ Key - Determine material interfaces, e.g., air-bone, 

bone-tissue

§ Salient iso-values exist on either side of a 
boundary

§ TF generation and salient iso-value determination 
are related
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Common Transfer Functions
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Challenge:  Find placement of knots with

§ Little aliasing in classified dataset 

§ Detect structures

Siggraph 2001

Basic Task

Air Fat Tissue Bone

histogram
Material Assignment%

CT

§ Segmentation of voxel intensity histogram – usually 
non-linear division and based on presence of features.
§ Functional variation within each segment - Usually 
linear, although non-linear ones can be selected 
§ CT datasets - OK
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Error & Trial - MRI

Cannot always 
segment histogram 

with error and trial !

Siggraph 2001

Obstacles
§ Various combinations of homogenous materials, 

although finite, can be large. 
§ Segmentation of MRI histogram is very difficult 

given noise and low discrimination.
§ Blending effects along the depth direction 

complicates matters.
§ Lack of spatial component makes finding transfer 

functions frustrating.
§ Viewing and shading parameters defy complete 

control and comprehension of the process.
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Desirable  Tools
§ Should aid user in discovery process

§ Assumptions about data minimal

§ Flexible and tangible interface

Siggraph 2001

Taxonomy of Methods
§ Trial and error, with minimum computer aid

§ Data-centric, using an underlying data model
§ Histogram Volume (Kindlmann and Durkin)

§ Data driven, with no underlying assumed model
§ Contour Spectrum (Bajaj et al)
§ Higher Order Moments

§ Image-centric, using organized sampling
§ Design Gallery (Marks et al)
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Semi-Automatic Method
§ Goal: boundaries  between homogeneous regions

§ Compute Histogram Volume
§ 3D histogram of data value and 1st and 2nd  

derivatives
§ Project out spatial component of the boundary

§ Create Distance Function
§ Signed distance to  middle of nearest boundary
§ Bridge unintuitive space of data values to an 

intuitive, spatial domain

Siggraph 2001

Boundary Model
§ Assume to be blurred by Gaussian during           

measurement process
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Relationship between f, f’, f’’
Measuring f, f’, f’’ across boundary

Siggraph 2001

Plotting Histogram Volume

Number of zero 
crossings determines 

boundaries !
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TF  Generation
§ g(v) : average f’ over all the positions x where  f(x) = v

§ h(v) : average f’’ over all the positions x where f(x) = v

§ g(v) and h(v) obtained from histogram  volume

§ Recover model specific σ using max(g(v)) and max(h(v))

Siggraph 2001

TF  Generation
§ Define mapping p(v) from value v to a  boundary 

position

§ Define boundary emphasis function, b(x), to map a 
boundary position to opacity

§ The final opacity function α(v) can be defined as
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Examples

Siggraph 2001

Result - CT Teeth !
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Result - CT Foot !
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Result – MRI Skull !
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Result – MRI Temple Bone ?

Siggraph 2001

Summary
§ Very impressive results

§ Intuitive interface

§ Strong assumptions about boundary characteristics

§ Cannot detect  boundaries for some MR datasets
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Data-Centric – No Model
§ Determine signatures

§ Histogram based
§ Using Factor Analysis on histograms 
§ Use localized higher order moments of histogram  features

§ Using characteristic curves of contours

§ Determine salient iso-values !

Siggraph 2001

Contour Spectrum
§ 2D Interface: X-axis = scalar value; y-value = 

normalized signature

§ Select ranges for queries

§ Signatures: 
§ Length
§ Area
§ Gradient integral (length of integral * constant)

§ Compute signatures from contours
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Contour Signatures
§ Length of contour is C0-spline function

§ Area within each contour is a C1-spline function

Siggraph 2001

Results - CT
Gradient integral needed for  boundary detection
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Using Statistical Moments
§ Histogram equalization uses first moment

§ Higher Order Central Moments:

§ Variance = µ2
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Higher Order Moments
§ Skewness = µ3 - Symmetric distributions, µ3=0

§ Kurtosis = µ4-3 – Normal distribution, µ4=0

§ Infinite number of central moments can completely 
describe distribution pu(x)

§ Using 3D windowing, calculate and assign µ2, µ3, µ4 for    
each voxel
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HOMs

Second Order Fourth Order

Siggraph 2001

Example – Third Order 
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Voxels and HOMs

§ 2-mixture material model for small cells
§ Boundary exists only if m, n > 0
§ Determine cummulants and localized HOMs 
§ Maximas and minimas correspond to material interfaces !
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Second Order !
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Skewness !

Zero 
Crossings !

Siggraph 2001

The Teeth Again  !
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Another Example !

Siggraph 2001

Summary
§ Signature-based methods are new 

§ Have promise

§ Much needs to be done to develop 
statistical and geometrical basis

§ User interface needs more thought !
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Image Centric –
Design Gallery

§ Sometimes finding an optimal parameters 
for graphic or animation is problematic

§ A different idea:
§ Compute a “covering” of possible 

graphics 
§ Display them in a gallery using 

evolutionary computation

Siggraph 2001

Dispersion
§ Batch compute a diverse set of outputs

Graphics
Process

Inputs Outputs
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Arrangement
Organize the outputs for easy browsing

Siggraph 2001

Browsing with volDG

Use MDS !
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Example

Siggraph 2001

Example
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Example – HOM volume

Siggraph 2001

Example
Same data, different transparencies
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Summary
§ Very flexible – change volumes, metrics

§ Does not include user in generation !

§ Not goal-oriented – no guided search !

§ Lack of customization

Siggraph 2001

Which Approach is  Better ?

•Too soon to tell !

•Top ten problems in volume visualization (VolViz '92). 

• No general  method still exists

• Data-centric methods with and without data-models 
show most promise  !



Direct volume rendering is a key technology for visu-
alizing large 3D data sets from scientific or medical

applications. Transfer functions are particularly impor-
tant to the quality of direct volume-rendered images. A
transfer function assigns optical properties, such as color
and opacity, to original values of the data set being visu-
alized. Unfortunately, finding good transfer functions
proves difficult. Pat Hanrahan called it one of the top 10
problems in volume visualization in his inspiring keynote
address at the 1992 Symposium on Volume Visualiza-
tion. And it seems that today, almost a decade later, there
are still no good solutions at hand. Or are there?

In a panel discussion at the Visualization 2000 con-
ference, we pitched four of the currently most promis-
ing approaches to transfer function design against each
other. The four approaches and their advocates are

■ trial and error, with minimum computer aid (Will
Schroeder);

■ data-centric, with no underlying assumed model
(Chandrajit Bajaj);

■ data-centric, using an underlying data model
(Gordon Kindlmann); and

■ image-centric, using organized sampling (Hanspeter
Pfister).

Ahead of time, each of the four panelists received
three volume data sets from Bill Lorensen. The data are
static 3D scalar volumes sampled on rectilinear grids.
The panelists’ task was to create meaningful volume ren-
derings using their respective approaches to transfer

function design. During the panel session, each panelist
presented a summary of the method and results of the
visualization, including visual results (images and ani-
mations), performance (timings and memory use), and
observations (how easy or hard it was, what the find-
ings were, and so on). At the end of the panel session,
Bill Lorensen discussed the content of the volume data,
what an experienced visualization practitioner would
have hoped to find, and how well the panelists’ meth-
ods achieved this goal. Bill also announced a winner.

This was a unique event: alternative approaches to a
pressing research problem went head-to-head, on mul-
tiple real-world data sets, and with an objective quality
metric (Bill Lorensen). The panel took place in an atmos-
phere of lighthearted fun, but with a serious goal, name-
ly to emphasize the importance of further research in
transfer function design. This article presents the four
methods in more detail and answers such questions as:
How well did they do? Which method works best? And
who won the bake-off?

Data sets
Bill Lorensen chose three volume data sets to repre-

sent a variety of challenges for the bake-off. Figures 1
through 3 show marching-cube isosurface renderings of
the data for comparison to the direct volume rendering
images presented by the panelists. The data is available
for noncommercial use at http://visual.nlm.nih.gov/. 

The first data set was generated at GE Aircraft Engines
in Evendale, Ohio. The data is industrial x-ray comput-
ed tomography (CT) data of a human tooth. The axial

Hanspeter
Pfister, 
Bill Lorensen,
Chandrajit Bajaj,
Gordon
Kindlmann, 
Will Schroeder,
Lisa Sobierajski
Avila, 
Ken Martin,
Raghu
Machiraju, and
Jinho Lee
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1 The tooth data set modeled with
isosurfaces.

2 The sheep heart modeled with
two isosurfaces.

3 The segmented MRI knee.



slices are ordered from bottom to top, one slice per file.
The pixel samples are spaced 1 mm within each slice,
and the slices are 1 mm apart. This data set was the eas-
iest of the three to work with. Figure 1 shows the two
materials in the tooth extracted as isosurfaces.

The second data set is magnetic resonance image
(MRI) data of a sheep heart generated at the Center for
In-Vivo Microscopy, Duke University, North Carolina
(http://wwwcivm.mc.duke.edu/). These axial slices are
ordered from top to bottom, one slice per file. The pixel
samples are spaced 1 mm within each slice, and the
slices are 1 mm apart. The heart data is a bit more chal-
lenging to visualize than the tooth, because the heart
has a variety of tissues including some damaged tissue
that was caused by blocking circulation to part of the
heart. Figure 2 shows the normal and damaged (yellow)
tissue in the sheep heart.

The final data set was generated at Brigham and
Women’s Hospital Surgical Planning Laboratory
(http://splweb.bwh.harvard.edu:8000/). The data is
clinical MRI data of the knee. These sagittal slices are
ordered from left to right. The pixel samples are spaced
.25 mm within each slice, and the slices are 1.5 mm
apart. This was the most challenging of the three data
sets to visualize. Meaningful visualizations of this knee
data set are only possible using sophisticated segmen-
tation techniques. Figure 3 shows segmentation per-
formed at Brigham and Women’s Hospital, Surgical
Planning Lab.

Trial and error
William Schroeder, Lisa Sobierajski Avila, and Ken Martin
Kitware

The widespread use of volume rendering has been
hampered by the difficulty of creating effective

transfer functions. The complexity of the transfer func-
tion is further exacerbated by the blending effects along
the depth direction. As a result, recent research has
focused on automatic and semiautomatic techniques
for creating transfer functions.

Such methods are potentially dangerous because the
techniques remove the human from the visualization
process. Visualization isn’t just about generating pretty
pictures. It’s also a vehicle of exploration by which the
observer comes to understand the data. You can easily
imagine semiautomatic and automatic techniques that
generate images that fulfill the observer’s expectations,
but aren’t necessarily true to the nature of the data.
Thus, we believe that creating a transfer function is a
necessary part of the visualization (that is, data explo-
ration) process. Methods that assist the user in creating
transfer functions—and thus improve the efficiency of
data exploration—are beneficial. Methods that elimi-
nate the human from the exploration process are dan-
gerous and should be avoided.

Figures 4 through 6 demonstrate these ideas. We used
Kitware’s VolView volume rendering system and the
RTViz VolumePro volume-rendering hardware to gen-
erate the images quickly. VolView allows interactive,
intuitive creation of transfer functions, while the
VolumePro board enables maximum interactive
response (up to 30 frames per second). For example, we

created both the knee (see Figure 4) and tooth images
(see Figure 5) in less than five minutes from start-up to
image capture.

The sheep heart (see Figure 6) was much more chal-
lenging to render, requiring approximately 20 minutes
to create the final image. However, the time to generate
the image was essential: the exploratory process of
adjusting the transfer functions taught us much about
the data set. For example, after exploring the tooth for
five minutes, we felt that we fully understood the impor-
tant structures within the data. In contrast, the five min-
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4 Rendering of
the knee data
set through trial
and error.

5 Rendering of
the tooth data
set through trial
and error.

6 Rendering of
the sheep data
set through trial
and error.



utes spent visualizing the knee taught us that the data
was fairly complex, requiring additional segmentation
processing for more effective visualization.

Data-centric, without data model
Chandrajit Bajaj
University of Texas at Austin

In addition to computational and space complexity
issues, user interfaces have a tremendous impact on

a visualization environment’s level of interactivity.
A contour spectrum consists of computed metrics over

a scalar field. On the basis of such metrics you can define
a set of functions that provide a useful tool to enhance
a data set’s interactive query. One primary advantage
of the contour spectrum interface is that it lets you dis-
play—in a 2D image—a global view of the examined
scalar field, independent of its dimension. For example,
in a 3D isosurface display, one contour component may
be hidden inside another. If you associate the isocon-
tour display with the contour tree, it becomes immedi-
ately clear that the current isosurface has two
components. Hence, you might need a clipping plane to
look inside the current isosurface. For time-varying
data, we can compute functional properties over time
and display it with a 2D interface. This gives users a glob-
al overview of the time-varying function and lets them
interact with both the isovalue and time step.

All three of the challenge data sets were imaging data
sets (static scalar fields over structured rectilinear mesh-
es). The primary characteristic function I used was the
gradient integral function curve (shown in yellow in
Figures 7 through 10), which automatically separated the
various materials in each of the imaging data and gener-
ated the appropriate color and opacity map for the final
volume rendering. For details of the signature function
computations and the contour spectrum, please see the
IEEE Visualization Conference 1997 paper1 or the Web
pages where these tools have been applied to various
domains http://www.ticam.utexas.edu/CCV/projects/
VisualEyes.
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7 While the maximum of the gradient integral function
(yellow signature curve) determined the average scalar
intensity for the knee bone, the multiple peaks in the
surface area corresponded to the multiple muscular
tissues captured by the imaging data set.

8 The isocontour surface automatically selected by the
maximum of the gradient integral signature function
(left). A volume rendering of the sheep data set. The
data set’s primary isocontour value indexes the color
map range as it centers on purple (right). 

9 The gradient integral function again shows four
distinctive peaks for the four material types present in
the the tooth data set. The left and right renderings
were obtained by determining the intensity values 
for the peaks from the contour spectrum and using
that to assign a white color with no transparency 
(for the left rendering) and purple, pink, and white
colors with varied transparency assignments (for the
right rendering).

10 Alternate transfer function selection for the tooth
data set highlights the inner tooth surface cap of differ-
ent material types (and higher density) than the outer
surface shown in Figure 9.



Data-centric, with data model
Gordon Kindlmann
University of Utah

For many medical volume data sets, a good transfer
function makes opaque only those values consis-

tently associated with a boundary between materials.
The semiautomatic method borrows edge detection
concepts from computer vision in order to “locate”
boundaries in the 1D space of data value (voxel inten-
sity), since that’s the domain in which transfer func-
tions are specified. The method starts with a preprocess
that takes a few minutes and requires minimal user
input: creating a 3D histogram of data value versus first
and second derivatives and then distilling this into a
distance map that records the relationship between data
value and boundary proximity. Using the distance map,
users can interactively experiment with different set-
tings, but the transfer functions are usefully constrained
by the boundary information measured in the given
data set. (For more details, see the 1998 IEEE
Symposium on Volume Visualization paper2 or visit
http://www.cs.utah.edu/~gk/MS.)

Of course, this method has trouble on data sets in
which there are noise and coarse boundary sampling,
such as the knee MRI scan. As Figure 11 shows, the
method detected the boundary between air and skin and
rendered it clearly, but the boundaries among the vari-
ous internal tissues are less clear.

One benefit of the semiautomatic method is the abil-

ity to create transfer functions that map not just data
value, but also a 2D space of data value and gradient
magnitude. Although they can often disambiguate
complex material boundaries, 2D transfer functions
are even more difficult to specify by hand than tradi-
tional 1D functions. The sheep heart MRI data set is a
good example. Figure 12 shows the 2D distance map
and transfer function used to make the renderings in
Figure 13.

You might think that for a clean data set such as the
tooth CT scan, transfer functions based on data value
alone could accurately convey all the boundaries.
However, the tooth cross-section in Figure 14 shows the
data set to have four boundaries between four materials
(from dark to bright: pulp, background, dentine, and
enamel). The presence of four arcs in the distance map
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11 Renderings of the knee data set using a semiauto-
matically generated 1D opacity function.

12 Making a 2D transfer function (from left to right):
an automatically generated distance map (white indi-
cates the boundary center), a semiautomatic opacity
function, and a manually created color map.

13 Renderings of the heart data set using the transfer
functions in Figure 12. The two segments in the opacity
function correspond with two boundaries: one
between the heart and the background (left) and one
for fine structures within the heart tissue (right). 

14
Automatically
created 2D
distance map
for the tooth
data set. In the
cross-section,
the colors of the
small rectangles
(marking the
different
boundaries)
indicate the
corresponding
boundary colors
in the transfer
function.



(Figure 15) show that the semiautomatic method suc-
cessfully discerned all the boundaries and thereby facil-
itated the renderings in Figure 15, which emphasize and
color the boundaries in sequence. In particular, with an
isosurface or 1D transfer function, it would have been
impossible to isolate the dentine-enamel boundary
shown in cyan.

The current version of the semiautomatic method
assumes a specific mathematical boundary model; this
may reduce its effectiveness on some data sets. However,
the method ultimately derives its utility from combin-
ing a common volume-rendering task (“show me the
boundaries”) with a characterization of boundaries in
terms of easily measured derivatives. A tool such as
Design Galleries can answer What’s possible? in the

space of all transfer functions, while this approach
intends to answer What’s probable?—that is, What’s
most likely to be a good transfer function, assuming the
goal of visualizing boundaries? Unconstrained explo-
ration of transfer functions is sometimes needed, but
interactivity in a visualization tool proves more valuable
when the interface itself embodies information and con-
straints derived from the data in question.

Image-centric, using organized sampling
Hanspeter Pfister
Mitsubishi Electric Research Laboratories
Raghu Machiraju and Jinho Lee
The Ohio State University

Along the lines of the Design Gallery approach,3 my
colleagues and I developed VolDG—Design Galleries

for Volume Graphics as a viable alternative to facilitate
transfer function selection. The image-centric transfer
function design of VolDG focuses on what matters most
to the user: the image. VolDG evaluates transfer functions
on the basis of the images they produce, not in terms of
data set properties. Instead of asking the computer What’s
best? we ask the computer What’s possible? The com-
puter picks a set of input-parameter vectors that span the
space of output values as much as possible; the user sim-
ply selects from among the presented possibilities.

As Figure 16 shows, VolDG interfaces present the user
with the broadest selection—automatically generated
and organized—of perceptually different images that
can be produced by varying transfer functions.

The VolDG approach’s principal technical challenges
are dispersion (finding a set of input-parameter vectors
that optimally generates dissimilar output values) and
arrangement (arranging the resulting designs for easy
browsing). For dispersion, we use a form of evolution-
ary computation. For arrangement, we use multidi-
mensional scaling. The dispersion process can require
rendering hundreds or thousands of candidate images
and therefore benefits greatly from hardware accelera-
tion by Mitsubishi’s VolumePro board. In addition, expe-
dient rendering aids the interrogative process between
user and computer.

We built our current system on top of the popular
Visualization Toolkit (vtk) to using the VolumePro
board. The real-time volume-rendering speed of the
VolumePro board lets large galleries be generated in
minutes. VolDG is freely available at http://www.
merl.com/projects/dg/.

Even though VolDG can manipulate both color and
opacity transfer functions, we believe that generating
gray-scale images leads to the most insight into
unknown data sets. Figure 17 shows two representative
images of the knee and sheep heart data set. Note that
VolDG automatically detected the interior structure in
both images. This is remarkable because MRI data is
notoriously difficult to deal with. 

Figure 18 shows the transfer function for one MRI
knee image. Note that the function is piecewise linear.
More sophisticated curve parameterizations, such as B-
splines or wavelets, could improve the results of VolDG.

Not surprisingly, the tooth CT scan shows better inte-
rior structure and detail (see Figure 19). Each gallery
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15 Renderings of the tooth data set. Opacity functions are inset in each
image; surface colors are determined by the color map in 
Figure 14.

16 VolDG user interface.



with 200 images and 20,000 iterations took approxi-
mately 7 hours to generate. Absolutely no user inter-
vention was necessary. A smaller gallery with 50 images
and 1,000 iterations only takes about 3 to 4 minutes.
Plus, users can interactively browse the gallery.

Discussion
Bill Lorensen
GE Corporate Research and Development

Since its introduction in the late 1980s, volume visu-
alization has had limited success in cost-effective

applications. Advances in image quality and feature sets
continue to outpace the technology’s acceptance in
commercial products.

Several factors contribute to the slow adoption of vol-
ume visualization:

■ A lack of proven application areas. Routine use of 3D
in medicine is still, for the most part, limited to
research and teaching hospitals.

■ There’s no agreement on software application pro-
gramming interfaces (APIs) for volume visualization.
This limitation translates to risk for commercial prod-
ucts that adopt one vendor’s API over another’s.

■ Volume visualization is slow, requiring expensive

workstations with large amounts of memory and spe-
cial graphics hardware extensions.

■ The volume techniques are difficult to use by all but
an experienced engineer or scientist.

Fortunately, various universities and companies are
addressing these limitations:

■ New scanners are presenting much more information
than a radiologist can possibly review on a slice-by-
slice basis. Three-dimensional visualization could be
the key to increasing productivity.

■ APIs are emerging that fit within current graphics and
visualization systems.

■ Low-cost, special-purpose hardware is now available
for personal computers. And, the general-purpose
processor speeds continue to improve. Texture-
mapping hardware is available on cheap graphics
cards. In addition, 3D texture mapping could also get
cheap if the gamers find a use for it.

However, ease of use is still an issue. Volume visual-
ization has the potential to significantly reduce the
amount of time to segment medical data. We need fast,
robust techniques to create color and opacity transfer
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17 VolDG-generated images of the knee (top) and sheep heart (bottom).

18 Transfer function generated by VolDG. 

19 VolDG-
generated
images of the
tooth.



functions before volume rendering can move from the
lab to the hospital. It doesn’t matter whether the tech-
niques are automatic, semiautomatic, or manual. They
just need to be fast and simple.

Summary and conclusions
Bill Lorensen
GE Corporate Research and Development

The four groups on the panel weren’t given a specif-
ic task to perform. Their sole goal was to produce

images that would impress the panel judge (me). All
the groups gave a short presentation of their results.
Each team performed admirably, presenting a variety of
renderings for all the data sets.

The Kitware panelist produced “artistic” renderings
of each data set by manually choosing transfer func-
tions. The MERL approach presented dozens of alter-
natives for each data set, requiring the user to choose
an appropriate rendering. The Texas algorithm auto-
matically created transfer functions based on metrics
derived from the data. The Utah panelist also present-
ed an automatic technique that followed a more tradi-
tional feature-extraction approach, designed to find
boundaries in the data.

As the judge, I was biased against techniques that
required too much or too little human interaction. This
bias eliminated the manual Kitware approach and the
automatic MERL technique. I had a difficult time decid-
ing the winner between the two remaining datacentric
approaches. The Texas reliance on observable metrics
in the data seems to be more intuitive than the Utah
approach. However, in my opinion, the Utah algorithm
shows the most promise and is most likely to stimulate
future research in the area of automatic transfer func-
tion synthesis.

Rectilinear, static grids are the simplest volumetric
data, yet it’s obvious that many problems exist in devel-

oping effective renderings. Other types of volumetric
data are even more challenging, such as time-varying
data, time-varying grids, irregular grids, scattered data,
or nonscalar fields. We hope that this panel encourages
further research in transfer function design, particular-
ly for more complex, difficult-to-visualize volumetric
data sets. ■
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Semi-Automatic Generation of Transfer Functions
for Direct Volume Rendering

Gordon Kindlmann�and James W. Durkiny

Program of Computer Graphics
Cornell University

Abstract

Although direct volume rendering is a powerful tool for visualizing
complex structures within volume data, the size and complexity of
the parameter space controlling the rendering process makes gener-
ating an informative rendering challenging. In particular, the speci-
fication of the transfer function — the mapping from data values to
renderable optical properties — is frequently a time-consuming and
unintuitive task. Ideally, the data being visualized should itself sug-
gest an appropriate transfer function that brings out the features of
interest without obscuring them with elements of little importance.
We demonstrate that this is possible for a large class of scalar vol-
ume data, namely that where the regions of interest are the bound-
aries between different materials. A transfer function which makes
boundaries readily visible can be generated from the relationship
between three quantities: the data value and its first and second di-
rectional derivatives along the gradient direction. A data structure
we term thehistogram volumecaptures the relationship between
these quantities throughout the volume in a position independent,
computationally efficient fashion. We describe the theoretical im-
portance of the quantities measured by the histogram volume, the
implementation issues in its calculation, and a method for semi-
automatic transfer function generation through its analysis. We
conclude with results of the method on both idealized synthetic data
as well as real world datasets.

1 Introduction

1.1 The Task of Finding Transfer Functions

Transfer functionsmake a volume dataset visible by assigning ren-
derable optical properties to the numerical values which comprise
the dataset. The most general transfer functions are those that as-
sign opacity, color, and emittance [12]. Useful renderings can of-
ten be obtained, however, from transfer functions which assign just
opacity, with the color and brightness derived from simulated lights
which illuminate the volume according to some shading model. We
use the termopacity functionsto refer to this limited subset of trans-
fer functions. During the rendering process, the sampled and in-
terpolated data values are passed through the opacity function to
determine their contribution to the final image. Since the opacity
function does not normally take into account the position of the
region being rendered, the role of the opacity function is to make
opaque those data values which consistently correspond, across the
whole volume, to features of interest. This paper addresses only
the problem of setting opacity functions, as this is a non-trivial yet
manageable problem whose solution is pertinent to more general
transfer function specification issues.

�Address: Department of Computer Science, University of Utah, Salt
Lake City, UT 84102. Email: gk@cs.utah.edu.

yAddress: Program of Computer Graphics, Cornell University, Ithaca,
NY 14853. Email: jwd@graphics.cornell.edu.

Finding a good transfer function is critical to producing an infor-
mative rendering, but even if the only variable which needs to be set
is opacity, it is a difficult task. Looking through slices of the vol-
ume dataset allows one to spatially locate features of interest, and a
means of reading off data values from a user-specified point on the
slice can help in setting an opacity function to highlight those fea-
tures, but there is no way to know how representative of the whole
feature, in three dimensions, these individually sampled values are.
User interfaces for opacity function specification typically allow the
user to alter the opacity function by directly editing its graph, usu-
ally as a series of linear ramps joining adjustable control points.
This interface does not itself guide the user towards a useful set-
ting, as the movement of the control points is unconstrained and
unrelated to the underlying data. Thus finding a good opacity func-
tion tends to be a slow and frustrating trial and error process, with
seemingly minor changes in an opacity function leading to drastic
changes in the rendered image. This is made more confusing by the
interaction of other rendering parameters such as shading, lighting,
and viewing angle.

1.2 Direct Volume Rendering of Boundaries

A significant assumption made in this paper is that the features of
interest in the scalar volume are the boundary regions between ar-
eas of relatively homogeneous material1. For instance, this is often
true of datasets from medical imaging. But if the goal is to render
the boundaries of objects, why use direct volume rendering, and not
isosurface rendering? Although this question itself deserves inves-
tigation, it is widely accepted that direct volume rendering avoids
the binary classification inherent in isosurface rendering — either
the isosurface passes through a voxel or not [11]. To the extent that
an object’s surface is associated with a range of values, an opacity
function can make a range of values opaque or translucent. This be-
comes especially useful when noise or measurement artifacts upset
the correlation between data value and material type.

As a quick illustration of this, consider a dataset generated from
limited angle tomography [6], where there are often streaks and
blurriness in the data caused by the unavailability of projections at
some range of angles. This type of data is studied in the Collab-
oratory for Microscopic Digital Anatomy[19], an ongoing project
aimed at providing remote, networked access to sophisticated mi-
croscopy resources. Fig. 1 shows two renderings of a mammalian
neuron dataset, using the same viewing angle, shading, and light-
ing parameters, but rendered with different algorithms: a non-
polygonal ray-cast isosurface rendering and a shear-warp direct vol-
ume rendering produced with the Stanford VolPack rendering li-
brary [10]. Towards the bottom of the direct volume rendered im-
age, there is some fogginess surrounding the surface, and the sur-
face itself is not very clear. As can be confirmed by looking directly
at slices of the data itself, this corresponds exactly to a region of the

1We useboundaryto refer, not to an infinitesimally thin seperating sur-
face between two areas of disparate data value, but to the thin region wherein
the data value transitions from one material value to the other.



dataset where the material boundary is in fact poorly defined. The
surface rendering, however, shows as distinct a surface here as ev-
erywhere else, and in this case the poor surface definition in the
data is manifested as a region of rough texture. This can be mis-
leading, as there is no way to know from this rendering alone that
the rough texture is due to measurement artifacts, and not a feature
on the dendrite itself.

(a) Isosurface Rendering (b) Direct Volume Rendering

Figure 1: Two renderings of a spiny dendrite from a cortical pyra-
midal neuron. The volume dataset was reconstructed from images
of a 2 micron thick section acquired with an intermediate high volt-
age electron microscope at the National Center for Microscopy and
Imaging Research, San Diego, California, using single-tilt axis to-
mography. Specimen kindly provided by Prof. K. Hama of the Na-
tional Institute for Physiological Sciences, Okazaki, Japan.

2 Related Work

Two methods have been proposed for assisting the user in the ex-
ploration of possible transfer functions. He et al. [7] use genetic
algorithms to breed a good transfer function for a given dataset.
Judging from small thumbnail renderings, the user picks desirable
transfer functions from an automatically generated population, until
the iterative process of image selection and transfer function inter-
combination converges. Alternatively, the system can run automat-
ically by using some user-specified objective function (entropy, en-
ergy, or variance) to evaluate rendered images. Marks et al. [13]
address the problem of “parameter tweaking” in general, with ap-
plications including light placement for rendering, motion control
for articulated figure animation, as well as transfer functions in di-
rect volume rendering. The goal is to create a visual interface to
the complex parameter space by using an image difference metric
to arrange renderings from a wide variety of transfer functions into
a “design gallery”, from which the user selects the most appeal-
ing rendering. While both of these methods reportedly succeed in
finding useful transfer functions, and while they both allow the user
to inspect the transfer function behind a rendering, the systems are
fundamentally designed for finding good renderings, not for finding
good transfer functions. Both processes are entirely driven by anal-
ysis of rendered images, and not of the dataset itself. Rather than
having an high-level interface tocontrol the transfer function, the
user has tochoosea transfer function from among those randomly
generated, making it hard to gain insight into what makes a transfer
function appropriate for a given dataset.

Other visualization tools have been described which are more
driven by the data itself. Bergman et al. [3] describe a percep-
tually informed rule-based method for colormap selection which
takes into account the data’s spatial frequency characteristics and
the purpose of the visualization. Closer to the goal of the current
paper is the contour spectrum, described by Bajaj et al. [1], which
helps the user find isovalues for effective isosurface volume visual-
izations of unstructured triangular meshes. By exploiting the math-
ematical properties of the mesh, important measures of an isosur-
face such as surface area and mean gradient magnitude can be com-
puted with great efficiency, and the results of these measurements
are integrated into the same interface which is used to set the iso-
value. By providing a compact visual representation of the metrics
evaluated over the range of possible isovalues, the user can readily
decide, based on their rendering goals, which isolevel to use. The
importance to the current paper is that the contour spectrum is a
good example of how an interface can use measured properties of
the data to guide the user through the parameter space controlling
the rendering.

3 Ideal Boundary Characterization

3.1 Boundary Model

Since our particular goal is the visualization of material boundaries,
we have chosen a model for what constitutes an ideal boundary and
developed methods around that. We assume that at their boundary,
objects have a sharp, discontinuous change in the physical property
measured by the values in the dataset, but that the measurement
process is band-limited with a Gaussian frequency response, caus-
ing measured boundaries to be blurred by a Gaussian. Fig. 2 shows
a step function representing an ideal boundary prior to measure-
ment, the Gaussian which performs the band-limiting by blurring,
and the resulting measured boundary (prior to sampling). The re-
sulting curve happens to be the integral of a Gaussian, which is
called theerror function [9]. Actual measurement devices band-
limit, so they always blur boundaries somewhat, though their fre-
quency response is never exactly a Gaussian, since this has infinite
support. Although certain mathematical properties of the Gaussian
are exploited later, we have not found the inexact match of real-
world sampling to the Gaussian ideal to limit application of our
technique. A final assumption made for the purposes of this analy-
sis is that the blurring is isotropic, that is, uniform in all directions.
Again, our methods will often work even if a given dataset does
not have this characteristic, but results may be improved if it is pre-
processed to approximate isotropic blurring.

(a) Step func-
tion

?

(b) Gaussian

=

(c) Measured
boundary prior
to sampling

Figure 2: Boundaries are step functions blurred by a Gaussian.

3.2 Directional Derivatives along the Gradient

Although it was suggested in Section 1.2 that isosurfaces are not
always sufficient for visualizing objects in real world volume data,
the method presented in this paper still indirectly employs them
as an indicator of object shape. That is, based on the mathemati-
cal property that the gradient vector at some position always points



perpendicular to an isosurface through that position, we use the gra-
dient vector as a way of finding the direction which passes perpen-
dicularly through the object boundary. Even though isosurfaces do
not always conform to the local shape of the underlying object, if
we average over the whole volume, the gradient vector does tend to
point perpendicular to the object boundary. We rely on the statisti-
cal properties of the histogram to provide the overall picture of the
boundary characteristics.

The directional derivative of a scalar fieldf along a vectorv,
denotedDvf , is the derivative off as one moves along a straight
path in thev direction. This paper studiesf and its derivatives as
one cuts directly through the object boundary — moving along the
gradient direction — in order to create an opacity function. Be-
cause the direction along which we are computing the directional
derivative is always that of the gradient, we employ a mild abuse of
notation, usingf 0 andf 00 to signify the first and second directional
derivative along the gradient direction, even though these would
be more properly denoted byD

drf
f andD2

drf
f , wherecrf is the

gradient direction. We treatf as if it were a function of just one
variable, keeping in mind that the axis along which we analyzef

always followscrf , which constantly changes orientation depend-
ing on position. Fig. 3 shows how the gradient direction changes
with position to stay normal to the isosurfaces of a simple object.

(a)f(x) (b) Isosurfaces off (c)rf

Figure 3:rf is always normal tof ’s isosurfaces.

Fig. 4 analyzes one segment of the cross-section of this same
object. Shown are plots of the data value and the first and second
derivatives as one moves across the boundary. Because of band-
limiting, the measured boundary is spread over a range of positions,
but an exact location for the boundary can be defined with either
the maximum inf 0, or the zero-crossing inf 00. Indeed, two edge
detectors common in computer vision, Canny [4] and Marr-Hildreth
[14], use thef 0 andf 00 criteria, respectively, to find edges.

x

f(x)f 0(x)f 00(x)

Figure 4: Measuringf , f 0, andf 00 across boundary.

3.3 Relationship Between f , f 0, and f 00

As our goal is to find functions of data value which highlight bound-
ary regions, our problem is rather different than that addressed
by edge detectors. Because the opacity function will be applied
throughout the volume irrespective of position, we must locate the
boundary not in the spatial domain, but in the range of data values.
In contrast, edge detectors locate boundaries in the spatial domain.
Yet, we still want to borrow from computer vision the notion that
boundaries are somehow associated with a maximum inf 0 and/or
a zero-crossing inf 00. To see how this is possible, consider just the
relationship betweenf andf 0. As both of these are functions of
position, they can be plotted with a three-dimensional graph, as in
Fig. 5. The three-dimensional curve can be projected downward to
form the plot of data value versus position, and projected to the right
to show first derivative versus position. Projecting the curve along
the position axis, however, eliminates the position information, and
reveals the relationship between data value and first derivative. Be-
cause the data value increases monotonically, there is a (non-linear)
one-to-one relationship between position and data value, so the first
derivativef 0, which had been a function ofposition x, can also
be expressed as a function ofdata valuef . This is what the third
projection in Fig. 5 depicts.

x

x

f(x)

f(x)

f 0(x)

f 0(x)

Figure 5:f , f 0 and positionx.

The same projections can be done for data value and its second
derivative, as seen in Fig. 6. Projecting the curve downward or to
the right produces the graphs of data value or second derivative ver-
sus position (first seen in Fig. 4), while projecting along the posi-
tion axis reveals the relationship between data value and its second
derivative.

Finally, having “projected out” position information, one can
make a three-dimensional graph of the first and second derivatives
as functions ofdata value, as seen in Fig. 7. The significance of this
curve is that it provides a basis for automatically generating opacity
functions. If a three dimensional record of the relationship between
f , f 0 andf 00 for a given dataset contains curves of the type shown
in Fig. 7, we can assume that they are manifestations of boundaries
in the volume. With a tool to detect those curves and their posi-
tion, one could generate an opacity function which makes the data
values corresponding to the middle of the boundary (indicated with
cross-hairs in Fig. 7) the most opaque, and the resulting rendering
should show the detected boundaries. Short of that, one could use a
measure which responds to some specific feature of the curve (say,
the zero crossing inf 00) and base an opacity function on that. This
is what the current paper seeks to do.
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x

f(x)

f(x)

f 00(x)

f 00(x)

Figure 6:f , f 00 and positionx.

f(x)

f(x)

f 0(x)

f 0(x)

f 00(x)

f 00(x)

Figure 7: The underlying relationship off , f 0, andf 00.

4 The Histogram Volume

4.1 Histogram Volume Structure

To measure the relationship between the data value and its deriva-
tives described in the last section, we use a three-dimensional his-
togram we term ahistogram volume. There is one axis for each of
the three quantitiesf , f 0, andf 00, and each axis is divided into some
number of (one-dimensional) bins, causing the interior volume to
be divided into a three-dimensional array of bins. The histogram
volume has two defining characteristics:

1. Each bin in the histogram volume represents the combination
of a small range of values in each of the three variablesf , f 0,
andf 00.

2. The value stored in each bin signifies the number of voxels in
the original volume within that same combination of ranges
of these three variables.

4.2 Histogram Volume Creation

Fig. 7 illustrated the position-independent relationship betweenf ,
f 0, andf 00 that characterized an ideal boundary. To find that rela-
tionship, however, we afforded ourselves the luxury of first know-

ing wherethe boundary was in the idealized dataset. For instance,
Fig. 4 was produced with knowledge of where to place a path so
as to cross through the boundary. In the case of real volume data,
however, the positions of the boundaries are not known, but the
same relationship betweenf , f 0 andf 00 needs to be revealed by
some measurement technique.

f(x)

f(x)

f 0(x) f 00(x)

(a) Continuous linear sampling

f(x)

f(x)

f 0(x) f 00(x)

(b) Dense linear sampling

f(x)

f(x)

f 0(x) f 00(x)

(c) Sampling at gridpoints

Figure 8: Sampling the boundary: from continuous to discrete.

It is sufficient to measuref , f 0, andf 00 at each point of a uniform
lattice. Fig. 8(a) shows a boundary being sampled continuously to
produce smooth graphs off 0 andf 00 versusf . In Fig. 8(b), the
sampling is along the same path, but is now discrete. The smooth
graphs have been replaced by scatterplots, but the sequence of mea-
surements traces out the same curves as before, indicating that dis-
crete sampling and the resulting scatterplots are sufficient to illu-
minate the important relationships betweenf and its derivatives.
Finally, in Fig. 8(c), the boundary is sampled everywhere on a uni-
form grid. Though now the points are distributed differently —
many more hits have accumulated along wheref 0 andf 00 are near
zero — the scatterplots trace out the save curves as before. By sam-
pling everywhere, we no longer require knowledge of boundary lo-
cation, and the “global” derivative characteristics of the boundary
have been measured. This is precisely the sort of information rele-
vant to opacity function generation.

The approach taken in this paper is to measuref and its di-
rectional derivatives exactly once per voxel, at the original sample
points of the dataset. One might be concerned that sampling merely
at the original data points is not a sufficient sampling density to pro-
duce the curves seen in Figs. 7 and 8. However, with real volume
data this will not be a problem, since the band-limiting in data ac-
quisition assures there will always be some blurring, and since the
boundaries of real objects tend to assume a variety of positions and
orientations relative to the sampling grid.



4.3 Implementation

One implementation issue in the histogram volume creation is how
many bins to use. There is a trade-off between storage and pro-
cessing requirements versus having sufficient resolution in the his-
togram volume to discern the patterns from which we generate
the opacity functions. In our experiments, good results were ob-
tained with histogram volumes of sizes between80

3 and2563 bins,
though there is no reason that the histogram volumes need to have
equal resolution on each axis. Also, we have found it sufficient
to use only 8 bits to represent the values in the histogram volume,
scaling and/or clipping the number of hits to the range 0–255 if
necessary.

A more subtle issue is what range of values to include along each
axis. Obviously, for the data value axis, the full range should be in-
cluded, since we intend to capture all the values at which boundaries
might occur. But along the axes for first and second derivative, it
makes sense to include something less than the full range. Since
derivative measures are by nature sensitive to noise, including the
full range of derivative values in the histogram volume may cause
the important and meaningful sub-range of values to be compressed
to a smaller number of bins, thereby hampering the later step of de-
tecting patterns in the histogram volume. We do not have ana priori
knowledge of the meaningful ranges of derivatives values, so cur-
rently the derivative value ranges are set with an educated guess.
This is a matter in need of further research and automation.

The most significant implementation issue is the method of mea-
suring the first and second directional derivatives. The first deriva-
tive is actually just the gradient magnitude. From vector calculus
[15] we have:

Dvf = rf � v; (1)

thus

D
drf

f = rf � crf = rf � rf

krfk = krfk: (2)

Unfortunately there is no similarly compact formula forD2

drf
f , the

second directional derivative along the gradient direction. Twice
applying Eqn. 1 gives:

D
2

drf
f = D

drf
(krfk) = r(krfk) � crf

=
1

krfkr(krfk) � rf (3)

Or, using the Taylor expansion off alongcrf [5] gives:

D
2

drf
f =

1

krfk2 (rf)
T
Hf rf (4)

whereHf is the Hessian off , a 3 � 3 matrix of second partial
derivatives off [15]. Alternatively, we can use the Laplacianr2f
to approximateD2

drf
f :

D
2

drf
f � r2

f =
@2f

@x2
+

@2f

@y2
+

@2f

@z2
(5)

The approximation is exact only where the isosurfaces have zero
mean surface curvature [5].

These three expressions forD2

drf
f each suggest different imple-

mentations for the second derivative measure. Although this would
benefit from more detailed study, we can still make useful obser-
vations regarding the comparative merits of each. While we have
found the Hessian method to be the most numerically accurate, the
others have proven sufficiently accurate in practice to make them

appealing by virtue of their computation efficiency. The Lapla-
cian computation is direct and inexpensive, but the most sensitive to
quantization noise. The gradient of the gradient magnitude (Eqn. 3)
is better, and its computational expense is lessened if the gradient
magnitude has already been computed everywhere for the sake of
volume rendering (e.g., as part of shading calculations).

By measuring the derivatives only at the original data points, the
calculation of the first and second partial derivatives required in
the above expressions is greatly facilitated by the use of discrete
convolution masks applied at the data points; we have used stan-
dard central differences. Thus, our task is somewhat distinct from
the usual problem of derivative measurement in volume rendering,
where a primary concern is continuity of the derivative between
sample points to allow for correct shading of interpolated data val-
ues [2, 16].

The general algorithm for creating the histogram is straight-
forward:

1. Initialize the histogram volume to all zeroes.

2. Make one pass through the volume looking for the highest
values off 0 andf 00, and the lowest value off 00; assume zero
for the lowest value off 0. Set ranges on the histogram volume
axes accordingly.

3. On a second pass through the volume,

3a. Measuref , f 0, andf 00 at each voxel,

3b. Determine which bin in the histogram volume corre-
sponds to the measured combination off , f 0, andf 00,
and

3c. Increment the bin’s value.

4.4 Histogram Volume Inspection

It is possible to gain some insight into the object boundaries of the
original dataset by simple visualization of the histogram volume
after it has been calculated. One may be tempted to simply volume
render the histogram volume from arbitrary views, but this usually
turns out to be unrevealing due to the speckled and noisy nature
of the histogram volume. A better way is to use summed-voxel of
projections the histogram volume, projecting along either thef 0 or
thef 00 axis, to produce scatterplots off 00 versusf or f 0 versusf ,
respectively. This allows testing of the premise in Section 3.3 —
if there are boundaries in the original dataset that conform to the
boundary model, there should be curves like that of Fig. 7 in the
histogram volume.

Fig. 9 shows cross-sections and scatterplots for two synthetic
datasets. The curves in the scatterplots are exactly the form seen
in Fig. 8, and one can see an important property of the histogram
volume — for each pair of materials that share a boundary, there
is a curve in the histogram volume. This property is again visible
in Fig. 10, wherein various computed tomography datasets are be-
ing analyzed. Though the scatterplots are noisier, it clear that the
histogram volume is successfully capturing information about the
materials and their boundaries.

It should be noted that a related technique has been used in com-
puter vision for feature identification. Panda and Rosenfeld [18]
use two-dimensional scatterplots of data value and gradient mag-
nitude to perform image thresholding for night vision applications.
They, however, do not assume a boundary model, instead limiting
their analysis of the scatterplot to identifying particular distribu-
tions within regions of low and/or high gradient magnitude.



(a) Cylinder

(b) Nested Cylinders

Figure 9: Dataset Slice,f 0 versusf , andf 00 versusf .

5 Opacity Function Generation

5.1 Mathematical Boundary Analysis

In order to develop a method for opacity function generation that
uses our boundary model and the information stored in the his-
togram volume, it is helpful to look at the equation we have used to
describe the ideal boundary data value as a function of position:

v = f(x) = vmin + (vmax � vmin)

1 + erf(
x

�
p
2
)

2
(6)

Just as we have taken “position” to always be along an axis point-
ing in the gradient direction, we define zero to always be the posi-
tion of the inflection point in the boundary.vmin andvmax are the
data values of the materials on either side of the boundary. Aserf()

ranges from�1 to 1, v ranges fromvmin to vmax. The parame-
ter controlling the amount of boundary blurring is�. The first and
second derivatives off are as follows:

f
0
(x) =

vmax � vmin

�
p
2�

exp(� x2

2�2
) (7)

f
00
(x) = �x(vmax � vmin)

�3
p
2�

exp(� x2

2�2
) (8)

Our choice of boundary parameterization means thatf 0(x) is
a Gaussian, with� being the usual standard deviation. Since the
Gaussian has inflection points at��, this is wheref 00(x) attains
its extrema. The same positions can serve as artificial delimiters
for the extent of the boundary — wedefinethe “thickness” of the
boundary to be2�. Note that the thickness of a boundary can be
recovered if the maximum values off 0 andf 00 are known:

f 0(0)

f 00(��) = �
p
e (9)

More importantly, once� is known, we can recover the position
x knowing only the values off 0 andf 00:

f 00(x)

f 0(x)
= � x

�2
(10)

5.2 Opacity functions of data value

Before using Eqn. 10 as the basis for opacity function generation,
we define some important functions of data value:g(v) is the av-
erage first directional derivative off over all the positionsx at

(a) Turbine Blade

(b) Head

(c) Engine Block

Figure 10: Dataset Slice,f 0 versusf , andf 00 versusf .

which f(x) = v, andh(v) is likewise the average second direc-
tional derivative at valuev. These two functions can be obtained
from the histogram volume by slicing it at data valuev, and finding
the centroid of the scatterplot off 0 andf 00 at that value. Thef 0

axis coordinate of the centroid isg(v), and thef 00 axis coordinate
is h(v).

Knowing g(v) andh(v) for all v, one can find the ratio of their
maxima to recover� with Eqn. 9, assuming thatg attains its max-
ima at f(0), and thath attains its maxima atf(��). With this
information, we define a mappingp(v) from data value to an ap-
proximate position along a boundary:

p(v) =
��2h(v)
g(v)

(11)

� ��2f 00(f�1(v))
f 0(f�1(v))

= x

Roughly speaking,p(v) tells us on which side of the nearest
boundary a data valuev tends to fall. For values closer tovmin,
p(v) will be negative; for values closer tovmax, p(v) will be pos-
itive. In practice, we have found it useful to modify Eqn. 11 to
account for the fact that the gradient magnitude at the interior of
materials is rarely exactly zero. Knowing how it differs from zero
is again a matter of experience, but assuming one can find agthresh
which approximates the ambient gradient magnitude, Eqn. 11 is re-
formulated, with a slight loss of mathematical accuracy, as

p(v) =
��2h(v)

max(g(v)� gthresh; 0)
(12)

The user supplies the last piece of information needed: a func-
tion b(x) we term theboundary emphasis function, which maps
from position along a boundary to opacity. As the intent is to make
only boundaries visible in the rendering,b(x) should be non-zero
only near zero. For this reason, we have not been especially care-
ful to preventp(v) from attaining infinite values due to a lowg(v);



such a data valuev should not contribute to the final image. With
b(x), the user can directly control whether rendered boundaries will
appear thick or thin, sharp or fuzzy, and the proximity of the ren-
dered boundary to the object interior. The final opacity function
�(v) is then defined as

�(v) = b(p(v)) (13)

Instead of exploring the parameter space of all possible opac-
ity functions, the user explores the parameter space ofb(x) and
lets the information from the histogram volume, embodied inp(v),
constrain the search to those opacity functions which display ob-
ject boundaries. Defining opacity as a function of position within
a boundary then becomes a more intuitive task than defining opac-
ity as a function of data value, as there is a more predictable re-
lationship between changes made to the boundary emphasis func-
tion and the corresponding change in rendered results. As there
is a potential for inaccuracy in the calculation of� from Eqn. 9,
the user may need to experiment with different scalings in the do-
main ofb(x). Fig. 11 shows how the choice of boundary emphasis
function affects the opacity function and the rendered image, for a
synthetically created dataset containing two concentric spheres at
distinct data values. It should be stressed that the user does not
set the location of the peaks in�(v), since this is determined by
the information inp(v), but the user can influence the location, as
well as the width, height, and shape of the peaks. This is the main
benefit of this method: if the histogram volume has successfully
captured information about the boundaries in the dataset, the user
enjoys high-level control over the character of the rendered bound-
aries without having to worry about the exact specification of�(v).
Yet, the�(v) so generated is sensible enough that it could be edited
by hand if desired. For example, since this technique will attempt
to makeall boundaries opaque, a useful supplement to the interface
would be a feature which allows supression of the peaks in�(v) for
one or more boundaries.

Even though we have made some strong assumptions about the
boundary characteristics in the volume dataset, the technique de-
scribed here typically works well even if the material boundaries are
not “ideal”. Essentially, by taking the ratio of the second and first
derivatives, and by havingb(x) assign opacity to positions around
zero, we are more apt to make opaque those data values associated
with both low second derivatives and high first derivatives. Or, even
if p(v) is not a perfect indicator of “position relative to boundary”,
the sign change inf 00 around its zero-crossing affords us some con-
trol over whether we want to emphasize regions closer to or further
from the object’s interior. Fig. 12 on the accompanying colorplate
shows a rendering of an MRI dataset which does not have ideal
boundaries but for which this technique still works.

5.3 Opacity functions of data value and gradient
magnitude

So far the opacity functions under consideration have assigned
opacity based on data value alone. Higher quality renderings can
sometimes be obtained, however, if the opacity is assigned as a
function of both data value and gradient magnitude. Defining these
two-dimensional opacity functions by hand is especially challeng-
ing because there are even more degrees of freedom than in one-
dimensional, value-based opacity functions. Fortunately, the ideas
presented so far easily generalize to allow semi-automatic genera-
tion of two-dimensional opacity functions.

Analogous to the definition ofh(v), we defineh(v; g) to be av-
erage second derivative over all locations where the data value isv
and the gradient magnitude isg; this is also easily calculated from
the histogram volume. We similarly define a new position function,

x

� = b(x)
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v

(a) Semi-transparent
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x
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Figure 11: Relationship betweenb(x), �(v), and the rendered re-
sult.

and from that an opacity function:

p(v; g) =
��2h(v; g)

max(g � gthresh; 0)
(14)

�(v; g) = b(p(v; g)) (15)

� is calculated as before; the ratio of the extremum of the aver-
age first and second derivatives. The benefit of this kind of opac-
ity function is that it can distinguish between boundaries that have
overlapping ranges of values. For instance, the nested cylinders vol-
ume in Fig. 9 and the engine block volume in Fig. 10 each have one
boundary which overlaps the two other boundaries in data value,
spanning from the higher of the two material values to the back-
ground value. Selectively rendering this single boundary is impos-
sible with a value-based opacity function, but because the boundary
has a distinct curve in the plot of data value versus first derivative, it
is possible to create an opacity function which selects only the vox-
els comprising this boundary. As it did in the case of value-based
opacity functions, the technique presented here will generate two-
dimensional opacity functions which make all detected boundaries
opaque; a simple “lasso” tool could then be used to select differ-
ent regions in the two-dimensional opacity function to render one
boundary at a time. In Fig. 13 on the colorplate, the feet of the



female Visible Human CT dataset [17] are rendered with four dif-
ferent two-dimensional opacity functions. Using a modification of
an automatically generated opacity function, one rendering shows
almost exclusively the registration cord laced around the body prior
to scanning.

The lower right rendering in Fig. 13 demonstrates another ad-
vantage of two-dimensional opacity functions — the ability to ac-
curately render the surface of a material which attains a wide range
of data values, as is the case for the bone tissue in this same CT
scan. Different parts of the bone surface are more radio-opaque than
others, leading to a wide range of data values associated with bone,
which in turn causes a wide range of gradient magnitudes within the
boundary region between bone and soft tissue. Knowing the aver-
age second derivative for each location in(v; g) space, we can make
opaque only those voxels near the middle of the boundary (near the
zero-crossing inf 00), regardless of the bone data value. As is visi-
ble in the opacity function generated with Eqn. 14, this implies that
as gradient magnitude increases, there is an upward shift in the data
values which should be made most opaque. This kind of careful
opacity assignment is not possible with a simple value-based opac-
ity function, though it is reminiscent of the two-dimensional opacity
functions described by Levoy [11]. Although space does not permit
a detailed comparison between our approach and Levoy’s, the main
difference is that (ideally) the measured first and second derivative
information serves to constrain the opacity function generation so
as to only show boundaries, while in Levoy’s method the user still
has to experiment to find the right parameter settings.

6 Conclusions and Future Work

We have shown that semi-automatic generation of opacity functions
is possible for datasets where the regions of interest are bound-
aries between materials of relatively constant data value. The his-
togram volume structure presented here captures information about
the boundaries present in the volume and facilitates a high-level
interface to opacity function creation. The user controls which por-
tions of the boundary are to be made opaque, without having to
know the data values that occur in the boundary.

Given that boundaries in the volume are always manifested by a
curve of a particular shape in the histogram volume, it makes sense
to apply computer vision object recognition techniques to the his-
togram volume. We are investigating the feasibility of using the
Hough transform to detect the curves in the histogram volume and
measure their intensity [8]. Also, it may be possible to adapt the
methods to non-scalar data, such as comes from multi-echo MRI.
Finally, as mentioned before, we are interested in performing per-
ceptual studies to validate the claim that direct volume rendering
can, unlike isosurface rendering, accurately convey surface quality
or measurement uncertainty to the viewer.
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Abstract

Image rendering maps scene parameters to output pixel values; an-
imation maps motion-control parameters to trajectory values. Be-
cause these mapping functions are usually multidimensional, non-
linear, and discontinuous, finding input parameters that yield desir-
able output values is often a painful process of manual tweaking.
Interactive evolution and inverse design are two general method-
ologies for computer-assisted parameter setting in which the com-
puter plays a prominent role. In this paper we present another such
methodology. Design GalleryTM (DG) interfaces present the user
with the broadest selection, automatically generated and organized,
of perceptually different graphics or animations that can be pro-
duced by varying a given input-parameter vector. The principal
technical challenges posed by the DG approach are dispersion, find-
ing a set of input-parameter vectors that optimally disperses the re-
sulting output-value vectors, and arrangement, organizing the re-
sulting graphics for easy and intuitive browsing by the user. We de-
scribe the use of DG interfaces for several parameter-setting prob-
lems: light selection and placement for image rendering, both stan-
dard and image-based; opacity and color transfer-function specifi-
cation for volume rendering; and motion control for particle-system
and articulated-figure animation.

CR Categories: I.2.6 [Artificial Intelligence]: Problem Solving,
Control Methods and Search—heuristic methods; I.3.6 [Computer
Graphics]: Methodology and Techniques—interaction techniques;
I.3.7 [Computer Graphics]: Three-Dimensional Graphics and Real-
ism.

Keywords: Animation, computer-aided design, image rendering,
lighting, motion synthesis, particle systems, physical modeling, vi-
sualization, volume rendering.

1 Introduction

Parameter tweaking is one of the vexations of computer graphics.
Finding input parameters that yield a desirable output is difficult

�Address: MERL – A Mitsubishi Electric Research Laboratory, 201
Broadway, Cambridge, MA 02139, U.S.A. E-mail: marks@merl.com.

and tedious for many rendering, modeling, and motion-control pro-
cesses. The notion of having the computer assist actively in set-
ting parameters is therefore appealing. One such computer-assisted
methodology is interactive evolution [11, 21, 23]: the computer ex-
plores the space of possible parameter settings, and the user acts
as an objective-function oracle, interactively selecting computer-
suggested alternatives for further exploration. A more automatic
methodology is inverse design, e.g., [10, 12, 14, 19, 22, 25, 27]:
the computer searches for parameter settings that optimize a user-
supplied, mathematically stated objective function.

Unfortunately, there are many interesting and important graphics
processes for which interactive evolution and inverse design are not
very useful. These processes share two common characteristics:

� High computational cost: if the process cannot be computed
in near real time, interactive evolution becomes unusable.

� Unquantifiable output qualities: even though desirable graph-
ics may be readily identified by inspection, it may not be possi-
ble to quantify a priori the qualities that make them desirable.
This lack of a suitable objective function rules out the use of
inverse design.

In this paper we present a third methodology for computer-
assisted parameter setting that is especially applicable to graphics
processes that exhibit one or both of these characteristics. Design
Gallery (DG) interfaces present the user with the broadest selec-
tion, automatically generated and organized, of perceptually differ-
ent graphics or animations that can be produced by varying a given
input-parameter vector. Because the selection is generated automat-
ically, it can be done as a preprocess so that any high computational
costs are hidden from the user. Furthermore, the DG approach re-
quires only a measure of similarity between graphics, which can of-
ten be quantified even when optimality cannot.

A DG system includes several key elements. The input vector is
a list of parameters that control the generation of the output graphic
via a mapping process. The output vector is a list of values that
summarizes the subjectively relevant qualities of the output graphic.
The distance metric on the space of output vectors approximates the
perceptual similarity of the corresponding output graphics. The dis-
persion method is used to find a set of input vectors that map to a
well-distributed set of output vectors, and hence output graphics.
The dispersed graphics are presented to the user through a perceptu-
ally reasonable arrangement method that makes use of the distance
metric. These six elements — input vector, mapping, output vector,
distance metric, dispersion, and arrangement — characterize a DG
system. The creator of a DG system chooses the input vector, out-
put vector, and the distance metric for a specific mapping process.
For particular instances of the process, the computer performs the
dispersion, the mapping of input vectors to output vectors, and the
arrangement of final graphics in a gallery. The end user need only
recognize and select appealing graphics from the gallery.
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We explain and illustrate the use of DGs for several common
parameter-setting problems: light selection and placement for im-
age rendering, both standard and image-based; opacity and color
transfer-function specification for volume rendering; and motion
control for particle-system and articulated-figure animation. Dur-
ing the discussion, we describe the input and output vectors for each
mapping process, and presentvarious methods for dispersion and ar-
rangement that we have used in building DG systems.

2 Light Selection and Placement

Setting lighting parameters is an essential precursor to image ren-
dering. Previous attempts at computer-assisted lighting specifica-
tion have used inverse design. For example, the user can specify the
location of highlights and shadows in the image [15], pixel intensi-
ties [19], or subjective impressions of illumination [10]; the com-
puter then attempts to determine lighting parameters that best meet
the given objectives, using geometric [15] or optimization [10, 19]
techniques. Unfortunately, the formulation of lighting specification
as an inverse problem has some significant drawbacks. High-quality
image rendering (e.g., raytracing or radiosity) is costly; to make the
computer’s search task tractable, the user may have to fix the light
positions [10, 19], thereby grossly limiting the illuminations that can
be considered. A more intrinsic difficulty is that of requiring the
user to quantify a priori the desired illuminative characteristics of
the resulting image. This requirement may be satisfiable in an archi-
tectural context [10], but seems very challenging in a more general
cinematographic context [8]. The most difficult lighting parameters
to set are those relating to light type and placement, so they have
been the focus of our efforts.

2.1 Input and Output Vectors

For the light selection and placement problem, we begin with a
scene model comprising surfaces and viewing parameters. The goal
is to explore different ways of lighting the scene, so the input vector
includes a light position, a light type, and a light direction if needed.
The light position is located somewhere on one of the surfaces dis-
tinguished as a light hook surface by the user. The light type comes
from a user-defined group, and describes attributes of the light: its
basic class (e.g., point, area, or spotlight); whether or not it casts
shadows; its falloff behavior (e.g., none, linear, or quadratic); and
class-specific parameters (e.g., the beam angle of a spotlight). Di-
rectional lights are aimed at randomly chosen points on designated
light target surfaces.

The output vector should be a concise, efficiently computed set
of values that summarizes the perceptual qualities of the final im-
age. Thus, output vectors are based on pixel luminances from sev-
eral low-resolution thumbnail images (32� 25 pixels and smaller).
The luminances at resolution � are weighted by a factor f(�). The
distance metric on the output vector is the standard L

1 (Manhat-
tan) distance. As a result, the distance between output vectors cor-
responding to images q and r is

X

�2f1; 1

16
; 1

162
;:::g
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q (x; y)� Y

�
r (x; y)j (1)

where Y �
q (x;y) is the luminance of the pixel at location (x;y) in

image q at resolution �.1

1Since we start with a low-resolution thumbnail, the filtered images of
even lower resolution called for in the expression will be truly tiny. Nev-
ertheless, they do contain useful information: two barely nonoverlapping
narrow-beamspotlights will generate a high (and somewhat misleading) dif-
ference score at the highest resolution, but smaller, more appropriate differ-

2.2 Dispersion

The dispersion phase selects an appropriate subset of input vectors
from a random sample over the input space. Specifically, T lights
are generated at each of H positions distributed uniformly over the
light hook surfaces. This procedure yields a set L of H � T input
vectors. Typical values are H = 500 and T = 8, in which case
jLj = 4000.2 For each input vector in L, thumbnail images are
generated, and the corresponding output vector is determined as de-
scribed above. The dispersion algorithm outlined in Figure 1 then
finds a set I � L with good spread among output vectors. The first

Input:
L, a set of lights and corresponding thumbnail images.

n < jLj, the size of the selected subset.

c, an average-luminance cutoff factor.

Output:
I � L, a set of n dispersed lights and their images.

Procedure:
SELECTION DISPERSE(L;n; c) f

L L n find dims(c;L);
I  ;;
for i 1 to n do f

p score �1;
foreach q 2 L do f

q score 1;
foreach r 2 I do

if image diff(q; r) < q score then
q score image diff(q; r);

if q score > p score then f
p score q score;
p q;

g

g

I  I [ fpg;
L L n fpg;

g

g

Notes:
n denotes set difference.
find dims(c;L) returns those lights in L with average lumi-
nance less than c.
image diff(q; r) returns the value computed by Equation 1.

Figure 1: A selection-based dispersion heuristic.

step is the elimination of lights that dimly illuminate the visible part
of the scene,because they are obscured or point away from the scene
geometry; these lights are unlikely to be of interest to the user and
can confound the rest of the dispersion process. Thumbnail images
whose average luminance is less than a cutoff factor c are eliminated
from the set L. (Typical useful values of c are in the range 1%–5%
of the maximum luminance value.) The subset I is assembled by
repeatedly adding to I the light in L whose output vector is most
different from its closest match in the nascent I . The size of I is

ence scores at lower resolutions because the beams will overlap in the lower-
resolution images. The effect of the weighting function f(�) is subtle, but
we have found it preferable to weight higher-resolution images slightly more
than lower-resolution ones.

2We picked these numbers to allow overnight batch processing of the en-
tire DG process for one scene on a single MIPS R10000 processor.
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determined by the interface, as described below; jIj = 584 for the
examples we discuss in the paper.

2.3 Arrangement

We would like the set of lights I to be large, so that the user will
have many complementary lights from which to choose. However,
the greater the size of I , the more difficult it will be for the user
to browse the lights effectively. We accommodate these contradic-
tory requirements by arranging the set I in a fully balanced hier-
archy in which lights that produce similar illumination effects are
grouped together. We accomplish this goal of the arrangementphase
by graph partitioning. A complete graph is formed in which the ver-
tices correspond to the lights in I , and edge costs are given by the in-
verse of the distance metric used in the dispersion phase. An optimal
w-way partition of this graph would comprisew disjoint vertex sub-
sets of equal cardinality such that the cost of the cut set, the total cost
of all edges that connect vertices in different subsets, is minimized.
Optimal graph partitioning is NP-hard [4], but many good heuristics
have been developed for this problem [1]. Our partitioning code is
based on an algorithm and software developed by Karypis and Ku-
mar [9]. Once the initial w-way partition is formed, representative
lights for each partition are selected, and installed in the hierarchy.
The partitioned subsets, minus their representative vertices, are then
processed recursively until a hierarchy with branching factorw and
height h is completed.

The values for w and h are dictated by the user interface, whose
structure is depicted in Figure 2, and actual examples of which are
shown in Figures 9–11. For each light in the final set I , medium-size
(128�100 pixels) and full-size (512�400 pixels) images are gen-
erated for use in the interface. The user is presented with a row of
eight images that serve as the first level of the light hierarchy. Click-
ing on one of these images causes its eight children in the hierarchy
to be presented in the next row of images. The third and final level
in the hierarchy is accessedby clicking on an image from the second
row. Thus w = 8 and h = 3. In turn, these parameters determine
the cardinality of I: jIj =

Ph

j=1
w

j = 584. This particular inter-
face provides additional application-specific functionality that ex-
ploits the additive nature of light [6]. Images can be dragged to the
palette, where light intensity and temperature can be varied interac-
tively. Multiple images are composited to form a full-size image in
the lower left.

2.4 Results

The DG in Figure 9 contains a scene inspired by an example from
[8]. The floor, ceiling, and all four walls (only the rear one is visi-
ble) were designated light-hook surfaces. The surfaces comprising
the figures were designated light-target surfaces, as was the back
wall. The 584 lights in the gallery were selected from 5,000 ran-
domly generated lights in the dispersion phase. The cost of com-
puting this and the other light-selection-and-placement DGs shown
here was dominated by the cost of raytracing the 584 full-size im-
ages used in the display, which took approximately five hours on a
MIPS R10000 processor.

Figure 10 contains a scene with richer geometry. The ceiling, and
the area around the base of the statue were designated light-hook
surfaces. The surfaces of the two heads, the doors, the tree, and
the statue were designated light-target surfaces. The gallery lights
were selected from 3,000 randomly generated lights in the disper-
sion phase.

Finally, Figure 11 shows a DG for synthetic lighting of a pho-
tograph (inset at lower right). A point- and line-based 3D model
is extracted from a triplet of scene images, each taken from a dif-
ferent viewpoint. This reconstruction process is completely auto-
matic, as described in [2]. Points and lines are then aggregated
semi-automatically into planes. An illumination of the final recov-
ered model is used to modulate intensity in one of the original pho-
tographs.

3 Opacity and Color Transfer Functions
for Volume Rendering

Choosing the opacity and color transfer functions for volume ren-
dering is another tedious and difficult manual task amenable to a DG
approach.3 We developed DG interfaces for two data sets: the simu-
lated electron density of a protein, and a CT scan of a human pelvis.

3.1 Input and Output Vectors

The protein data set contains values in the interval [0; 255]. The
opacity transfer function over this domain is parameterized by a
polyline with eight control points, for a total of 16 values. The poly-
line is low-pass filtered before it is used. The color transfer function
is parameterized by five values that segment the data into six sub-
ranges, which are arbitrarily assigned the colors red, yellow, green,
cyan, blue, and magenta. Thus color is being used only to iden-
tify subranges of the data, and not to convey any quantitative rela-
tions among the data. Figure 3 illustrates a sample opacity and color
transfer function. The complete input vector comprises 23 parame-
ters.

For the scene-lighting DG, the output vector contains approxi-
mately 850 weighted pixel luminances. This kind of resolution is
necessarybecause lights can cause completely local illumination ef-
fects in a synthetically rendered image, effects that should be rep-
resentable in the output vector. In comparison, changes to transfer
functions will generally affect many pixels throughout a volume-
rendered image. We can take advantage of this homogeneity by in-
cluding only a handful of pixels in the output vector. Currently we
use eight pixels, selected manually for each data set. Representing
all of their YUV values requires 24 values in the output vector, and
standard Euclidean distance is used as the output-space metric. Dis-
persion on the basis of eight pixels from different parts of the image
producesexcellentdispersion of complete images at a much reduced
computational cost.

3The application of both interactive evolution and inverse design to this
problem is the subject of [7].



Figure 3: Pop-up display depicting transfer functions.

3.2 Dispersion

The dispersion heuristic in Figure 1 works by distilling a set of ran-
domly generated input vectors down to a well-dispersed subset. Al-
though simple, this method has the drawback of not utilizing what is
learned via random sampling about the mapping from input to out-
put vectors. In contrast, the dispersion heuristic in Figure 4 uses an
evolutionary strategy that adapts its sampling over time in response
to what it implicitly learns, and consequently performs much bet-
ter. It starts with an initial set of random input vectors. These vec-
tors are then perturbed randomly. Perturbed vectors are substituted
for existing vectors in the set if the substitution improves dispersion.
The key notion of dispersion used is nearest-neighbordistance in the
space of output vectors.

3.3 Arrangement

The arrangement method based on graph partitioning that is pre-
sented in x2.3 results in a simple and easy-to-use interface. Unfor-
tunately, sometimes the partition contains anomalies, e.g., dissimi-
lar lights placed in the same subset of the partition. This problem is
due to limitations of the partitioning method (no heuristic partition-
ing strategy guarantees an optimal partition), and to the structure of
the set of output vectors, which may not map well to any regular hi-
erarchical partition.

For the volume-rendering application, we used an alternative ar-
rangement method that eschews a partition-based or hierarchical
framework and instead illustrates the structure of the set of output
vectors graphically in a 2D layout. An interface for this arrange-
ment method is shown in Figure 5. A thumbnail, which in this case
is a small, low-resolution volume-rendered image, is generated for
each final output vector. The thumbnails are arranged in the cen-
ter display panel, in a manner that correlates the distance between
thumbnails with the distance between the associated output vectors.
The thumbnail display panel can be panned and zoomed. Selecting
a thumbnail brings up a full-size image, which can then be moved to
the surrounding image gallery. Mousing on an image in the gallery
highlights its associated thumbnail, and vice versa.

Thumbnail layout is accomplished using a multidimensional
scaling (MDS) [3] method due to Torgerson [24].4 Given a matrix of
distances between points, MDS procedures compute an embedding

4The use of more sophisticated MDS techniques for arranging a database
of images is being investigated by Rubner et al. [18].

Input:
A random set of input vectors, I , and their corresponding out-
put vectors, O. jIj= jOj = n.

A trial count, t.

Output:
Modified sets of input and output vectors, I and O.

Procedure:
EVOLUTION DISPERSE(I;O; t) f

for i 1 to t do f
j  rand int(1; n);
u perturb(I[j]; i);
map(u; v);
k  worst index(O);
if is better(v;O[k];O) then f

I[k] u;
O[k] v;

g

else if is better(v;O[j];O) then f
I[j] u;
O[j] v;

g

g

g

Notes:
rand int(1; n) returns a random integer in the range [1; n].

perturb(I[j]; i) returns a copy of I[j] in which all the ele-
ments have been perturbed. The magnitude of the perturba-
tions is inversely proportional to i.

map(u; v) maps input vector u to output vector v using an
application-specific mapping process.
worst index(O) returns the index of the output vector in O

with minimum nearest-neighbordistance. Ties are broken us-
ing the average distance to all other vectors inO.

is better(v;O[k];O) returns true if the nearest neighbor to v
in O n fO[k]g is further away than the nearest neighbor to
O[k] in O. Ties are broken using average distance to all other
vectors in the relevant set.

Figure 4: An evolutionary dispersion heuristic.

of the points in a low-dimensional Euclidean space (2D in our case)
such that the interpoint distances in the embedding closely match
those in the given matrix. Torgerson’s “classical scaling” method,
although simpler and less general than iterative methods, is fast and
robust. When the interpoint distances come from an embedding
of the points in a high-dimensional Euclidean space (which is true
for the applications we discuss here, although it need not be true in
general), classical scaling is equivalent to an efficient technique for
computing a principal-component analysis of the points [5, 13].

The layouts computed by classical scaling are not without
anomalies — as we are using it, this MDS method is a projection
from a high-dimensional space onto a 2D space, which cannot be
done without loss of information — but they do reflect the under-
lying structure of the output vectors well enough to allow effective
browsing. One important practical detail: since full-size versions
of all the images returned by the dispersion procedure must be ren-
dered anyway, it is convenient and better to compute distances from
these full-size images in the arrangement phase, instead of from the
eight pixels used in the dispersion phase.
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Display Panel

Image / Animation Gallery

Figure 5: A more flexible user interface.

3.4 Results

Figure 12 illustrates the DG for the volume rendering of the pro-
tein data set. The dispersion procedure returned 256 dispersed in-
put and output vectors. A selection of images is shown in the sur-
rounding image galleries. The lines that connect images with their
thumbnails give some indication of how images congregate in the
thumbnail display. (During interactive use the association between
thumbnails and images is done preferably by dynamic highlighting,
as described above.) Figure 3 shows the result of clicking on one
of the images in the image gallery: the corresponding opacity and
color transfer functions are depicted in a pop-up window, allowing
the user to see how image and data relate.

The performance of the dispersion heuristic from this experi-
ment is documented in Figure 6; this data is representative of all the
DG experiments that use the evolutionary dispersion heuristic. The
curves show how two values, the minimum and average nearest-
neighbor distances in the set of output vectors, increase over time.
Improvement is rapid at first: the minimum and average nearest-
neighborhood distances in the initial random set are 184 and 7,789,
respectively. However, the rate of improvement drops quickly. Al-
though we used a trial count of t = 2; 000; 000 (see Figure 4), it is
clear that relatively little improvement occurred after t = 500; 000.
To reach this point requires 8� 500; 000 = 4; 000; 000 raycast op-
erations and takes less than 40 minutes on a single MIPS R10000
processor. This duration is roughly one-sixth of that needed to ren-
der the 256 full-size images (300 � 300 pixels) for the DG.

A second volume-rendering experiment was performed using a
computed tomography (CT) data set for a human pelvis. These
data values are presegmented into four disjoint subranges, one each
for air, fat, muscle, and bone. The input vector specifies the y-
coordinates of 12 opacity control points; the x-coordinates are held
fixed. The input vector does not specify a color transfer function,
since standard colors are used for the different tissue types. The out-
put vector, distance metric, dispersion, and arrangement were iden-
tical to the protein-rendering experiment. Figure 13 illustrates the
DG for the volume rendering of the pelvis data set.

4 Animation Applications

Motion control in animation involves extensive parameter tuning
because the mapping from input parameters to graphical output is
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Figure 7: Articulated linkages.

nonintuitive, unpredictable, and costly to compute.5 For these rea-
sons, motion control is very amenable to a DG approach. Build-
ing a DG interface for animation is similar to building one for still
images (we reuse the dispersion and arrangement code from x3 vir-
tually without change); the major differences are in computing the
output-vector components. We now discuss three DG systems for
animation tasks, focusing on this latter issue.

4.1 2D Double Pendulum

The 2D double pendulum is a simple dynamic system with rich be-
havior that makes it an ideal test case for parameter-setting method-
ologies.6 A double pendulum consists of an attachment pointh, two
bobs of massesm1 andm2, and two massless rods of lengths r1 and
r2, connected as shown in Figure 7. Our pendulum also includes
motors at the joints at h and m1 that can apply sinusoidal time-
varying torques. The input vector comprises the rod lengths, the bob
masses, the initial angular positions and velocities of the rods, and
the amplitude, frequency, and phase of both sinusoidal torques, for
a total of 14 parameters.

Choosing a suitable output vector proved to be the most difficult
part of the DG process for the double pendulum, as well as for the
other motion-control applications; several rounds of experimenta-
tion were needed (see x5 for more details). The output vector must

5Both interactive evolution [26] and inverse design [12, 14, 22, 25, 27]
have been applied previously to motion control.

6Even without the application of external torques at its joints, the 2D dou-
ble pendulum exhibits chaotic behavior [20].



capture the behavior of the system over time. For the double pen-
dulum, the output vector has 12 parameters: the differences in rod
lengths and bob masses, the average Cartesian coordinates of each
bob, and logarithms of the average angular velocity, the number of
velocity reversals, and the number of revolutions for each rod. Eu-
clidean distance is used as the distance metric on this output space.

The mapping from input vector to output vector is accomplished
by dynamically simulating 20 seconds of the pendulum’s motion,
and using the algorithm in Figure 4 for dispersion. Arrangement is
accomplished using the MDS layout method of x3.3. The displayed
thumbnails are static images of the final state of the pendulum, along
with a trail of the lower bob over the final few seconds. We found
that these images give enough clues about the full animation to en-
able effective browsing. Thumbnails can be dragged into gallery
slots, all of which can be animated simultaneously by clicking on
any occupied slot.

Figure 14 shows the DG for the double pendulum. As before, the
overlaid lines show where animations in the gallery are located in
the thumbnail display. The plateau in nearest-neighbor distance is
reached after 170; 000 dispersion iterations, which take 6.5 hours
on a single MIPS R10000 processor.

4.2 3D Hopper Dog

The previous DG is useful in finding and understanding the full
range of motions possible for the pendulum under a given control
regime. However, complete generality is not always a useful goal:
the animator may have some preconceived idea of a motion that
needs subtle refinement to add nuance and detail. The 3D hopper
dog, shown in Figure 7, is an articulated linkage with rigid links
connected by rotary joints. It has a head, ears, and tail, and moves
by hopping on its single leg. It has 24 degrees of freedom (DOF).
The hopper dog is actuated by a control system that tries to main-
tain a desired forward velocity and hopping height, as well as de-
sired positions for joints in some of the appendages. The equations
of motion for the system are generated using a commercially avail-
able package[17]; dynamic simulation is used to produce the anima-
tions.

We started with a basic hopping motion, and then used a DG ap-
proach to explore seven input quantities in order to achieve stylistic,
physically attainable gaits. The seven quantities are: the forward
velocity, the hopping height, and the positions of 2-DOF ear joints, a
2-DOF tail joint, and a 1-DOF neck joint. For each of these seven, a
time-varying sinusoid specifies the desired trajectory, with the min-
imum value, maximum value, and frequency specified in the input
vector, which therefore contains 21 values.

In this particular case, the elements of the output vector corre-
spond closely to those of the input vector. The 14-element output
vector contains the averages and variances of the same seven quan-
tities, and is obtained by dynamically simulating 30 seconds of the
hopper dog’s motion. (Output vectors from simulations in which
the hopper dog falls are discarded automatically.) As for the previ-
ous two applications, the output-space distance metric is Euclidean,
and the arrangement method and interface from x3.3 are used. The
hopper-dog DG is illustrated in the video proceedings.

4.3 Particle Systems

Particle systems are useful for modeling a variety of phenomena
such as fire, clouds, water, and explosions [16]. A useful particle-
system editor might have 40 or more parameters that the animator
can set, so achieving desired effects can be tedious. As in the previ-
ous subsection, we use a DG interface to refine an animator’s rough
approximation to a desired animation.

The subject for our experiment is a hypothetical beam weapon
for NASA space shuttles. A first draft was produced by hand using

Figure 8: A still from a particle-system animation.

a regular particle-system editor; a still from midway through the an-
imation is shown in Figure 8. The input vector contains the subsetof
particle-system controls that the animator wishes to have tweaked.
In this example the controls govern: the mean and variance of parti-
cle velocities, particle acceleration, rate of particle production, par-
ticle lifetime, resilience and friction coefficient of collision surfaces,
and perturbation vectors for surface normals. Among the parame-
ters that are held fixed are the origin, average direction, and color of
the beam.

For efficiency reasons, DG output vectors are based on subsam-
pled versions of the final graphic where possible, thereby reducing
computational costs and allowing more of the space to be explored.
For example, static images can be rendered at low resolution (x2 and
x3). The subsampling strategy for the particle animation is to simu-
late only every 500th particle generated during the dispersion phase,
and to examine the state of the particle system at just two distinct
points in time: once midway through the simulation, and once at the
end. The output vector comprises measures of the number of parti-
cles, their average distance from the origin and the individual varia-
tion in this distance, their spread from the average beam, the average
velocity of the entire system, and the individual variation from this
average (we take logs of all of these quantities except for the beam
spread). These six measures are included for each of the two distin-
guished times, resulting in 12 output parameters. Euclidean distance
is the metric on the output space.

Figure 15 shows the DG of variations on the animator’s origi-
nal sketch from Figure 8. The dispersion and arrangement meth-
ods from x3 are used to generate the DG. Each thumbnail is the
midway still from the corresponding animation. (The user can op-
tionally select thumbnails from different stages in the animation.)
As with the double-pendulum DG, thumbnails can be dragged to
gallery slots and animated therein. Also as before, lines connect
animation stills with their associated thumbnails. The dispersion
heuristic ran for t = 100; 000 iterations, at which point it appeared
to reach a plateau. This number of trials took approximately six
hours on a MIPS R10000 processor. Generating the 256 animations
in the DG with their full complement of particles took a little under
five hours on the same processor.

5 Discussion

Table 1 summarizes the DGs described in this paper, in terms of



Application Light selection &
placement

Volume rendering Double pendulum Particle system Hopper dog

Input Vector
Light type,

location, and
direction

Control points for
opacity/color

transfer functions

Pendulum
dimensions, initial
conditions, motor

torques

Animator-specified
subset of particle

control parameters

Desired trajectory
sinusoids

Output Vector Luminances of
thumbnail pixels

YUV values for
eight pixels

Trajectory statistics
(mainly logs of time averages and variances)

Distance Metric Manhattan Euclidean

Mapping Raytracing Volume rendering
2D dynamic
simulation

3D particle
simulation

3D dynamic
simulation

Dispersion
Selection from
random sample

over neighborhood

Evolution from
full random sample

Evolution from random
sample over neighborhood

Arrangement Graph partitioning Multidimensional scaling

Table 1: Summary of Design Gallery experiments.

the six basic elements of a DG system. Some of the variation in this
table is application specific, while the remainder stems from our in-
vestigation of alternative dispersion and arrangement methods. All
of the galleries described in the paper produce a useful variety of
output graphics.

Using a DG for a particular instance of a design problem is fairly
straightforward for the end user. Aside from browsing the final DG,
the user’s only other task may be to loosely focus the dispersion pro-
cess by, for example, selecting suitable light-hook and light-target
surfaces (x2), or by specifying a relevant subset of particle-control
parameters (x4.3). However, creating a DG system for an entire
class of design problems is more difficult. The DG-system creator
is responsible for choosing the structure of the input and output vec-
tors, and the distance metric on the output space. Thus, the creator
needsa better understandingof the design problem than the end user.
Of the creator’s tasks, the simplest is choosing the distance metric:
very standard metrics sufficed for all applications we tried. Choos-
ing the input vector is also straightforward. Even when there are
many possible ways to parameterize the input, our experience is that
choosing an acceptable parameterization is not hard.

The most difficult task of the DG-system creator is devising an
output vector. The first two DGs in Table 1 work on static images. In
these examples, the perceptual similarity between images correlates
well with subsampled image or pixel differences, hence the output
vectors comprise subsampled image and pixel values. An added ad-
vantage is that the ranges of all components of the output vector are
bounded and known. Finding measures that capture the perceptual
qualities of a complete animation is harder. The DG systems for an-
imation tasks required several experiments to get a suitable output
vector, although the process became easier for each successive sys-
tem. Among the lessons learned in developing output vectors for
motion-control problems, the two most important precepts are, with
hindsight, fairly obvious:

� Take the log of quantities that have a large dynamic range. For
many such quantities, e.g., velocity, human ability to resolve
changes in magnitude diminishes as the magnitude increases.
To uniformly sample the perceptual space, one must therefore
sample the lower end of the dynamic range more thoroughly.

� The relative weights of the output-vector parameters matter.
In general, the output-vector parameters should be scaled so

that they each have approximately the same dynamic range,
otherwise only the parameters with the largest ranges will be
dispersed effectively.

What inevitably happened with a poorly chosen output vector was
that the dispersion algorithm found a malicious way to get unfortu-
nate and unexpectedspread in one of the vector coordinates, usually
through a degenerate set of input parameters, e.g., pendulums with
extremely short links and very high rpm’s, and particle systems with
only a few particles, but very high variance in velocity.

In our experiments, we investigated two dispersion methods and
two arrangement methods. The dispersion method of Figure 4 is
more complex, but performs better. However, an advantage of the
simpler method in Figure 1 is that it may be easier to parallelize.
Two arrangement methods were also tried, one based on graph par-
titioning and the other on MDS. Both allowed the user to navi-
gate through the output graphics effectively, and both had their fans
among our group of informal testers. Layout and organizational
anomalies were occasionally evident in both interfaces, but they did
not hinder the user’s ability to peruse the output graphics.

6 Conclusion

Design Gallery interfaces are a useful tool for many applications in
computer graphics that require tuning parameters to achieve desired
effects. The basic DG strategy is to extract from the set of all possi-
ble graphics a subsetwith optimal coverage. A variety of dispersion
and arrangement methods can be used to construct galleries. The
construction phase is typically computationally intensive and occurs
off-line, for example, during an overnight run. After the gallery is
built, the user is able to quickly and easily browse through the space
of output graphics.

Inverse design is one technique for setting parameters, but it is
only feasible when the user can articulate or quantify what is de-
sired. DGs replace this requirement with the much weaker one of
quantifying similarity between graphics. Unlike interactive evolu-
tion, DGs are feasible even when the graphics-generating process
has high computational cost. Finally, DGs are useful even when the
user has absolutely no idea what is desired, but wants to know what
the possibilities are. This is often the first step in the creative design
process.
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Figure 9: A DG for light selection and placement.

Figure 10: Another DG for light selection and placement.



Figure 11: Light selection and placement for synthetic lighting of a photograph.

Figure 12: A DG with different opacity and color transfer functions.



Figure 13: A DG with different opacity transfer functions.

Figure 14: A DG for an actuated 2D double pendulum.



Figure 15: A DG for a particle system.
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Section 4
Salient Iso-Surface DetectionThrough Model-Independent
Statistical Signatures

Shivaraj Tenginaki, Jinho Lee, Raghu Machiraju
Computer and Information Science, The Ohio State University

Volume graphics has not been accepted for widespread use. One of the inhibiting reasons is the lack of general
for data-analysis and simple interfaces for data exploration. An error-and-trial iterative procedure is often used to
desirable transfer function or mine the dataset for salient iso-values. Thus, simple, robust and general proced
needed to detect salient iso-values and guide transfer-function choice. New semi-automatic methods that are a
centric have shown much promise [1][8]. However, general and robust methods are still needed for data-explorat
analysis. In this paper, we propose general model-independent statistical methods based on central moments
Using these techniques we show how salient iso-surfaces at material boundaries can be determined. We provide e
from the medical and computational domain to demonstrate the effectiveness of our methods.

1. INTRODUCTION

Direct volume rendering is a key technology for the visualization of large 3D datasets from scientific or medical ap
tions. Consider the example of visualizing a 3D Computed Tomography (CT) dataset of the Visible Man fro
National Library of Medicine. It is known for instance that the bowels can be extracted when the intensity value is
700. The muscle can be displayed when intensity range includes the value 1010. For many datasets, one is often
of the salient iso-values; rather they have to be determined. In other words one needs to divide the voxel intensit
into segments that delineate homogenous materials, if at all possible. This is akin to feature mining in sample spac
ilarly, one can employ transfer functions for opacity and color that best produce material interfaces and boun
Salient iso-value detection and transfer function are related [8] and in this paper we will limit our discussion to the f

Pat Hanrahan called data exploration (including transfer function design) one of the top ten problems in volume vis
tion in his inspiring keynote address at the Symposium on Volume Visualization '92. Recent research has focused
matic and semi-automatic techniques for creating transfer functions and data exploration [1][2][4][5][8][10]. In the
session on transfer function design at the Visualization’00 conference [13]three classes of techniques were identifi
of the classes included techniques that required an error-and-trial approach. The other classes contained techni
are either image- or data-centric. Of all the techniques, it was felt that data-centric techniques held most promise
techniques required assumptions to be made about the data [8] or that computable signature functions be obta
Image-centric methods [10] on the other hand are based on searching a large space and offer little user control. T
tiveness of error-and-trial methods rests very heavily on the expertise and intuition of the user. In any case, the n
new work that offered general solutions was felt. These methods should be at least semi-automatic giving assistan
practitioner rather than completely automatic. Methods that eliminate the human from the exploration process are
ous and should be avoided since they can generate images that may fulfill the expectations of the observer, but are
essarily true to the nature of the data.

In this paper, we propose to employ data-signatures to explore data. These signatures are obtained from localizep-order
central moments. The histogram is an example of the first-order central moment. There exist strong relationships b
the various central moments and can be used to locate salient iso-values. The relationships between these signa
be exploited in a manner similar to what was done between first and second derivatives in [8]. An attractive trait
these methods are general and robust to noise. No assumption about the boundary’s thickness and even it’s suit
made for a given dataset. Also, the signatures based on moments are all related in a more comprehensible ma
those used in [1] and are relatively much easier to compute. It is also our belief that such a method can lead to disc
tion in noisy datasets. Finally, our proposed method is not completely automatic; it provides cues to the presence o
rial interfaces.

Section 2 describes previous work in salient contour extraction and transfer function design. In Section 3 we int
various mathematical concepts and, derive and analyze our fundamental equation, the general moment equation.
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describes the use of local higher order moments to detect boundaries in spatial domain and ample space. In S
we present results that validate our analysis, while Section 6 offers a summary and describes future work.

2. PREVIOUS WORK

In general, the visualization process should be guided by information about the goal of the visualization, and s
information about the particular dataset in question. There exist techniques that employ a model of the desi
ture. e.g, the boundary between homogeneous regions. This approach was taken by Kindlmann and Durkin
initial step in this process is the definition of a boundary. The boundary is essentially a Gaussian smoothed ste
tion. The spatial component of the boundary is then removed by creating a 3D histogram of the data value and
and second derivative. This histogram is very informative and the presence of sharp boundaries can be ea
cerned from the projected plots of vs. and vs. . The number of zero-crossings in the second plot (or ma
in the first plot) essentially determines the number of interfaces. Based on analysis of this histogram, a distanc
tion is created which tries to bridge the unintuitive space of data values to a synthetic, but intuitive, spatial dom
signed distance to the middle of the nearest boundary. The calculation of the distance function is largely auto
Defining opacity as a function of position within a boundary becomes a more intuitive task than defining opaci
function of data value. The success of this method is limited when the boundary model is not Gaussian and f
being ideal. Other notable work has been conducted by Sato et al [14]. They define a gradient based measure
tain shapes.

What information about the dataset can one exploit? Bajaj and his associates devised the contour spectrum w
guide the selection of isovalues for contouring [1]. A 1D plot of geometric and topological characteristics or s
tures (volume and gradient integral) are plotted against the function value. A viable selection of salient iso-va
thus facilitated. The contour spectrum technique does not employ any particular model for the boundary int
Rather, they exploit geometrical and/or topological properties of the volume.

Statistical techniques are gaining popularity in data-mining applications. Only a few reported statistics-based
ods exist for volume data-analysis and exploration. In [3][9] statistical inference methods (e.g. Bayesia
employed to determine the material density of each voxel. Multiscale statistical techniques have also been p
by Yoo [16]. Histograms and local higher order moments have been used in computer vision and image a
research to describe shapes of objects. The histogram certainly has some potential as described in [8]. How
much has been explored with histograms as a statistical entity to facilitate volumetric data-analysis.

Instead of tweaking input parameters another approach such as inverse design can be used for data-analy
methods have been again reported in data-mining literature. Inverse design is a general paradigm for comput
design of graphics, where the user supplies an objective function over the output values. This function will gen
high score (say) for desirable output values, and a low score for other output values. The computer then searc
set of input parameters that will maximize the objective-function score. He et al. implemented a genetic algori
seek transfer functions with limited success [5]. A primary reason for failure is the difficulty of specifying a sui
objective function. A more viable approach entails a search that creates an ensemble of unique images which
displayed in such a fashion that the differences are easily discerned. Embodying this approach is the Design G
approach that was used to explore parameter spaces for a host of graphics and animation applications [10]. G
images are used in an evolutionary search algorithm in the parameter space. On termination, the chosen im
generated by an unique set of transfer functions. The problem with inverse design methods are that they are a
in nature and do not allow for much control to be exercised on the process.

3. STATISTICAL SIGNATURES OF DATA

In this section we first define the concepts related to higher order moments. We then introduce our definitio
boundary, and proceed to define local higher order moments. This is followed by a derivation of the general m
equation, and its analysis. We use results of this section to present techniques for detecting boundaries in Se

3.1  Higher Order Moments (HOMs)

Higher order moments (HOMs)are model-independent statistical estimators of central tendency of a data dis
tion, i.e. they measure the tendency of a distribution to cluster around some particular value [15]. Usually, the
around which clustering of a distribution,x1, x2, x3,...., xN, is measured is themean (M) of the distribution, given by:

f f′ f f″
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Thehigher order moment of the same distribution is defined as:

(2)

where,mk is thehigher order momentof orderk. We can see that are infinitely many HOMs. The second mom
evaluates local variance, while the third and fourth moments evaluate the local skewness and kurtosis
symmetric set of samples, the skewness, , evaluates close to zero, while, for positively skewed samp
histogram of the sample will have a heavy tail on the right. A sample set obtained from theNormaldistribution will
have kurtosis, , close to zero. When a sample is more dense than that derived from a normal distribution
the sample’s likely distribution is ascribed a negative kurtosis value. Otherwise it is positive. Thus, on
completely characterize the shape of any function if infinite number of central moments, are known. HOMs ar
in nonlinear signal processing for signal and image estimation [11].

3.2  Boundary Model and Local Higher Order Moments

The methods presented in this paper for following model of boundary (though, all the discussion below is forR2, it
generalizes easily to higher dimensions). Consider a regionR2 of sizew x w in a dataset, centered at a pointP(x,y),
see Figure 1. At boundary, the sample value of the points in the dataset changes fromC1 to C2. Here we assume that
R2 is small enough to contain just one boundary. As a consequence of this assumption, in the presence of a b
there exist exactly two homogenous sub-regions ofC1 andC2 in R2.It follows that absence of a boundary implie
single homogenous region inR2. Similar mixture model was employed in [9]. However, we employ much simp
analysis.

Since, the size ofR2 is w xw, it follows that there arew2 “particles” or sample points inR2. We call the particles with
sample valueC2 asboundary practices,since they are introduced by the presence of the boundary. Further, letm be
the number of such particles. Also, letn be the number of “particles” or sample points with sample valueC1 in R2, it
follows that . We make following observations: ifm = 0 or n = 0, which means that there is no boundar
in R2, and we classify such regions as anon-boundary region, else ifm > 0 andn>0 then there exists a boundary in
R2, and we classify such regions as aboundary region.

Further, ifn is less thanm, then the pointP lies to the “left” of the boundary inR2, and we classify the region as aleft-
boundary region. If n is greater thanm, then pointP lies to the “right” of the boundary, and we classify the region a
a right-boundary region. If n equal tom, then the pointP lies “on” the boundary inR2, and we classify the region as
anon-boundary region.

For purpose of further analysis, we introduce the concept oflocal higher order moments (LHOMs). LHOMs are
HOMs calculated over the distribution of the sample values in a regionR2 of a given dataset (compared to HOM
which are defined over the distribution of the sample values in a dataset). Associated is also the concept oflocal mean
which is themeanof sample values in a regionR2 of a given dataset. The equation oflocal mean (LM)could be
derived from Equation 1 as:

M
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N

∑=

mk
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Figure 1: The Boundary Model
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The LHOM of a regionR2   is thus defined as:

(4)

where,mk is the LHOM of orderk. It should be noted any region in a distribution has infinitely many LHOMs. W
now show the derivation of the general moment equation based on the concepts introduced above.

3.3  Derivation of the General Moment Equation

In this section we proceed to simplify Equation 4, based on our model of boundary. Using the model of bou
defined previously, the expression for local mean,LM, reduces to:

(5)

Further, the expression LHOM ofk-thorder reduces to:

(6)

Let , and substitute , in the above equation. This yields the general moment equatio

(7)

Equation 7 can be rewritten as:

(8)

where,f(m,n) is defined as thedistribution function. It determines behavior of thek-th order LHOM in boundary
regions. We now analyze Equation 7 for moments of various order and examine various LHOMs for bou
presence.

3.4  Analysis of the General Moment Equation

If then R2 is aboundaryregion (elseC1 would be same asC2,, and would be zero). From Equation 7
it is clear that for any non-zero all even LHOMs cannot be non-zero, i.e. aboundaryregion implies all non-zero
even LHOMs. Conversely, if any even LHOMs is nonzero inR2, then cannot be zero inR2. That is all non-zero
even LHOMs imply that the associated region is aboundaryregion. The same argument holds for non-even LHOM
except that a non-even LHOM will be zero if the associated region is anon-boundaryregion. Sincenon-boundary
regions have zero LHOMs, we confine our interest toboundary regions.
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Second Order LHOM: The general moment equation for second order LHOM, reduces to:

(9)

It can be shown that this equation has one maxima atm=n=w2/2, i.e when the associated region is anon-boundary

region. The value ofm2 at the location of this maxima is, , which is independent of the size of the associ

region and the actual distribution in the region.

Third Order LHOM : The general moment equation for the third order LHOM reduces to:

(10)

It can be shown that this equation has one maxima at, , and one minima at,

The value ofm3 at the location of the minima is, , and its value at the location of the minima is, . Also,

equation is zero atm=n=w2/2, i.e when the associated region is anon-boundaryregion. Here again, it is to be noted
that the value ofm3 at the location of maxima and minima is independent of the size of the associated region a
actual distribution in the region.

Fourth Order LHOM : The general moment equation for the fourth order moment reduces to:

(11)

It can be shown that this equation has two maximas. One maxima is at, , and the second max

at, . The value ofm4 at the location of these maximas is, . Also, this equation has one lo

minima atm=n=w2/2, i.e when the associated region is anon-boundaryregion. The value ofm4 at the location of this

minima is, . Here again, it is to be noted that the value ofm4 at the location of maximas, and at the location o

minima is independent of the size of the associated region and the actual distribution in the region.

Skew: is a non dimensional quantify, it characterizes the degree of asymmetry of a distribution around its mea
defined as:

(12)

It can be further shown that the general moment equation forskew in a regionR2 reduces to:

(13)
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Also, it can be shown that this equation is monotonically decreasing, andskewis zero atm=n=w2/2, i.e when the
associated region is anon-boundaryregion. It follows thatleft-boundaryregions have positiveskew,and right-
boundaryregions have negativeskew.

Kurtosis: is a non-dimensional quantity which measures the relative peakness or flatness of a distribution
defined as:

(14)

It can be shown that the general moment equation forkurtosis in a regionR2 reduces to:

(15)

It can shown that this equation has a minima atm=n=w2/2, i.e when the associated region is anon-boundaryregion.
The value ofkurtosisat the location of this minima is -2. It is important that for theon-boundaryregions the value of
kurtosis is a constant.

Figure 2, shows the plots of thedistribution functioncorresponding to the various LHOMs. The plots confirm th
analysis presented above for the second, third, and fourth order LHOMs, and also forskew andkurtosis.

4. BOUNDARY DETECTION USING HOM S

From the above analysis and plots in Figure 2, we know that if a region for which we are calculating LHOM is aon-
boundary region, then all of the following hold: second order LHOM is locally maximum, third order LHOM
locally zero, fourth order LHOM is locally minimum, skew has a zero crossing, andKurtosishas a constant minima
of -2. Using any of these criteria it is easy to detecton-boundaryregions in a given dataset.

Figure 3, shows the plots for the LHOMs for a step function, from these plots it is clear thar theon-boundary regions,
occur at the location of boundaries in the original signal. Since, we can use LHOMs to detecton-boundaryregions,
we can indirectly obtain the spatial location of boundaries in a dataset. In the graph of fourth order LHOM we s

K
m4 3m2

2
–

m2
2

------------------------=

K
w

4

mn
------- 6–=

Figure.2. The plot of thedistribution functionfor
various LHOM. In the above plots one dimensiona
window of size 3 is used. X-axis represents the
number ofedgeparticles in a region, while Y-axis
represents the value of associated LHOM.



7

to the

ther than
in the

a
from
a single maxima, instead of a minima located between the two maximas. This is probably because due
closeness of the maximas and the minima they appear merged when plotted.

For detection of salient iso-values in a dataset we need a method for obtaining boundaries in sample space ra
in spatial space. From the previous analysis we have observed the behavior of LHOMs in the spatial domain
neighborhood of boundary. If we obtain a scatter plot of a LHOMvs.the sample values in for all possible regions in
dataset, we expect to see similar behavior as in the graph of the LHOM in the spatial domain. This follows
exactly same arguments offered by Kindlmann and Durkin in[8].Figure 4 illustrates this point.

Figure 3: LHOM plots for a step function.
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Figure 4: The relation betweenm2 vs.x, andm2 vs. f(x).
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5. RESULTS

Figure 5, shows the scatter plots for LHOMsvs.sample values for CT Tooth dataset. The widthw of each regionR3 is
5. Values corresponding to all the possible regions, i.e. regions associated with all the sample values in the da
considered. The shape of the scatter plots justifies the reasoning given in previous section for salient iso-
detection using local central moments. We see from the plots that there are three distinct boundaries. Thes
neighborhood of 200, 600, and 1100. The iso-surfaces corresponding to these boundaries are shown in Figur
ure 7, showsskewscatter plot for the CT Head dataset, here again our methodology predicts three distinct boun
in the neighborhood of 600, 900, and 3500. The iso-surfaces corresponding to these boundaries are shown in
figure. It is clear that the first iso-value represents the skin, the second skull, and third teeth. Figure 8, shows th
of our analysis for computational dataset of flow over a delta wing. Here again we see that boundaries are in th
of 800, and 1000. Iso-surface associated with an iso-value in this range is also shown in the same figure. The
the object, and the shape of the vortex and the shock in the flow are clearly visible.

6. SUMMARY AND FUTURE WORK

We presented a method to explore volume data for salient iso-values. We employ statistical signatures based
ized central moments. We relate these localized moments to presence of boundaries. Later we show the effec
of boundary and salient iso-value detection through examples. Future work includes MRI datasets which yield
LHOM plots. Denoising techniques are needed for further use. Also we wish to exploit the relationship of mo
to boundaries to create simple yet tangible interfaces for volume exploration.
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Figure 5: LHOM scatter plots for the tooth dataset. The
width of each region is taken to be5. Second order LHOM
(top left), Third order LHOM (top right), Fourth order
LHOM (center left),Skew (center right), and Kurtosis
(bottom left).

Figure 6: Iso-surfaces associated with the three boundaries predicted above in Figure 5.(left) 200, (center)600, and
(right) 1100

Figure 7: (far left) skewplot for the head dataset and iso-surfaces predicted by the plot:(left) 600,(center)900, and
(right) 3500. The width of each region is3.

Figure 8: (left) skewplot for the delta wing dataset, and(right) iso-surface for isovalue of 900. Region width is3.
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1 Overview

This chapter is a review of mechanisms and methods for partitioning a volume dataset into coherent regions or sub-
volumes that share similar characteristics. A full description of these techniques is beyond the scope of this chapter
and the reader is referred to the references cited for additional information. In addition a nuber of excellnet surveys
insegmentation exist in the literature [1, 2, 3, 4, 5, 6, 7].

Challenges:Segmentation is a difficult task due to: 1) data quality (noise and sampling artifacts), and 2) variability
in the shape of target structures. There exist general methods that can be applied to a variety of data, however methods
specialized to particular applications often achieve better perfoemance bytaking into consideration domain-specific
knowledge. Thus, selecting the most appropriate method for segmentation is a formitable task.

DiscretevsContinoussegmentations:Segmenation techniques partition discrere volume data in disjoint regions.
Subvoxel accuracy is particuarly important in the applications for which the structrute of interest is on the same order
of magnitute as the voxel resoltion. Continusous segmenation methods (e.g., deformable models) can provide subvoxel
accuarcy, however its dififuclt to validate this level of accuarcy in real data.

User Interaction: The level of user interaction required by different segmentation methods varies widely ranging
from manual delineation of the interesting struucture in various slices to selection of a seed point for region growing
or initial position for a deformabler model. Methods that depend on high levels of user interaction are both consuming
and valnurable to inter-operator variabilities.

Post-Processing:Due to the difficulty of the task, it is often the case that a post-processing is applied to remove
invalid object boundaries.

Validation: The performance of the segmentation methods is quantified by validation experiments [8]. Validation
can be done by: 1) comparing the results of the method with manually outlined segmentations [9, 10], 2) physcial
phantoms [11], or 3) computational phantoms [12]. Each of these validation methods presents its challenges. For
example, manual segmentations could be flawed, or physical phantoms that accurately depict the properties of the
target structure are difficult to be build, while computational phantoms may employ oversimplyfying assumptions in
simulating the data acuisistion process. As it was pointed out in a recent article by Duncan and Ayache [13], we are
beg ining to see the organization of databses with ground trouth in addition to the efforts to form standartised datasets
[12]. For example, the Internet Brain Segmentation Repository at harvard provides manual segmentations by experts
along with the magnetic resonance brain image data [14]

Applications: There are a number applications in which segmented volume data are currently being used. Among
them study of anatomical structures [15, 16], diagnosis [17], localization of pathology [4], quantification of tissue
volumes [18], treatment planning [19] , and computer-integrated surgery [20, 21].

The distinctions in terminology that we are using follow some historical divisions of computer vision research: we
divide the mechanisms presented here into structural and statistical segmentation approaches.

2 Structural Methods

By and large, the structural segmentation methods presented in this chapter will be modeling methods driven by
local volume image geometry. These techniques borrow heavily from calculus and the field of differential geometry.
Structural segmentation algorithms operate in volume image space, attempting to place delimiting boundaries around
contiguous volume sections.



2.1 Deformable Models

In this section, we briefly summarize the research on the area of deformable models being focused on revealing the
fundamental principles and refer the reader to the cited literature for a full treatment of the topic. Other reviews on de-
formable models can be found in [22, 7, 23]. Deformable models are curves, surfaces or solids defined within an image
or volume domain and they move under the influence of external and internal forces. In the physics-based modeling
paradigm, the data apply forces (external forces) to the deformable model and as a result the model moves towards
the data, while internal forces keep the model smooth during deformation. Deformable models have the following
advantages: 1) they offer a coherent and consistent mathematical description, 2) they are robust to noise and boundary
gaps, and 3) they can offer a subvoxel accuracy for the boundary representation that may be important at a number
of applications, especially the biomedical ones. Figure ?? depicts examples of using deformable models to obtain a
parametric curve and a parametric surface to describe the data depicted. The term deformablemodelsfirst appeared
in the work by Terzopoulos and his collaborators [24, 25, 26]. Since the seminal publication on Snakes [25] a number
of names such as snakes, active contours or surfaces, balloons, deformable contours or surfaces, have been used to
denote a deformable model. The deformable models can be classified in two broad categories: physically-inspired
parametricdeformablemodels[27, 28, 29] and geometric deformable models [30, 31, 32, 33]. On one hand, para-
metric deformable models use parametric forms, allow for direct interaction and they have a compact representation.
However, changes in the topology of the models requires special procedures, since a new parameterization has to be
constructed whenever the topology change occurs [34, 35]. On the other hand, geometric deformable models represent
curves and surfaces implicitly as a level set of a higher-dimensional scalar function (more information can be found
in Section ??). These models, which are based on theory of curve evolution [36, 37, 38] and the level set method
[39, 40] allow changes in the topology of the model easily. In this section, we limit our discussion in the applications
of deformable models in segmentation. Other applications of the deformable models can be found at [41, 42, 43, 44].

Physically-based deformable models can be divided in: 1) energy-minimizing, 2) dynamic and 3) probabilistic
deformable models. Using the energy minimization formulation, the goal is to find a parametric model that minimizes
the weighted sum of internal energy and potential energy. The internal energy specifies the tension or the smoothness
of the surface of the model. The potential energy is defined over the volume domain and typically possesses local
minima at the edges occurring at object boundaries. Minimizing the total energy yields internal forces and potential
forces. Internal forces maintain the smoothness of the model while external forces attract the model towards the desired
object interfaces. Using the generalized force formulation allows using general types of forces. These forces do not
have to be potential forces, that is forces that have to be written as the negative gradient of potential energy functions.
A number of types of external forces have been proposed in the literature. For example, multiscale Gaussian potential
forces [25, 45], pressure forces [28, 46, 47], distance potential forces [48], gradient vector flow [48], distance forces
[49, 50], and interactive forces [25, 29]. An alternate view of deformable models casts the model fitting process in a
probabilistic framework to permit the incorporation of prior model and sensor information as probability distributions
[51].

Various numerical implementations of deformable models have been reported in the literature. For examples, the
finite difference method [25], dynamic programming [27], and greedy algorithm [52] have been used to implement
deformable contours, while finite difference methods [45] and finite element methods [29, 53, 54] have been used to
implement deformable surfaces. So far, we have presented the formulation of a deformable model as a continuous
curve or surface. In practice, however, it is sometimes more straightforward to design the deformable models from a
discrete point of view. Example of work in this area includes [55, 56, 57, 58, 59].

A number of extensions have been proposed to the parametric deformable models. The first category of extensions
refers to modeling global shape properties such as orientation and size. Modeling of global properties can provide
greater robustness to initialization. Reducing the dependence on initialization has been the topic of active research
[28, 30, 31, 60]. Furthermore, global properties are important in object recognition and image interpretation applica-
tions because they can be characterized using only a few parameters [61]. The second category of extensions is the
incorporation of additional prior knowledge into the models by training the model to constrain the deformation to the
deformations encountered in a specific class of structures. This extension is very beneficial for the applications where
the shape of the target structure varies across the acquired data. An example of methods in which prior knowledge is
employed to guide the segmentation are the atlas-guided approaches [62, 63, 64] or methods that build and employ
shape priors [65, 66]. These methods have some of their roots in the visionary efforts of Bajcsy and her collaborators
in 1983 [67]. Atlas-guided approaches have been applied main in MR brain imaging and the atlas has been generated
by compiling information from manually segmented data. The problem of segmentation is then transformed to one of
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finding a one-to-one transformation that maps the atlas to the volume that needs to segmented. This atlas warping is
accomplished by using both linear [62, 68, 69] and non-linear transformations [70, 63, 71]. To capture the anatomic
variability, probabilistic atlases have been build.

2.2 Deformable Model Geometry

We briefly review the notation used for deformable models in [54, 61, 72]. The models used are two- and three-
dimensional. The material coordinates � ( ��������� and �	����
����� for the two- and three-dimensional case, respec-
tively) of a point on these models are specified over a domain � . The position of a point on the model relative to
an inertial frame of reference � in space is given by a vector-valued, time varying function. In particular, the three-
dimensional position of a point w.r.t. a world coordinate system is the result of the translation and rotation of its
position with respect to a non-inertial, model-centered coordinate frame � (Fig. 1). Therefore, the position of a point
(with material coordinates � ) on a deformable model at time � with respect to an inertial frame of reference � is given
by the formula: ��� ����� � ��� ��� � � ��� ���� � � � � ������� � ��� (1)

where
� �

is the position of the origin  of the model frame � with respect to the frame � (the model’s translation), and� � �
is the matrix that encapsulates the orientation of � with respect to � . To introduce global and local deformations

the position of a model point with material coordinate � w.r.t. the model frame

� �!����� � � is expressed as the sum of a
reference shape

� "#�$��� � � and a local displacement

�&% �$��� � � as given by the formula:� �!����� � ��� � "#�$��� � ��� �(' % ����� � �*) (2)

The reference shape captures the salient shape features of the model and it is the result of applying global deformation
function + (such as tapering and bending) to a geometric primitive , �-�$.0/1�.(2��.(3(�54 . In particular,� ' "6�7�8� � ���9�$: / �;: 2 �;: 3 � 4 � + � ,8<=�> �?� (3)



where the global deformations defined by + depend on the parameters =@> . A superellipsoid , �7�1�BADCFEHGI�G��KJ RI L with
global shape parameters =�M �9��NPO(�;N L �Q*O*� 4 is employed as a two-dimensional shape primitive, while a superquadric, �7
@�5�1�BARCREHG�SUTP�5G�S0T0�WV�CREHGI�5G��IJ RI X with global shape parameters = M �Y��N O �;N L �N X �Q O �;Q L � 4 is employed as a three-
dimensional shape primitive. The finite element method is employed to represent the continuous surface of the de-
formable model in the form of weighted sums of local polynomial basis functions. The finite element method provides
an analytic, piecewise polynomial surface representation. Local displacements

%
are computed based on the use of

triangular finite elements. Associated with every finite element node Z is a nodal vector variable =I[]\ ^ . We collect all the
nodal variables into a vector of local degrees of freedom = [ �_�`)])a)]� = 4[]\ ^ �])a)]) � 4 , and we compute the local displace-
ment

%
based on the finite element theory as

% �cb = [ . b is the shape matrix whose entries are the finite element shape
functions. Finally, we incorporate into the vector = �-� = 4d � = 4e � = 4f � = 4[ � 4 the degrees of freedom of our model which
consist of the parameters necessary to define the translation = d , rotation =hg�i(jWg�k , global = f and local deformations = [
of the model [61]. When fitting the model to data the goal is to recover the vector of degrees of freedom = . This is
achieved in a physics-based way [42]. In particular, the simplified equations of motion [61] take the general forml= �nm = �	oqpr� (4)

where o p are the generalized external forces computed from the 2D or 3D forces applied from the data to the model
(more details on the computation of the generalized forces are provided in [61]) and m is the stiffness matrix.

2.3 Elastically Adaptive Deformable Models

Deformable model formulations provide a powerful mechanism for quantitatively modeling and analyzing an object’s
shape, structure and motion [73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 61, 83, 84, 85, 54]. Deformable models offer a data-
driven recovery process, in which forces derived from the image deform the model until it fits the data. However, most
such formulations assume that the user correctly initializes the model’s elastic parameters which significantly affect
the goodness of fit of the model to the given data. For example, in [61] it was assumed that the elastic parameters
of the finite elements used for shape estimation remain constant in space and on time and that the user chooses the
initial values. However, the speed and accuracy of fitting the models to the data depends on the values selected for the
elastic parameters of the model. This is a significant limitation in model fitting applications where the user assumes
no a priori knowledge of the complexity of the given data.

Recently, Kakadiaris and Metaxas [86] developed a formal methodology to automatically determine a deformable
model’s elastic parameters which generalizes the previous formulation [61]. According to the deformable model
framework the surface of the model is tessellated into a grid of finite elements. Each finite element has its own elastic
parameters and these parameters may vary in time during the fitting. Their technique is based on the use of a model
for the adaptation of the model’s elastic parameters. The characteristic of this method is that each elastic parameter
is modified based on the local error of fit and the local rate of change of the error of fit. If the model’s initial elastic
parameters are sufficient to fit the given data within a user specified tolerance, then their change during the fitting
process will be minimal. Otherwise, they will gradually change based on the above criteria. In particular, the elastic
parameters decrease when the model has not fit the data to make the model more elastic and allow for fitting. On
the contrary, when the model is close to the data the elastic parameters increase to make the model more stiff. This
increase of the elastic parameters has the effect of anchoring the model to the portion of the data it has fit and also
improves the continuity of the solution.

3 Adaptive Elastic Parameters

A dynamic deformable model has kinetic energy and deformation strain energy s . In particular, the deformation
energy that is imposed upon the model depends on the desired continuity for the deformable model. According to the
theory of elasticity, the relationship between the stresses ( t ) and strains ( Q ) of an elastic material is expressed ast �vu su Q �cwxQ (5)

for a linear material, and as u t �ywz��Q?� u Q (6)



for a non-linear material. Furthermore, by assuming a small stress-strain displacement1 and the use of finite elements,
we can take it one step further to: Q{��| % �}|~b =�[ � (7)

where

%
is the material displacement, b is the finite element shape matrix, =@[ are the FEM nodal displacements, and

the symmetric matrix | is derived from the local deformation strain energy. Based on the above definitions and the
theory of elasticity, we can express the (linear or nonlinear) elastic deformation energy s w.r.t. to the FEM coordinates
as s �y��Q 4 t u�� � =��[ C�����|~b�� 4 wz��Q?�a��|~b�� u���� = [ � (8)

where the stiffness matrix m is defined as m��c����|~b�� 4 wz�$QB�a��|~b�� u�� ) (9)

In the past, a combined membrane and a thin-plate energy deformation energy has been used which can be written
in the general form: s ���T � ��� O . L OO ��� L . LL;L ��� X . LXX ������. L O L ���H��. LL;X ���H�a. L O X � u�� � (10)

where . ^�� are the components of the strain vector Q . The nonnegative weighting functions � ^�� control the elasticity of
the material.

Most finite element implementations for segmentation applications, assume that the elastic parameters � ^ are
constant across the deformable model and during the model fitting process. They are also initialized manually in the
beginning of the shape estimation process. This may result in lengthy manual experimentations to identify the correct
initial elastic parameter values. Second, since these parameters are assumed constant across the model, accurate
shape estimation may never be achieved in case of complex data. Clearly, a technique for automatically adjusting a
deformable model’s elastic parameters in a local fashion is necessary.

The contribution of Kakadiaris and Metaxas [86] is the development of a new method for automatically modifying
the elastic parameters � ^ for each of the model’s finite elements. The model for the modification of each of the model’s
elastic parameters is based on ideas from the theory of PD (Proportional-Derivative) control. In particular, the model’s
elastic parameters are modified during the fitting process based on the local error of fit and the rate of change of the
error of fit. In all of the experiments, the fitting process is started with the same initial value �������#) ����� for all the
model’s elastic parameters. In addition, each finite element � , (� � � �a)])a)]�;� , where � is the number of finite elements
of model Z ) has its own elastic parameters � �^ . The fitting of the deformable model to the given data is based on
Equation (4). For each finite element � , the error of fit � �� � is defined to be the average of the error of fit of its nodes������� � �])a)])*�5  , where   is the number of nodes of finite element � ). In particular,

� �� � ��¡	¢£?¤ O �D¥ ¥¥ � £ E � � £ �  � (11)

where
� � £ is the position of the � th node of element � and ¥ ¥¥ � £ is the average position of the data points assigned to this

node, based on algorithms defined in [61].
During the fitting process, the values of each of the elastic parameters � � ^ for each finite element � are modified

based on � � ^ � � ���¦��� � E§� ¢ ^©¨ �ª. fW« ¨�¬ � ���*®a¯� �� 5° ¬�±�± � ��K ±�± ²K±�± ¯� ��  ±�± ° ��� ¢ ^©¨ � (12)

where � ¢ ^R¨ is the minimum value for all the elastic parameters which for a membrane and/or thin-plate deformable

model is � �P³ � , and :*´�µ is the : Z ´&µ function. Notice that :*´�µK� � �� � ) l� �� � � is negative or zero when the model is converging
towards the data and positive otherwise. The whole process of fitting and elastic parameter adaptation terminates when
the error of fit for each finite element is below a tolerance �Kg�¶`· specified by the user.

The adaptation of the elastic parameters of a deformable model using the method described above has the following
desired properties. As seen in Equation (12), the change in each of the � �^ ’s is always w.r.t. their initial value � � .

1The theory easily generalizes to large stress-strains.



Initially, since the error of fit is large, while the rate of change of the error of fit is small or zero, the values of the� � ^ ’s decrease exponentially to quickly improve the fitting. In the intermediate steps of the fitting, the values of the� � ^ ’s stabilize and are not modified significantly, since the sum of the error of fit and the rate of change of the error of
fit does not change substantially. When the model is very close to the desired data, the sum of the error of fit and the
rate of change of the error of fit decrease (the forces assigned to each node are now small) and the result is an increase
of the � � ^ ’s towards �H� . This results in a model that achieves a smooth solution to the data where necessary and also
better “holds” the model to the desired data.

When the model has almost fit the data, the values of the � � ^ ’s start to exponentially increase again towards their
initial value. Therefore, the elastic parameters oscillate mostly between � � and � ¢ ^R¨ . Due to the introduction of:a´&µK� � �� � ) l� �� � � in Equation (12), the model’s elastic parameters are automatically increased beyond � � if the model has
fit the data and tries to deviate from them. Therefore, the model resists deviation from the data once it has fit them.
This is an additional desired property in cases where the model has partially fit the data. It will allow the portion of
the model that has not fit the data to become more elastic and fit the data, while the portion that has fit them will not
be modified or become more stiff in case there is any deviation from the data.

3.0.1 Dynamic ShapeEstimation

The above model for the modification of the model’s elastic parameters does not take into account the noise in the
data. In [87] it was shown how the dynamics of a deformable model can be incorporated into an extended Kalman
filtering framework to formally account for noise in the data. However, an extension to this formulation is necessary
in order to incorporate the model for the modification of the model’s elastic parameters into a Kalman filler. This
is necessary because the model’s elastic parameters are not degrees of freedom, since they do not appear in = , but
are the unknown parameters that determine the value of the stiffness matrix m . Therefore, this problem is that of
parameter identification in a dynamic system. In [88, 89], the theory of parameter identification in dynamic systems
is presented. Based on this approach, with the addition that of a model for the modification of the deformable model’s
elastic parameters2 the state vector of the system is augmented to include the model’s elastic parameters. Therefore,
the new state vector is of the form ���¹¸�º =�» � (13)

where º is the vector of the model’s elasticity parameters with components � �^ .
Based on the above modification, we introduce the following definitions necessary to define the equations of a

modified extended Kalman filter. Let the observation vector ¼ � � � denote time-varying input data. We can relate ¼ � � � to
the model’s state vector �{� � � through the nonlinear observation equation¼ ��½��$�@����¾K� (14)

where ¾�� � � represents uncorrelated measurement errors as a zero mean white noise process with known covariance¿ � � � , i.e., ¾�� � �ÁÀ�Â���Ã�� ¿ � � �5� . If ¼ consists of observations of time varying positions of model points at material
coordinates � £ on the model’s surface, the components of ½ are computed using (1) evaluated at � £ 3 (see also [42]).
In case of computing an image potential, then what is being measured at every node of the model is the difference¼ E�½��$�@� , which is what is needed for an extended Kalman filter formulation. In addition, let us also assume thatÄ�� � � represents uncorrelated modeling errors as a zero mean white noise process with known covariance i.e., Ä�� � �ÅÀÂ��$Ã��BÆÇ� � �� .

Based on the above definitions and Equation (4), the modifiedextended Kalman filter equations for our dynamic
system take the following form: l���	o��$�@�@��Ä�� (15)¼ �	½��$�@����¾K� (16)

(17)
2According to that theory the time derivative of the elastic parameters should have been zero as opposed to the one used herein.
3Note that the definition of function È in Equation (1) does not depend on É .



where o��$�@��� ¸ lºEÊm =Ë» � lº �9� l� OO �a)©)R)©� l� �^ �a)©)R)©� l� £� � 4 � (18)l� ^  �¦�����ÅE§� ¢ ^©¨ �z. fq« ¨1¬ � ��  ®a¯� ��  ° ¬�±�± � ��  ±�± ²K±�± ¯� ��  ±�± ° :a´&µK� � �� � ) l� �� � ���Ì©Ì l� �� � ÌRÌ���Ì©ÌqÍ� �� � ÌRÌ �?) (19)

Note that due to the modification in the state vector, we now have a fully nonlinear extended Kalman filter as opposed
to our previous formulations [61]. However, the filter converges to the right solution since we impose a correct
behavior to the model for the adaptation of the model’s elastic parameters and the model dynamics are appropriate for
our applications.

The state estimation equation for uncorrelated system and measurement noises (i.e., Î C Ä�� � �q¾ 4 � � � � �	� ) islÏ�§�	o&� Ï�Ð���ÒÑÔÓ 4 ¿ ³ O � ¼ E§½{� Ï�Ð�5�*� (20)

where Ó is computed from Ó��vÕ ½{���Ð�Õ � ÖÖÖÖÖ × ¤HØ×
) (21)

The expression Ù � � �K��ÑÔÓ 4 ¿ ³ O is known as the Kalman gain matrix. The symmetric error covariance matrix ÑÁ� � �
is the solution of the matrix Riccati equationlÑ¦�	ÚHÑÛ�nÑÔÚ 4 �}Æ�EÜÑÔÓ 4 ¿ ³ O ÓÝÑ�� (22)

where ÚÔ���Ð���ÞÕ o&���Ð�Õ � ÖÖÖÖÖ × ¤HØ×
) (23)

The improvement offered from the Kalman filter formulation is that one can formally introduce data noise statistics
into the model.

3.0.2 Implementation

Since the model’s equations of motion are numerically well-conditioned, the full Kalman filter formulated above can
be partitioned into two separate filters for computational efficiency. The first filter includes the translation, rotation and
global deformations, and the second one includes only the local deformations. While the computation to the solution
of the Riccati equation for the first filter is fast since the associated degrees of freedom are few, this is not the case for
the second filter whose state vector includes the model’s elastic parameters and the local degrees of freedom.

To solve the matrix Riccati equations at interactive rates in the latter case, we take advantage of the decomposition
of the model’s surface into finite elements. A similar approach was used by Metaxas [42] for the computation of
the stiffness matrix m . Based on the covariance of each component of � that corresponds to the variable of the
second Kalman filter at a given step, the contribution of each element to (22) is computed using the right hand side
of this equation for each element. This per-element computation of (22) results in matrices of very small dimensions
compared to the size of the respective matrices for the whole system. This computation can be done in parallel and
once all the elements are looped through, the contribution from each element is placed at the appropriate location inÑ (in an identical way to the computation of m ). Then we solve ( 22). This significantly improves the speed of the
calculations and is justified since the model’s surface is partitioned into finite elements.

3.0.3 Examples

Based on the above implementation, all our experiments run at interactive rates on a Silicon Graphics R10000 Indigo L
workstation. Furthermore, we always started from a unit covariance matrix Ñ . However, the subsequent structure
of Ñ is not diagonal and has a form similar to m . Notice that any other reasonable initial condition will work if
our dynamic model is appropriate for our applications. For the global deformations we used a superellipsoid or a
superquadric, the elastic parameters were always initialized to � � �	�P) �0�&� , and we used an adaptive Euler integration
method for increased stability. In addition, the noise in the data is small and we defined

¿
as
¿ �Û�#) ��ß .



As a first example, we present the results of applying the elastically adaptive deformable models technique to
the semi-automated identification of the myocardial borders from breath-hold MRI. The data were obtained from
the Department of Radiology at the University of Pennsylvania. The dataset included sixteen slice locations, from
the Left Ventricle (LV) apex to the level of the aortic valve. In order to determine the location of the borders with
higher accuracy we magnify each image four times, and then we convolve it with an 8x8 Gaussian mask. An initial
superellipsoid model of the model was placed manually at the vicinity of the border of the first slice. In this study, we
concentrated on the identification of the LV endocardial contour for locations 4 to 11 in which the contour is visible
(Figures 2 and 3). During the fitting process, the results from fitting one slice, were used as the initial model for the
next slice, as if we had an evolving curve over time. Therefore the user only initializes the model in the first slice.

The second example presents the fitting of an elastically adaptive deformable model to the 1269 three-dimensional
data points of a Viewpoint R

à
model of a human head. Each of the figures 4(a-h) and 5(a-h) is composed of four parts.

The two sub-images at the upper row of each sub-figure depict the model as seen from the front and back, respectively.
The lower left sub-image of each figure depicts a side view of the model while the lower right sub-image depicts the
side view of the model along with the three-dimensional data. Each finite element of the three-dimensional model is
color coded to depict the value of the elastic parameters at that time instant.
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Motiv ation, Driving Problems

� large increase of amount of medical image data sets
� 3-D and 4-D images become information source in various

research domains
� volume images carry detailed morphological and functional information
� need for computer-assisted tools for

- extraction/representation of anatomical structures
- morphometric measurements and shape analysis

� Problem: lack of appropriate analysis tools (efficiency, reliability)
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Non-in vasive imaging: in-viv o studies, morphometr y,
function, temporal studies

Imaging technologies are changing the way science is done

(Science, Vol. 261, July 1993, R.P. Crease)
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Manual 3-D Segmentation

Advantages: Interactive Disadvantages: Inaccurate
Poor Reproducibility
3-D from 2-D Slices
Slow and Tedious
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Methods for morphometric analysis of brain structures

� Atlas-based subdivision of brain images:
Mazziota, 1995 ICBM / Warfield, 1996
Christensen, Vannier, Miller 1997
Ayache and Thirion 1996 / Evans and Collignon 1995

� Model-based segmentation of brain structures:
Cootes and Taylor, 1995, 1998 / Chakraborty, 1996
Delinguette, 1997 / Duncan and Staib, 1996
Vemuri, 1996 / Kelemen, Szekely, Gerig, 1996
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Automatic Segmentation: Related Work

� L.H. Staib & J.S. Duncan: 3D fourier organ
models, region and gradient based segmentation.

� T.F. Cootes & C.J. Taylor: 2D statistical organ
models, modelling gray level appearance, least-
squares based segmentation.

� G. Szekely et al.: 2D statistical organ models,
gradient based segmentation

� B. Vemuri et al.: Multiresolution stochastic hybrid
shape models
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Model Building

Segmented MRI data from R. Kikinis/M.Shenton,
Harvard Medical School, BWH
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Parametrization 1

co-ordinate functions: r
�
θ � φ � �

x
�
θ � φ �

y
�
θ � φ �

z
�
θ � φ �

series of orthogonal basis functions: r
�
θ � φ � � ∑K

k � 0 ∑k
m � 	 k cm

k Y m
k

�
θ � φ �

descriptors: cm
k �

cx
m
k

cy
m
k

cz
m
k
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Parametrization 2

1 Harmonic 3 Harmonics 6 Harmonics 10 Harmonics
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Normalization in Object Space

Normalization in Object Space: Midsa gittal Plane and AC-PC Line
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Normalization in Parameter Space
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Computing the Statistical Model

mean model: c 
 1
N

N

∑
i � 1

ci

shape deviation: dci 
 � ci  c �
Σ 
 1

N  1 ∑
i

dci � dcT
i

eigen analysis: Σ � P 
 P � Λ

individual shape: ci 
 c � P � bi

weights: bi 
 PT � ci  c �

5 10 15 20

-0.8

-0.6

-0.4

-0.2

0.2

0.4
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Individual Left-Hippocampi
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Eigendef ormations of Left-Hippocampus

b1 � � 2 � λ1 b1 � � 1 � λ1 b1 � 0 b1 � 1 � λ1 b1 � 2 � λ1

b2 � � 2 � λ2 b2 � � 1 � λ2 b2 � 0 b2 � 1 � λ2 b2 � 2 � λ2
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Individual and Average Brain Objects

Individual Structures Average Models
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Modelling Gray Level Appearance
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Matching Profiles

d

w

s

2

w

d2
Maha � s � � � w � s � � w � Σ � 1

w � w � s � � w �
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Object Representations

Surface Points:

Local Description
Regular Sampling
Position of Profiles

x � Ac

Spherical Harmonics:

Global Shape Description
Finding Correspondence
Computing Surface Normals
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Computing the Fit

Parameter Space:

Statistics in spher. harm.:

Multiplying by A:

Object Space:

Statistics in coordinates:

Altering coordinates with dx:

Set of eq. to solve:

c � c � Pcb

Ac � Ac � APcb

x � x � Pxb�
x � dx � � x � Px

�
b � db �

dx � Pxdb
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Segmentation Results 1

Axial

Saggital

Guido Gerig Page 21



Segmentation Results 2

Axial

Saggital
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Validation: Volume Overlap

Test Object

Two cubes of 10x10x10 voxels,
one shifted along its space
diagonal by 1 voxel:

Overlap measure = A � B
A � B  57%

Hippocampus

Overlap measure between
manual and automatic
segmentation before (gray)
and after (red) deformation:

1 2 3 4 5 6 7 8 9 101112131415161718192021

20

40

60
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Validation: Surface Distance

Parseval’s theorem:

!
x " u # ! 2 du $

∞

∑
l % 0

l

∑
m % & l

'
c

' 2

$ 4π ( ) * +

MSD stands for “mean squared
distance” measured from the
origin of the coordinate system.

Average distances in mm
between manual and automatic
segmentation before (gray) and
after (red) deformation:

1 2 3 4 5 6 7 8 9 101112131415161718192021

1

2

3

4
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Conc lusions

, Fully automatic 3-D segmentation
, Model includes geometry and gray-level profiles
, Statistical shape models for several brain structures
, Reproducible results
, Computation time: 2-5’ on SUN Ultra-10
, Good approximation to point-to-point correspondence
, Comprehensive tests and validation

Guido Gerig Page 25



Open Issues

Statistical Surface Model:

- Global shape model, no access to local shape properties
- No representation of figure vs. subfigures
- Simultaneous segmentation of set of anatomical shapes
- Robustness of statistics (PCA with small sample number and high

dimensionality)
- Number of training shapes?
- Constrained segmentation: too restrictive?
- Point-to-point correspondence in 3-D to be improved
- Limited to simply-connected objects
- Segmentation of diseased organs?
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Future Directions

. Combination of medial and surface object representation:
3-D Voronoi skeleton and DSL model

. Generate simulated shape models for testing statistical surface
shapes and for the DSL parametrization development

. Test ability of spherical harmonic model and its restricted
deformation to cope with local warps as generated by DSL warps

. Apply shape segmentation and representation methods to
serial 3-D image data to study progression of
disease (make use of correlation)

. Study of shape parameter changes to explain shape changes over time
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Segmentation of 2-D and 3-D objects from MRI volume data using
constrained elastic deformations of flexible Fourier contour and
surface models
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Abstract
This paper describes a new model-based segmentation technique combining desirable properties
of physical models (snakes), shape representation by Fourier parametrization, and modelling
of natural shape variability.Flexible parametric shape modelsare represented by a parameter
vector describing the mean contour and by a set ofeigenmodes of the parameterscharacterizing
the shape variation. Usually the segmentation process is divided into an initial placement of
the mean model and an elastic deformation restricted to the model variability. This, however,
leads to a separation of biological variation due to a global similarity transform from small-scale
shape changes originating from elastic deformations of thenormalized model contours only. The
performance can be considerably improved by building shape models normalized with respect
to a small set of stable landmarks (AC-PC in our application) and by explaining the remaining
variability among a series of images with the model flexibility. This way the image interpretation
is solved by anew coarse-to-fine segmentation procedurebased on the set of deformation
eigenmodes, making a separate initialization step unnecessary. Although straightforward, the
extension to 3-D is severely impeded by difficulties arising during the generation of a proper
surface parametrization for arbitrary objects with spherical topology. We apply a newly developed
surface parametrization which achieves a uniform mapping between object surface and parameter
space. The 3-D procedure is demonstrated by segmenting deep structures of the human brain
from MR volume data.

Keywords: 3-D deformable models, 3-D shape analysis, segmentation of multidimensional
images, statistical analysis of anatomical objects
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1. INTRODUCTION

Segmentation of anatomical objects from large 3-D medical
data sets, which result for example from routine magnetic
resonance imaging (MRI) examinations, represents one of the
basic problems of medical image analysis. In some limited
applications, segmentation could be achieved by minimal
user interaction, providing procedures for the interpretation
of medical scenes, which can be applied routinely (Gerig
et al., 1991). For general applications, however, adequate
segmentation cannot be obtained without expert knowledge,
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requiring tedious manual interaction by a human specialist.
Elastically deformable models (snakes) (Kasset al., 1988)

have been proposed as tools for supporting manual object
delineation. While such procedures can be extended to 3-
D (Terzopouloset al., 1988; Cohenet al., 1992), their
initialization becomes difficult. Most often, the initial guess
must be very close to the sought contour to guarantee a
successful result (Neuenschwanderet al., 1994). While
a careful and time-consuming analysis is acceptable for
outlining complex pathological objects, no real justification
for such a procedure can be found for the delineation of normal,
healthy organs, as needed in radiation treatment planning, for
example.
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The primary reason for the need of a precise snake
initialization is the presence of disturbing attractors in the
image, which do not belong to the actual object contour but
force the snake into local energy minima. If the deformation of
a snake could be limited to shapes within the normal anatomic
variation of organs, such local minima could be avoided.

Elastically deformable parametric models offer a straight-
forward way for the inclusion of prior knowledge in the image
interpretation process by incorporating prior distributions
on the elastic model parameters to be estimated. Such a
procedure has been implemented, for example, by Vemuri
and Radisavljevic (1994) using a hybrid primitive called
deformable superquadrics constructed in a multi-resolution
wavelet base or by Staib and Duncan (1992a) for deformable
Fourier models.

For complex shapes described by a large number of
possbly highly correlated parameters, the usage of such priors
may become tedious. The modal analysis as proposed by
Pentland and Sclaroff (1991) offers a promising alternative
by changing the basis from the original modelling functions
to the eigenmodes of the deformation matrix. This way the
dominant part of the deformations can be characterized by the
few largest eigenmodes, reducing the dimensionality of the
object descriptor space substantially. Such modal analyses
have been successfully applied to medical image analysis,
for example, by Sclaroff and Pentland (1994) or Nastar and
Ayache (1994).

Cooteset al. (1993) combined the power of parametric
deformable shape descriptors with statistical modal analysis.
They use active shape models, which strictly restrict their
possible deformations according to the statistics of training
samples. Object shapes are described by the point distribution
model (PDM) (Cootes and Taylor, 1992), which represents the
object outline by a subset of boundary points. There must be
a one-to-one correspondence between these points in the dif-
ferent outlines of the training set. After normalization to size,
orientation and position they provide the basis for the statistical
analysis of the object shape deformations. The mean point
positions and their modes of variation (i.e. the eigenvectors
corresponding to the largest eigenvalues of their covariance
matrix) are used for delimiting the object deformations to a
reasonable linear subspace of the complete parameter space.
They propose to solve the 3-D shape analysis problem by a
slice-by-slice approach (Hillet al., 1992) or by extending the
PDM concept for the description of 3-D shapes (Hillet al.,
1993). Similar parametrization based on point-by-point cor-
respondence was proposed for the 3-D shape analysis of brain
structures by Martinet al. (1994). By using the free vibration
modes of the nodal displacement matrix of an elastic body,
they even separate physical deformation modes which can be
modelled by elastic deformation models from experimental

modes, evaluated from statistical analysis of a training sample.
While the idea of restricted elastic deformation of an

average surface model is very promising, the parametrization
of shapes by displacement of corresponding points on their
surfaces is not a convenient technique. For a large training set
containing many different anatomic structures, the generation
of this parametrization seems to be very tedious and, because
of the lack of a reasonable automatization, can be a source
of errors. A similar modal analysis, however, can be
performed for other contour parametrization techniques, as
for example for the 2-D Fourier descriptors which were
originally proposed by Persoon and Fu (1977) and Kuhl
and Giardina (1982). Staib and Duncan have demonstrated
segmentation by parametrically deformable elastic models
for 2-D outlines (Staib and Duncan, 1992a) and 3-D object
surfaces (Staib and Duncan, 1992b); their 3-D model was,
however, limited to star-shaped surfaces. Here, we propose
a novel technique based on modal analysis of the parameter
vector of object contours, providing the desirable restriction
of elastic deformations. The method uses automatic shape
parametrization for any surfaces with spherical topology, thus
avoiding the problem of finding corresponding points among
different boundaries.

The paper is organized as follows. Section 2 discusses
the new 2-D modal analysis procedure and the model-based
segmentation by restricted deformation. The procedure is
illustrated with the segmentation of the corpus callosum
structure on mid-sagittal MR images of the human brain.
Section 3 proposes several improvements of the procedure.
Section 4 generalizes the method to 3-D, addressing the
increased complexity requiring new mathematical and numer-
ical solutions. Section 5 finally gives the conclusions and
future directions for the development of automated, model-
based segmentation techniques.

2. MODAL ANALYSIS OF 2-D FOURIER MODELS

In this section we first summarize the mathematics of Fourier
descriptors for the parametrization of simple closed curves,
and their use in snake-like elastic matching procedures. We
summarize how to apply the modal analysis to 30 normalized
outlines of the corpus callosum extracted from 2-D mid-
sagittal MR images. The proposed procedure is a combination
of an initialization using an average model based on template
matching technique followed by an elastic deformation re-
stricted to the major eigenmodes. We demonstrate that this
separation of the similarity transform (translation, rotation
and scaling) from the elastic deformation often leads to
unsatisfactory segmentation results, calling for a modified
segmentation process that provides a unified framework for
initialization and elastic model matching.
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2.1. Parametrization of 2-D contours with Fourier
descriptors

The contour of a simply connected object (without holes) is
represented by a closed curve with coordinates(x(t), y(t)),
with t ranging from 0 to 2π . The coordinate functions can be
expanded in a Fourier series. Restricting the series to degree
K results in the parametric description

r(t, p) =
(

x(t, p)
y(t, p)

)

=
(

a0

c0

)
+

K∑
k=1

(
ak bk

ck dk

)
·
(

cos(kt)
sin(kt)

)
.

The outline is now completely described by the parameter-
vector

p= (a0 . . . aK , b1 . . .bK , c0 . . . cK , d1 . . .dK )
> .

The parameters can be easily calculated from the sampling
points of the outlineq0, q1, . . . ,qP with q0 = qP (we use
maximally dense sampling of the boundary, as provided by the
image raster). The resulting parametric shape description can
be made invariant under similarity transformation by shifting,
rotating and scaling according to the actual displacement,
orientation and size of the ellipse determined by the first degree
terms of the Fourier series. Similarly, the starting point is
moved to a canonical position.

2.2. Fourier snakes
The snake technique as proposed by Kasset al. (1988) tries
to find the position of a curver(t, p), which minimizes the
energy

E(p) = E(r(t, p)) = EI(r(t, p))+ ED(r(t, p)).

By varying p, the curve deforms itself to minimize the
image energy

EI(r) =
∫ 2π

0
P(r(t, p)) dt,

searching for an optimal position in the image, described by
the potentialP(r(t, p)). A typical choice takesP(r(t, p))
equal to the negative magnitude of the image gradient:

P(r(t, p)) = − |∇ I (r(t, p))| ,

whereI is the smoothed image. The deformation termED(r)
is called the internal energy of the snake and serves as a
regularization force. It restricts the elongation and bending
of the snakes, and normally depends on the first and second
derivatives of the curver(t, p).

Staib and Duncan (1992a) propose a different energy
model, which makes use of the normal direction of the
parametrized curve and of the image gradient to achieve
a higher selectivity. Normalizing the image potential by
the contour length allows contraction and dilation of curves
without affecting the energy function.

EI(r(t, p)) = ±
(∫ 2π

0
∇ I (r(t, p)) · ṙ⊥(t, p) dt

)

·
(∫ 2π

0
‖ṙ(t, p)‖ dt

)−1

.

The sign of the energyEI(r) will decide between segment-
ing bright objects on a dark background or vice versa. The
polarity of the boundary can be neglected by using the absolute
value of the dot product in the integration term.

One has to realize that cutting the Fourier expansion at
a finite degree already serves as a regularization, leaving
out high frequency variations of the coordinate functions.
However, the internal energy cannot be neglected, basically
for two reasons:

• even Fourier models of low degree can generate sharp
cusps, and
• the parametrized contour can cross itself.

Whereas self-crossings of the outline are expensive to detect,
discontinuities of the tangent can be evaluated from the curve
parametrization. At such locations the curvatureκ(t0, p)
and its derivativėκ(t0, p) both become infinite. While high
curvature of the boundary should not be excludeda priori,
the curvature derivative is chosen to indicate discontinuities
(see also Staib and Duncan, 1992), providing the following
expression for the internal energy of the Fourier snake:

ED(r(t, p)) =
∫ 2π

0
κ̇2(t, p)·‖ṙ(t, p)‖2 dt .

For the minimization of the total energy function we used the
E04JBF routine of theNAGTM library (1988), using a quasi-
Newton algorithm for finding an unconstrained minimum of
a function of several variables.

2.3. Model-based segmentation of the corpus callosum
We tested the proposed procedure on a collection of 30 mid-
sagittal slices of MRI brain images. A few images from the
training set are shown in the upper row of Figure 1. Our goal
was the automatic segmentation of the outline of the corpus
callosum from grey scale images.

2.3.1. Model building
The corpus callosum outline had to be segmented and
parametrized for each image of the training set. We used
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Figure 1. Training set for the analysis of the corpus callosum on mid-sagittal slices of MRI brain data sets. The upper row shows a region of
interest of the original slice, the lower row contains the segmented outline in a standardized invariant configuration (Fourier coefficients up to
degree 100).

Figure 2. Template-matching example to find a similarity transform between the mean model curve and the gradient magnitude image. (a)
Shows the original image, (b) its Gaussian smoothed version (σ = 5 pixels) and (c) the corresponding Canny gradient magnitude image,
respectively. In (d) the optimal fit found by template matching is overlaid with the edge image.
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Figure 3. Segmentation examples (a–c) illustrating segmentation failures. Images in the top row illustrate the initial placement of the model
curves (using template matching), the bottom row shows the segmentation result. Thesameinitial model curve is used for the different images.

the Fourier snake program as described above to perform this
task, with a manual initialization of the optimization. The
segmentation results can be seen in the lower row of Figure 1.
Fourier coefficients up to degree 100 have been used for the
description. The resulting contours of the training set have
been normalized to be invariant to translation, rotation, scaling
and the starting point of the parametrization.

The mean model has been determined from the normalized
outlines by simply averaging their parameters. In order to
determine the major deformation modes defined by the above
training set, we performed a principal component analysis of
the covariance matrix of the normalized Fourier coefficients.
As after the first few eigenvectors the variance becomes very
small, the few largest eigenmodes have been taken to build a
flexible model that explains the biological variability of the
shape of the corpus callosum outline.

2.3.2. Initial placement of model contour by template
matching

A segmentation of the corpus callosum from grey-valued
images based on the deformation of the mean model requires
a suitable initialization. Due to the normalization of the
Fourier coefficients, the average model only expresses shape
deformations up to a similarity transformation. Therefore,
the initial placement has to provide a sufficiently good match
between the model and the edges in the grey-valued image.
A standard template-matching procedure was chosen to solve
this first optimization problem by equidistantly sampling the
possible parameters of the similarity transformation within a
reasonable range. The goodness of fit was calculated for a

Canny edge map on a relatively large scale, since the rigid
transformation does not allow for elastic shape deformations.
Figure 2 illustrates the result of the initialization by template
matching. Figures 2a–c show the original image, the Gaussian
smoothed image (σ = 5 pixels), and the Canny gradient
magnitude, respectively. Figure 2d presents an overlay of
the optimal fit between model curve and gradient image.

2.3.3. Segmentation by restricted elastic deformation
After initialization, we apply a modified version of the Fourier
snakes program. Instead of optimizing in the complete space
of the normalized Fourier coefficients, the optimization has
been restricted in order to allow only deformations which
are prominently represented in the training sample. In
the first step the eigenvectors of the parameter covariance
matrix are selected as a different set of basis functions in
place of the harmonics. The restricted variation is achieved
by choosing a subset of eigenmodes, usually then largest
ones, and calculating the optimization in this linear subspace.
Starting with the result of the template matching, the model is
elastically deformed until it fits (in a local optimum) the edges
along the object contour.

The procedure described above provided satisfactory seg-
mentation results in many cases. In some cases, however, we
found it difficult to find the correct contour. Figure 3 shows a
few examples of unsuccessful segmentations. Analysis of the
results has shown that the separation of the similarity transform
(in the initialization step) from the elastic deformation is
mainly responsible for this failure. As the models have
been normalized before the statistical analysis, translation,
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rotation and scaling have actually been excluded from the
elastic deformation step, forbidding minor corrections of the
similarity transform determined by the template matching in
the initialization step. Restricting the deformations to the
subspace of the dominant eigenmodes made this situation
even worse by not allowing corrections through free elastic
deformations. This has led to the large segmentation errors
demonstrated by the above examples.

The following section describes how these problems can
be solved by incorporating the similarity transform into the
analysis of biological variability. This way all covariation of
the pose and elastic deformation parameters can be handled
in a consistent way, too. The selected solution also avoids the
somewhat artificial separation of the image analysis process
into an initialization and elastic matching, leading to a two-step
coarse-to-fine segmentation procedure.

3. IMPROVING FOURIER SNAKE SEGMENTATION

3.1. Alternative initialization techniques
One could try different ways to avoid the segmentation
problems analyzed in the previous section.

• The desirable mixing of the effects of similarity trans-
form and elastic deformation could be achieved by the
incorporation of eigenvalues belonging to the the largest
eigenvectors into the initialization (template matching)
procedure. However, the dimensionality of the sampled
search space would become far too high and would
create, especially in view of a generalization to 3-D, an
unacceptable computational burden.
• One could also try to extend the parameters of the elastic

deformation with translation, rotation and scaling. This
would lead to a higher dimensional local optimization
problem without allowing the handling of the optimiza-
tion of the parameters in one coherent framework.
• The selected optimization procedure finds the nearest lo-

cal optimum on a high-dimensional strongly non-convex
goal function. This makes the procedure highly sensitive
to non-desired local optima. We are currently experi-
menting with alternative global optimization techniques
as for example genetic algorithms as proposed by Hill
and Taylor (1992) and the taboo search (Reeves, 1993)
borrowed from discrete optimization, which may provide
some improvement. However, one should realize thatthe
major problem does not lie in the initialization procedure.
The template matching usually provides a reasonable
first approximation using the mean model, which still
leads to unsatisfactory results due to the separation of
the similarity transform and the elastic deformation de-
scribed by the principal modes of the Fourier coefficients.
This problem is addressed in the next paragraph.

Figure 4. Position of the anterior commissure (AC) and the posterior
commissure (PC) on a mid-sagittal MRI image slice. The connecting
line represents the unit vectorx of the external anatomical coordinate
system.

Figure 5. The 50 largest eigenvalues of the covariance matrix
calculated from the Fourier parameters of the 30 curves in the training
set.

3.2. Model incorporating full biological variability
We expect for images representing anatomy that therelative
position, rotationand size of healthy organs is restricted
in a similar way as theirelastic deformation. If we could
define a coordinate system fixed to the anatomy, there would
be no reason for an unrestricted similarity transform which
precedes the elastic matching. The Fourier descriptors of
the organ outlinesoriginally contain this information, but we
suppress it by normalizing the coefficients. In the case of
the corpus callosum, the AC/PC line is a generally accepted,
well-detectable geometric feature of the mid-sagittal images,
which represents such a standard coordinate system. The line
from the anterior to the posterior commissure (AC/PC line) as
illustrated in Figure 4 has been manually extracted for each
image of the training set. After determination of the Fourier
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Figure 6. The upper row shows the segmented outlines of the training set with (left) and without (right) normalization of the pose parameters.
The lower row shows the corresponding mean models.

coefficients, we apply normalization only to fix the starting
point of the curve parametrization. The standardization of the
images, necessary for the determination of the deformation
modes, is based on a normalization of the AC/PC line to an
ex unit vector. After that, the same statistical analysis of the
test set can be performed as previously explained, providing a
mean model (now including its relative position and size to the
AC/PC line), and the deformation modes which incorporate
the parameters of the similarity transform, too. The resulting

eigenvalues are plotted in decreasing order in Figure 5. One
can see that the remaining variation after the 12th eigenvalue
becomes negligible. Accordingly, all deformations have been
restricted to the 12 largest eigenvectors.

Figure 6 illustrates the determination of the mean model
by comparing the results using the normalized outlines as de-
scribed in the previous section (left side) and the average model
resulting without normalization presented in the anatomical
reference frame (right side). One can see the variation of the
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Figure 7. The first four eigenmodes of the deformations of the 30
objects in the training set. The calculations are based on contours
represented by Fourier descriptors, which are normalized only with
respect to the choice of the starting point. The deformation range
amounts to±√2 eigenvalues.

pose of the training samples in the external coordinate system.
At the same time, much more characteristic shape features are
retained in the average outline if no normalization is performed
before the training.

Figure 7 illustrates the deformations according to the first
four eigenmodes, with deformations in the range of±√2
eigenvalues. It shows how the pose and elastic deformation
parameters are mixed together in the dominant eigendeforma-
tions.

3.3. Segmentation
The determination of the AC/PC line now becomes part of
the segmentation, since the model is built based on a normal-
ization to these landmarks. The AC/PC line is determined
manually for the image under analysis. The flexible model,
characterized by the mean contour and the eigenmodes, now
incorporateschanges of the position and local deformations
of the generic model, which makes the initialization step
obsolete. In order to make the optimization robust against
local extrema we applied atwo-step coarse to finestrategy.

In the first step on the coarse level we use a procedure
similar to template matching, as previously described. How-
ever, we now use a small set of a few dominant modes and
calculate the best match in this linear subspace of major
deformations by equidistantly sampling the eigenvalues of the
selected deformation modes in a reasonable range. This way
the complete parameter space is explored, and the result of
this coarse segmentation can be used as a reliable initialization

for the following local optimization step. One should realize
that the larger the number of eigenmodes participating in
this coarse step, the better the initial fit will be in the
following step. On the other hand, the computational burden
grows exponentially with the dimensionality of the sampled
parameter space. The number of eigenmodes considered in
this step can be selected by trading the fit quality and the
computational requirements.

On the fine level the segmentation is performed in the ho-
mogeneous parameter space of the eigenvectors corresponding
to the largest eigenvalues, now choosing a larger number
of eigenvectors than on the coarse level. Due to the full
incorporation of the parameters of the similarity transform
into the eigendeformations, the fine tuning of the model pose
can be performed within the variability determined by the
training set. Figure 8 shows the results of the modified
segmentation procedure, which achieved perfect results in
almost all cases.

One should mention that in some applications, the iden-
tification of the small individual variations of the contour
outline, which is not represented even by the whole set of
the eigenmodes, is desirable. In this case our strategy can
be extended with an additional finer level by applying an
unrestricted deformation of the parametrized snake using the
result of the previous two levels as initialization.

4. 3-D FOURIER MODELS OF HUMAN BRAIN
STRUCTURES

Our goal is the generalization of the improved 2-D procedure
to 3-D. The new tool should allow awell reproduciblesegmen-
tation of objects in volume data withminimal human interac-
tion. This section describes the first steps in this direction, the
generation of 3-D Fourier models from manually segmented
training data, and the use of unrestricted 3-D Fourier snakes
for elastic matching in grey-valued volume images. As in the
previous section, we first summarize the basic mathematics of
the 3-D Fourier snakes, and then show first results on some
MRI brain data. The major problem, finding ahomogeneous
parametrizationof surfaces ofarbitrarily shaped objects, is
solved by applying a very recently developed new parametriza-
tion technique. It overcomes limitations given by other surface
parametrization schemes, e.g. the torus topology presented
in Staib and Duncan (1992b). The following description
is guided by the example of segmenting deep grey matter
structures of the human brain from MR volume data.

4.1. Description of surfaces by spherical harmonic
functions

The description of the surfaces of simply connected 3-D
objects in an arbitrary basis can be performed similarly to the
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Figure 8. Segmentation of the corpus callosum using the manually determined AC/PC line as a reference coordinate system for model building
and segmentation. (a) Shows the initialization, resulting from a coarse match in the subspace of the largest four deformation modes. (b–d)
Illustrate single steps of the optimization in the subspace of the largest 12 deformation modes (allowing fine adjustments) and the final result.

2-D case. The surface will be parametrized by two variables,
the θ andφ polar parameters, and will be defined by three
explicit functions

r(θ, φ) =

 x(θ, φ)

y(θ, φ)
z(θ, φ)


 .

We emphasize that this is not a radial function. If we select
the spherical harmonic functions (Ym

l denotes the function of

degreel and orderm, see Greiner and Diehl (1964)) as a basis,
the coordinate functions can be written as

r(θ, φ,p) =
K∑

k=0

k∑
m=−k

cm
k Ym

k (θ, φ),

where

cm
k =


 cx

m
k

cy
m
k

cz
m
k


 .
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Figure 9. A simple functionU ↪→ R
3, visualized by facetting the surfaces in triangles.

We again restricted the expansion to the firstK + 1 terms.
When the free variablesθ andφ run over the whole sphere

(e.g.θ = 0 . . . π , φ = 0 . . .2π—see Figure 9, left), the point
r(θ, φ) runs over the whole surface of our object (Figure 9,
right). The sphere�3 is considered a perfectly symmetric
surface without any singular points or preferred directions.

The surface is then described by the parameters

p = (cx
0
0, cy

0
0, cz

0
0, cx

−1
1 , cx

0
1, cx

1
1, cy

−1
1 , cy

0
1, cy

1
1,

cz
−1
1 , cz

0
1, cz

1
1, . . . cx

−K
K . . . cz

K
K )
> .

One has to realize that the Fourier parametrization is just
one possibility for the parametric description of contours.
Alternative methods, for example deformable superquadrics,
have also been proposed in the literature (Terzopoulos and
Metaxas, 1991). We would like to emphasize that any reason-
able parametric shape model can be used within the presented
formalism. We preferred to use Fourier parametrization as
it, in contrast to superquadrics, imposes no predetermined
symmetries upon the object surface and has no preferred
directions in space. It is complete; no additional formalisms
are needed to rotate, translate, taper, bend, twist or locally
deform the model, as the surface of any simply connected
object can be represented to any degree of detail in the simple
yet comprehensive formalism.

In the following we summarize the surface parametrization
procedure which is described in detail in Brechb¨uhler et al.
(1992, 1995).

4.2. The surface data structure
Medical CT or MRI images are examples of volumetric
data. For each cuboidal cell (volume element or voxel)
in a certain volume we have one or more measurements.
When segmentation succeeds, one anatomical unit can be
characterized by a binary data volume, in which every voxel
contains either 1, which means it belongs to the unit, or 0,
meaning it is in the background. The object is then the set of
‘1’ voxels and can be pictured as a collection of small cubes,
adopting thecuberille notion (Hermannet al., 1979). The
surface of a voxel object is a set of unit squares, all parallel
to one of the three coordinate planesyz, xzor xy. The edges
and vertices that bound the faces are also parts of the surface,
which is represented as a data structure that reflects geometry
as well as neighbourhood relations.

4.3. Parametrization of closed surfaces
A key step in the shape description of a surface is its mapping
to the parameter space, the sphere�3. Any point on the surface
must map to exactly one point on the sphere, and vice versa.
The location on the sphere corresponding to a surface point
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defines theparametersof the point. It can be represented as
two polar or three Cartesian coordinates, related through the
bijection


u
v

w


 =


sinθ cosφ

sinθ sinφ
cosθ


 .

Mapping a surface to the sphere assigns parameters to every
surface point; therefore we call itparametrization. The
mapping must be continuous, i.e. neighbouring points in one
space must map to neighbours in the other space. It is possible
and desirable to construct a mapping that preserves areas.
Narrowing to the cuberille notion, Figure 10 symbolically
illustrates this mapping of a selected facet from the object
surface to a portion of�3. It is not possible in general to map
every surface facet to a spherical square: distortions cannot
be avoided, but they should be minimal.

It emerges that the parametrization, i.e. the embedding of
the object surface graph into the surface of the unit sphere, is a
constrained optimization problem. The following paragraphs
define the meaning ofvariables, objective(goal function),
constraintsandstarting valuesin this context.

4.3.1. Variables
The coordinates of all vertices vary in the optimization.
Using two (e.g. spherical) coordinates per vertex would be
the most economic representation with respect to storage
space, but it would make the equal treatment of all spatial
directions difficult and pose the problem of discontinuity and
singularities in the parameter space. We prefer Cartesian
coordinates(u, v, w) for representing a location on the sphere,
introducing one virtual degree of freedom per vertex. The
number of variables is three times the number of vertices.

4.3.2. Constraints
Two kinds of equalities and one kind of inequality constrain
the values that the variables can take.

(i) Every vertex must lie on the unit sphere in parameter
space, i.e.u2+v2+w2 = 1. This constraint compensates
for the virtual degree of freedom and forces.

(ii) We ask forarea preservation; any object surface region
must map to a region of proportional area on the sphere.
We include one constraint for each elementary facet: the
area of the spherical quadrilateral must be 4π divided by
the total number of faces.

(iii) All quadrilaterals on the sphere must remain convex; no
angleαk may become negative or exceedπ .

4.3.3. Objective function
Thegoal is to minimize the distortion of the surface net in the
mapping. It must tend to make the shape of all the mapped
faces as similar to their original square form as possible. To
fulfil this goal perfectly, a facet should map to a ‘spherical
square’ (see Figure 10). This can in general not be reached
for all faces, and we need to trade off between the distortions
made at different vertices. We observe that the ideal shape
of any face, a spherical square, minimizes the circumference∑3

i=0 si of any spherical quadrilateral with a given area. At the
same time it maximizes

∑3
i=0 cossi . These two measures are

similar, but not equivalent if summed over the whole net, as
they trade off distortions differently. The second measure pun-
ishes too-long sides more and honours too-short sides less than
the first one, which is a desirable effect. It is also simpler to
calculate; the cosine of a side is the dot product of its endpoints.

4.3.4. Starting values
The variables in our optimization are the positions on the unit
sphere to which the vertices are mapped, andinitial values
mean a first rough mapping of the object’s surface to the
sphere. It is important for the optimization algorithm that
the sphere be completely covered with faces and none of them
overlap, even in the beginning.

Arbitrarily, two vertices are chosen as poles and a surface
path connecting them as a date line. Discretizing and
solving the Poisson equations1θ = 0 and1φ = 0—with
appropriate boundary conditions for the poles and the date
line—yields values(θ, φ) for each vertex. Figure 11 shows
the initial parametrization thus defined for the small object
from Figure 10.

The optimization moves the vertices around on the sphere.
The poles lose their special meanings, and all faces get
equal area. The mapping converges to a state minimizing
overall distortions. The same result is reached from all
pole assignments (modulo rotations). Figure 12 presents the
parametrization result for the same small object.

4.4. Elastically deformable Fourier surface models
Using the parametric surface description previously presented,
the parametrized Fourier snake concept can be generalized
from 2-D to 3-D. The concept is is similar to the technique
proposed by Staib and Duncan (1992b). However, a surface
can be arbitrarily sampled based on the variablesθ and φ
(there is no distinguished orientation or position of poles),
and the surface energy function can similarly be defined and
evaluated as in the 2-D case. The image potential can still use
the complete (vector-valued) gradient information

EI(r(θ, φ,p)) = ±
∫ ∫

A
∇ I (r(θ, φ,p)) · n(r(θ, φ,p)) dA
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Figure 10. Every facet on the object surface maps to a spherical quadrilateral. Its sides are geodesic arcs on the sphere. On the unit sphere, a
sidesi is equal to the corresponding centre angle. The quadrilateral in this illustration is special in that its sidess0 . . . s3 are equal and its angles
α0 . . . α3 are equal: it is a spherical square.

Figure 11. Optimization starts in this state, which is plotted in three ways. (a) The surface net is plotted in thick lines on the spherical parameter
space. (b) φ and cosθ are interpreted as Cartesian coordinates, giving a true-area cylinder projection. The horizontal lines at±1 are the poles.
(c) Conversely, the globe coordinate grid is drawn over the object. For comparison, one vertex is marked with a black dot in all diagrams.

where dA is the surface element andn is the surface normal
vector. Usinga= ∂r/∂φ × ∂r/∂θ = n dA/dφ dθ , we derive

EI(r) = ±
∫ π

0

∫ 2π
0 ∇ I (r(θ, φ,p)) · a(r(θ, φ,p)) dφ dθ∫ π

0

∫ 2π
0 ‖a(r(θ, φ,p))‖ dφ dθ

.

We use the internal energy termED(r(θ, φ,p)) to avoid
sharp discontinuities in the surface normals. The curvature of
the surface can be described by the principal curvaturesκ1 and
κ2, which are combined to

κ =
√
κ2

1 + κ2
2,

creating a measure for the curvature at every point on the
surface. As in the 2-D case we want to limit its derivative,

resulting in the regularization term

ED(r) =
∫ π

0

∫ 2π

0
‖∇κ(φ, θ,p)‖2 · ‖a(φ, θ,p)‖2 dφ dθ.

After the definition of the total energy, the problem is
completely analogous to the 2-D case: we have to determine
the parameters that generate a surface which minimizes this
energy. We used exactly the same minimization procedures
as in the 2-D case.

For the average surface before and after the deformation,
the mapping will not meet the constraint of constant density
exactly, nor will it exactly minimize distortions. However, the
mapping has been individually adapted to each of the training
objects, which are chosen to span the whole range of expected
biological variability. A smooth interpolation between them
can be expected to reproduce close to uniform and optimal
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Figure 12. The parametrization achieved by the optimization, visualized as in Figure 11.

Figure 13. Manual segmentation of the putamen, the caudate nucleus and the globus pallidus. The images show a coronal slice from a 3-D data
set (a) with overlay of the contours of segmented objects (b).

parametrization for the fitted surface. Exact uniformity and
optimality is a means to establish correspondence among the
objects of the training set, but it is not crucial for the success
of the segmentation.

4.5. 3-D segmentation of deep grey matter structures
The training set consists of a collection of 30 3-D MRI data
volumes of the human brain, where deep grey matter structures
(putamen, caudate nucleus and globus pallidus) have been
manually segmented. Figure 13 shows a coronal slice through
one of the volumes and the outlines of the manually segmented
objects. In the case of the putamen and globus pallidus one can
see that there is practically no grey-level evidence to separate
the two objects. Onlya priori anatomical knowledge will

allow their segmentation, which clearly demonstrates the need
for model-based 3-D segmentation procedures.

The modules for 3-D surface parametrization and Fourier
description, for the calculation of eigenmodes and for 3-
D segmentation by restricted elastic deformations, are im-
plemented and ready for tests and validation. Preliminary
results demonstrate two different procedures of the complete
segmentation system:

• Figure 14 illustrates the generation of parametric surface
descriptions from binary segmentations. The surfaces of
the putamen (left) and the caudate nucleus (right) use a
spherical harmonic approximation up to degree 6 and 8,
respectively.
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Figure 14. Parametrized description by spherical harmonics up to degree 8 of the surface of deep grey matter organs. The putamen is shown
on the left, the caudate nucleus on the right. The original voxel object is overlaid as a wire-frame structure of the voxel edges.

Figure 15. Segmentation of the left caudate nucleus by 3-D Fourier snakes. Images in panela represent the initial placement of the 3-D model
as axial (top) and coronal (bottom) cuts (with spherical harmonics up to degree 3 with 48 parameters). Panelb shows the final segmentation
result. A graphical display of the elastically deformed model representing the result of the 3-D segmentation is shown to the right (c). The final
optimization was based on spherical harmonics up to degree 5 (108 parameters).

• Figure 15 demonstrates the segmentation of the caudate
nucleus from original grey-valued volume data by the
3-D Fourier snake procedure. Here, the initial placement
of the model surface was performed automatically by
calculating an initial placement of a spherical harmonic
surface of low degree (degrees 0–3). The images in
panels a and b show the initialization and final result
after elastic deformation in axial and coronal cuts. For
the elastic fit we used spherical harmonics up to degree 5.
Panel c illustrates a surface rendering of the segmentation
result. 15–20 minutes were needed for the elastic fit of
the models on a Sparc 10/41 processor.

We are currently calculating the surface parametrization
and the description by spherical harmonics of all the 30
segmentations. Based on these results, the deformation
eigenmodes for these objects can be determined. The
segmentation itself, i.e. the initial placement and restricted
elastic deformation, will be carried out with the Fourier snake
procedure as shown in Figure 15. However, optimization
is performed in the subspace of a small set of eigenmodes
rather than the original space of the parameters, as discussed
in section 3 for the 2-D case.
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5. CONCLUSIONS

Automated, robust segmentation of medical images most often
needsa priori anatomical knowledge. Typical cases are
the segmentation of healthy organs, which present restricted
anatomical variability, or the segmentation of organs if only
incomplete evidence for boundaries is given by the grey-
valued images, requiring an ‘intelligent guess’ about the
position of the object boundary.

Geometric organ modelsand the statistics of theirnormal
(expected) variationseem to offer a promising solution to this
problem. We proposed the use of the Fourier parametrization
of our models, followed by a statistical analysis of a training
set, providing mean organ models and their eigendefor-
mations. Elastic fit of the mean model in the subspace
of eigenmodes restricts possible deformations and finds an
optimal match between the model surface and boundary
candidates.

We demonstrated the complete procedure with the determi-
nation of the outline of the corpus callosum on a 2-D MRI slice
of the human brain. We have shown that the selection of an
anatomically defined reference coordinate system allows the
inclusion of the variation of the spatial position and orientation
into the description of the model variation. This procedure
provides a homogeneous framework for the complete analysis,
while adding only minimal, well defined user interaction to
the procedure. The initial placement of the average model
is performed by a coarse elastic deformation defined by
only the largest eigenmodes, helping to drive the following
optimization into the ‘correct’ local optimum.

In this paper we presented preliminary results of a full
3-D generalization of the Fourier snake procedure. While the
modules are implemented and ready for analysis, we still need
to spend effort into the 3-D model building. We demonstrated
that manually segmented deep grey matter organs of the human
brain can be described by spherical harmonic descriptors. We
further demonstrated the applicability of an unrestricted 3-D
Fourier snake procedure for the segmentation of these organs.
In contrast to similar research projects, we could overcome
the bottleneck of surface parametrization by applying a new
parametrization technique which provides a homogenous
parametrization of an arbitrarily shaped simply connected
object. Further, the novel method represents a true 3-D
extension of the 2-D procedure, which significantly differs
from combining results of a stack of 2-D slices.

Our ultimate goal is to provide an automated 3-D segmenta-
tion procedure that needs only minimal user interaction. This
manual interaction would consist of the selection of a few
clearly defined landmarks and could therefore be carried out
also by non-experts. The segmentation itself would then run
fully automatically. Such an elastic deformation procedure

restricted by prior knowledge about the deformation range
would also find applications intracking problems, where
objects once defined with a relatively high expense could be
automatically tracked in dynamic image sequences.
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Abstract

This paper presents procedures for the explicit parametric representation and global description of surfaces
of simply connected 3-D objects. The novel techniques overcome severe limitations of earlier methods
(restriction to star-shaped objects [1], constraints on positioning and shape of cross-sections [2, 3], and
nonhomogeneous distribution of parameter space).

We parametrize the surface by de�ning a continuous, one-to-onemapping from the surface of the original
object to the surface of a unit sphere. The parametrization is formulated as a constrained optimization
problem. Practicable starting values are obtained by an initial mapping based on a heat conduction model.

The parametrization enables us to expand the object surface into a series of spherical harmonic functions,
extending the concept of elliptical Fourier descriptors for 2-D closed curves [4, 5]. Invariant, object-centered
descriptors are obtained by rotating the parameter net and the object into standard positions.

The new methods are illustrated with simple 3-D test objects. Potential applications are recognition,
classi�cation and comparison of convoluted surfaces or parts of surfaces of 3-D shapes.

1 Introduction

With the proliferation of high quality volumetric image data, especially for the medical community, and new
segmentation methods for multidimensional image data, 3-D objects become available and are ready for
structural analysis. Most often, volumetric objects are represented by a binary voxel representation or by
a triangulation of the surface. Although these representations allow a 3-D rendering for visually capturing
the object properties, both lack descriptive power as they are based on huge lists of voxels or surface
elements. Characterizing and understanding shape properties, however, requires a representation which
captures global and local shape features with a small number of parameters. Such a concise description
could be useful for a comparison of various objects, for �nding dissimilarities, for matching objects to
prede�ned models and for an e�cient reconstruction and manipulation of objects.

A shape descriptor must be general enough to handle very di�erent shapes, but should be capable of
accurately representing global as well as local features of objects. Shape analysis favors object-centered
volume- or surface descriptions, e.g. using polynomials, triangulation meshes, generalized cylinders, medial
manifolds or spherical harmonics. Furthermore, the resulting description should be independent of the
object position and orientation.

Some shape description methods based on mesh-like surface models rely on a robust and reproducible
surface parametrization in a two-coordinate space. While tracking a contour in 2-D images is easily done,
the extension to higher dimensions is non-trivial and requires the development of new concepts. So far,
representation methods for mapping an object surface onto a sphere have been limited to represent only
star-shaped or convex objects, as they start from an initial radial surface function r(�; �) [1] [6]. Staib and
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Duncan [3] discuss the use of a parameter space with torus topology, which can be deformed into a tube
by squeezing the torus cross-section to a thin ribbon. Closed surfaces are obtained by considering tubes
whose ends close up to a point. This approach clearly illustrates some principal di�culties which can also
be found in other parametrization techniques.

� The idea of warping a torus to a closed surface poses the problem that the parameters have di�erent
functions. One parameter de�nes a kind of spine along which cross-sections are stacked up. The
choice of the end-points of this spine decisively determines the solution and even determines whether
an object can be parametrized or not.

� Squeezing a circle to a line (as done with the tubular torus cross-section) results in a nonhomogeneous
distribution of parameters on the object surface. Although continuous, the representation of a line by
harmonic functions results in a clustering of parameters near the edges where the tracing direction
changes. Furthermore, closing a cylinder at both open ends causes further distortion to the parameter
net.

� Warping a torus to a tube and �nally to a closed surface shows that the parametrization does not
result in a one-to-one mapping of surface points to parameters. The walls of the tube are traced up
and down in order to avoid discontinuities at the open edges, visiting each surface point twice.

Our new approach tries to overcome these limitations. We present a new method that allows a uni-
form mapping of an object surface into a two-coordinate space with spherical topology. Our aim is the
parametrization of arbitrarily shaped simply connected objects containing inclusions and protrusions. As a
mapping of convoluted surface structures onto the surface of a sphere introduces distortions, optimization
of the distribution of nodes in parameter space becomes necessary. This problem is solved by nonlinear
optimization.

Parametrized surfaces can be expanded into spherical harmonics, hierarchically describing global and
local shape properties by spatial frequency constituents [7]. A new method for the generation of descriptors
which are invariant to translation, rotation and scaling is developed. Invariance is crucial for a comparative
analysis of di�erent structures.

This paper is organized as follows: section 2 describes the generation of a relational surface data
structure, important both for the initial mapping by a di�usion algorithm and for the optimization step.
In the section, 3 we present the new parametrization technique including an initial mapping to obtain good
starting values and nonlinear optimization. Section 4 discusses the expansion of a 3-D shape into a set of
spherical harmonics and the generation of invariant descriptors.

2 Surface data structure

A 3-D binary image containing a single simply 6-connected object represents our input data. We adopt
the cuberille notion [8]. To allow working with the surface of the object, it must be represented as a data
structure that reects the geometry as well as topological relations. This data structure stores information
about all the square faces separating object and background voxels and all the edges and vertices bounding
these faces. This initial data structure represents a complete description of the object surface; similar
structures are often used for 3-D display purposes [9].

For a nx by ny by nz data volume, the voxel coordinates have the ranges 0 � x < nx, 0 � y < ny and
0 � z < nz . We interpret each voxel as a cube extending from x to x+1, from y to y+1 and from z to z+1,
where (x; y; z) are the nominal coordinates of the voxel. The voxel center is placed at (x+ 1

2 ; y +
1
2 ; z +

1
2 )

to retain integer coordinates for the corners.
The surface data structure is organized around the vertices. Each surface vertex is listed once in the

structure, which gives it a unique identifying (id) number. The entry of a vertex speci�es its Cartesian
coordinates (x; y; z) and a list of its direct and diagonal neighbors. The neighbors are given in counter-
clockwise sequence around the vertex when viewed from outside the object; therefore, direct and diagonal
neighbors alternate (see Figure 1).

The following algorithm generates the surface data structure. Object voxels touching the border of the
data volume would require a special treatment. Therefore, we make sure that all border voxels belong to
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Figure 1: A two-voxel example object illustrating the surface data structure centered on the vertices.
The numbers of the vertices are shown in circles (vertices 3 and 4 are hidden). The data structure entry
for a vertex represents its Cartesian coordinates and a list of neighboring nodes. The entry for vertex 7
is ffx=10, y=14, z=7g, neighbors=f6, 0, 1, 2, 8, 11, 10, 9gg. Appendix A lists the complete
surface data structure of this object.

the background. We de�ne an interior vertex as the common corner of eight voxels of the data volume. In
three nested loops { varying the coordinates x from 1 to nx� 1, y from 1 to ny � 1, and z from 1 to nz � 1,
respectively { we visit all the interior vertices. Let the z-loop be the outermost, so that z varies the slowest
and numbers the current plane. If the eight incident voxels of a vertex are homogeneous, i.e. all in the
object or all in the background, the vertex is ignored. Otherwise (if the incident voxels are mixed), a new
surface vertex has to be entered in the data structure. A surface vertex in plane z may have neighboring
surface vertices in the planes z� 1, z and z +1. Therefore, surface vertices must be detected and assigned
identifying numbers one plane ahead of time, and the id numbers of the current (z) and previous (z � 1)
plane must be kept at hand as well. For each surface vertex in the current plane, the Cartesian coordinates
are put into the entry of the vertex. Starting at a 6-neighbor surface vertex, we cycle around the central
vertex, going over all incident faces until we are back at the starting neighbor vertex. The list of the id
numbers of all visited direct and diagonal neighbor vertices completes the entry of the central vertex.

Only vertices are stored in the data structure, but information about edges and faces of the surface is
also present in the neighbor lists. For instance, vertex 7 in Figure 1 has the neighbor list f6, 0, 1, 2,

8, 11, 10, 9g. Taking every second number in this list { 6, 1, 8, 10 { reveals that edges to nodes 6, 1,
8 and 10 emanate from node 7. Overlapping triples of neighbors { f6, 0, 1g, f1, 2, 8g, f8, 11, 10g and
f10, 9, 6g (by wrapping around to the �rst neighbor) { give the four faces f7, 6, 0, 1g, f7, 1, 2, 8g, f7, 8,
11, 10g and f7, 10, 9, 6g, all written counterclockwise. In this way, every face of the surface is mentioned
four times, once by each corner. Our algorithm, however, requires an additional table that lists every face
exactly once. We generate it by visiting all vertices, putting a face in the table only when it is de�ned from
the corner with the smallest id number, i.e. when it is mentioned for the �rst time.

The data structure generalizes in a very natural way to the case of open surfaces, or surface patches,
where vertices on the border of the surface have an odd number of neighbors. All surface vertices that
are not part of a border of the surface are called inner vertices. Their characteristic is an even number of
neighbors.

The possibility of representing surface patches is not exploited here: as the object lies completely within
our data volume, we always �nd a closed surface. All vertices in the list are inner vertices of the surface,
and therefore, they all have an even number of neighbors.

The correspondence between the surface net and a graph becomes clear when a vertex is interpreted
as a node in the graph, an edge as an arc and a face as a mesh (four-cycle)[10]. For a simply connected
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object we get a planar graph with the following topological properties: Four edges bound each face, and
each edge bounds two faces and is bounded by two vertices. Depending on the local connectivity, each
vertex bounds three to six edges. There are exactly two more vertices than faces; this follows from Euler's
relation: nvert = nface + 2.

A surface with its two degrees of freedom is characterized by a polygonal description based on vertex
coordinates with three spatial coordinates. Seeking for an appropriate parametrization, however, would
require a description based on two parameters.

3 Surface parametrization

The parametrization, i.e., the embedding of the object surface graph in the surface of the unit sphere, can
be posed as a constrained optimization problem. The following paragraphs de�ne the meaning of variables,
objective (goal function), constraints and starting values.
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Figure 2: Every single face on the object's surface is mapped to a spherical quadrilateral. The sides of a
spherical polygon are geodesic arcs on the sphere surface. As the sphere has unity radius, the length of
a side si is equal to the corresponding center angle (in radian). The quadrilateral in this illustration is
special in that its four sides s0 � � � s3 are equal and its four angles �0 � � ��3 are equal: it is the spherical
analogue of a square.

The variables of the optimization problem are the coordinates of all vertices. Using two (e.g. spherical)
coordinates per vertex would be the most economic representation with respect to storage space, but this
would make the equal treatment of all spatial directions di�cult and pose the problem of discontinuity and
singularities in the parameter space. Therefore, we prefer Cartesian coordinates (u; v;w) for representing
a location on the sphere, introducing one virtual degree of freedom per vertex.

There are three kinds of constraints on the variables. First, the Euclidean norm of the coordinates of
any vertex must be 1. This constraint compensates for the virtual degree of freedom and forces every vertex
to lie on the unit sphere in parameter space. Second, we ask for area preservation, which in our context
means that any object surface region must map to a region of proportional area on the sphere. To satisfy
this requirement, we include one constraint for each spherical quadrilateral (see Figure 2) that corresponds
to an elementary face: its area must be 4� divided by the total number of faces. Third, no angle of any
spherical quadrilateral must become negative or exceed �. In contrast to the �rst two kinds of constraints,
these are inequalities. They can be stated as sin�i � 0; 8i. This adds four inequality constraints for each
face.

The objective is to minimize the distortion of the surface net in the mapping. It is conceptually similar
to angle preservation, and it must tend to make the shape of all the mapped faces as similar to their
original square form as possible. To ful�ll this goal perfectly, a facet should map to a \spherical square"
(see Figure 2). This can never be reached exactly for all faces except when the object has a very special
form, e.g., consists of one single voxel. There are several ways to trade o� between the distortions made at
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di�erent vertices. We observe that the ideal shape of any face, a spherical square, minimizes circumferenceP3
i=0 si of any spherical quadrilateral with a given area. At the same time it maximizes

P3
i=0 cos si.

These two measures are similar, but not equivalent if summed over the whole net, as they trade o� among
distortions di�erently. The second measure punishes too long sides more and honors too short sides less
than the �rst one, which is a desirable e�ect. It is also simpler to calculate; the cosine of a side - and of the
respective central angle - is the dotproduct of the vectors from the sphere center to the endpoints of the
side. In a sum over all four sides of all faces, each edge of the graph appears twice. We de�ne the objective
function as half that sum, which is the same as the sum of the cosines of the lengths of all edges.

The variables in our optimization are the positions on the unit sphere to which the vertices are mapped.
Therefore, starting values in this context means an initial mapping of the object's surface to the sphere. It
is important for the optimization algorithm that the sphere be completely covered with faces and none of
them overlap. The following subsection describes the construction of an initial parametrization satisfying
this requirement. An earlier version of the procedure is described in [11].

3.1 Initial parametrization

The �rst mapping or parametrization, respectively, is done in polar coordinates. The two polar coordinates
� and � are determined for all vertices in two separate steps. Two vertices have to be selected as the
poles for this process. The choice of these poles is not critical, as the optimization process removes all
its inuences except a rotation in parameter space. Selecting two poles which lie close together, however,
results in a poor initial parametrization. The optimization will converge to the same solution, but it takes
more iteration steps. We select the two vertices with maximal and minimal z coordinate in object space,
respectively; the y and x coordinates are used to break ties. In our ordering of the surface vertices, they
are the �rst and the last vertex.

A fully worked example with the \two-voxel" object of Figure 1 is presented in appendix A. It serves
as a concrete and detailed illustration of the general concepts exposed below.

Latitude from di�usion. Latitude � should grow smoothly from 0 at the north pole to � at the
south pole. In this context, � is not a free variable but rather an unknown function (of the location on
the object) that we are looking for. To assign a latitude value with the desired property to every node, we
formulate the corresponding continuous problem as Laplace's equation r2� = 0 (except at the poles), with
Dirichlet conditions �north = 0 ; �south = � for latitude �[12]. A physical analogy is heat conduction: we
heat the south pole up to temperature � , cool the north pole to temperature 0 and ask for the stationary
temperature distribution on the heat-conducting surface. As usual in the discrete case, the Laplacian is
approximated by �nite second di�erences of the available direct neighbors, which in our case implies that
every node's latitude (except the poles') must equal the average of its neighbors' latitudes. These conditions
form a sparse set of linear equations, which can be written in the form A0�0 = b0, where A0 is a nvert�nvert
matrix, �0 := (�0; �1 : : : �nvert�1)

T and b0 is an nvert vector of constants. The border conditions supply
two equations and the average property de�nes n := nvert � 2 equations. Applying the border conditions
�0 = �north and �nvert�1 = �south results in the reduced n�n system A� = b, where A = (a1;1; a1;2 : : : an;n)
is symmetric and �:= (�1 : : : �n)

T

The algorithms used to set up the matrix A and the right hand side vector b make use of the well-
organized surface data structure, as illustrated below in pseudo-code notation. The sparsity of the matrix
is exploited; only the few non-zero entries (4 to 7 per row) are stored. This saving is essential for the
treatability of larger objects.

Set up matrix A:
for vertex = 1: : :n

avertex;vertex:= number of direct neighbors;

for the direct neighbors of vertex
if the neighbor is not a pole

avertex;neighbor:= -1;

Set up constant vector b:
set all entries of b to 0;

for the direct neighbors of south pole
bneighbor := �;
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This sparse symmetric linear system of equations is solved with the Pils package [13]. The solution
has the important property that latitude � varies monotonically between the poles, since there can be no
local extremum by virtue of the maximum principle [14]. Figure 3a shows the resulting � for a simple test
object, \duck".

(a)

duckLati.ps

47 � 51 mm

(b)

duckLongi.ps
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Figure 3: The simple object \duck" consisting of nine voxels is used for illustrating the initial parame-
trization. The north pole is at the lower left, the south pole at the upper right. Latitude is mapped on
the object's surface as a grey value in a; iso-latitude lines are drawn every �

16 . Longitude is shown in b;
iso-longitude lines (\meridians") are �

8 apart.

Longitude from di�usion. Unlike latitude, longitude is a cyclic parameter: When we walk around
a sphere counterclockwise (seen from the north), longitude keeps increasing monotonically all the time,
but there must be a place where longitude leaps back by 2�. A global longitude parameter always has a
discontinuous line running from pole to pole, and the step height is 2�. Consider, as an analogy, local time
on every spot of the globe; the date line is a 24 hour discontinuity, but not a meridian. In our problem, the
choice of the date line is immaterial: it just has to connect the two poles. The date line is chosen as a path
with steepest latitude ascent in each of its nodes. The values crossing the date line from west to east are
decremented by 2�, values propagated to the west are incremented by 2�. The poles and all links to them
are removed from the net, making the topology of the net that of a tube. Longitude remains unde�ned for
the poles. The cyclic Laplace equation r2� = 0 (with date line) again corresponds to a system of linear
equations in the discrete case.

The new system of linear equations is structurally identical to the one for latitude. Typically, only a
small part of the equations is di�erent. The matrix for longitude � di�ers from the one for latitude � only
by the values of six diagonal entries, corresponding to the three neighbors of each pole. This similarity
simpli�es setting up and solving the new system.

Due to the cyclic boundary conditions, the solution � is de�ned only up to an additive constant. The
linear equations are dependent, and the system is singular. To make it regular, we have to specify the
longitude of one vertex. We arbitrarily set 2�1 = 0. This equation can be added to any row of the system.
We add it to the �rst row.

The following portions of pseudo-code update the matrix and generate a new right hand side vector.

Modify matrix A:
for both poles

for the direct neighbors of pole cut link to pole
aneighbor;neighbor -= 1;

a0;0 += 2; for �1 = 0

Set up constant vector b:
for row:= 1: : : n do

brow:= 0;

previous := north pole;
here := 1; any neighbor of north pole
maximum := 0.0;
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while (here != south pole) walk on date-line
for the direct neighbors of here

if �neighbor > maximum then

maximum := �neighbor;

nextpos := position of neighbor;
if neighbor == previous then

prevpos := position of neighbor;
for the direct neighbors clockwise between prevpos and nextpos do

add 2� to bneighbor;

subtract 2� from bhere; totally: 2� � # west neighbors
previous := here;
here := neighbor of here indicated by nextpos;

In spherical coordinates, longitude is unde�ned at the poles. We arbitrarily set �north = �south = 0.
Figure 3b illustrates the resulting � for the \duck" test object.

For every node of the net, we now have computed a latitude � and a longitude �. This de�nes a
continuous, unique mapping from the surface of the original object to the surface of a sphere. The spherical
parameters � and � can also be used in a at Cartesian coordinate system as shown in Figure 4b, which gives
an overview of the whole unfolded net. The right border wraps around to the left border, and vice versa.
The top and bottom borders stand for the poles. The � axis points up to produce the same orientation as
in the other �gures; the south pole is at the top. The polar coordinates are transformed to Cartesian and
yield starting values for the optimization.
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Figure 4: Di�usion yields the initial parametrization, which is visualized in three di�erent ways. (a) The
surface net is plotted on the spherical parameter space. The thick lines depict the edges of the original square
faces. The equidistance for both � and � is �

8 . (b) � and cos � are interpreted as Cartesian coordinates.
The monotonic cosine function is applied to give a true-area cylindrical projection. The horizontal lines at
�1 are the poles. (c) Conversely, the globe coordinate grid is drawn over the object. For comparison, one
vertex is marked with a black dot in all diagrams.

3.2 Optimization method

Powerful methods for nonlinear constrained minimization exist[15]. The commonly available optimization
routines can not be used for larger objects because they are not suited for such a large problem, as they
do not exploit its sparsity and information available about the constraints. A Newton-Lagrange algorithm
[15] based on the sparse linear solver package Pils [13] is used to �nd the constrained maximum of the
goal function. An active set strategy enforces the inequality constraints. A detailed discussion of the
optimization algorithm would exceed the scope of this paper. In fact, any other constrained optimizer that
could handle the size of the problem could be substituted.
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Figure 5: The result of the optimization, plotted in the same ways as in the previous �gure. The areas of
elementary facets in parameter space are now equal, and local distortions are minimized. The rotational
position of the net on the sphere is arbitrary. (c) After the optimization, the former poles have lost their
prominent role. They have now the same importance as any other point in parameter space and could
lie anywhere on the surface. Only the use of polar coordinates for visualization gives them a conspicuous
appearance.

The question arises if a solution exists at all and if it is unique. The goal function is a sum of cosines,
which cannot exceed one. Thus the goal function is bounded by the number of edges in the graph, 2nfaces.
Any constraints can only lower the attainable maximum, but never make the goal function unbounded.
Another problem could arise from incompatible constraints. From their de�nition - vector length, area
content, angle - they are not inherently incompatible. There are 3nvert degrees of freedom but only
nvert + nface � 1 = 2nvert � 3 equations to satisfy. At the solution, only few (typically less than �ve)
inequalities are active. We have no indications that there might be any local maxima. Of course any
rotated version of the solution yields the same values for the goal function and for all constraints, but this
is not considered an essentially di�erent solution.

Constraining all angles to the range [0; �] makes sure none of the quadrilaterals can fold over. Thus the
neighborhood relations are preserved during the optimization process.

As the goal function, the constraints, and their derivatives have to be calculated repeatedly, it is
important that we can use an e�cient data structure that holds information about adjacency (for the goal
function and matrix sparsity) and surface facets (for the area constraints).

The solution of the nonlinear program de�nes the optimal parametrization of our object's surface.
Figure 4 shows the starting point for the optimization; the right diagram is a combination of those in
Figure 3. Figure 5 visualizes the result of the optimization in di�erent ways. The same vertex as in
Figure 4 is marked. Figure 6 shows several stages of the optimization process. The starting con�guration,
\0", corresponds to Fig. 4a. The �nal result is obtained after 64 iterations; it has the label \64" and is the
same as Fig. 5a.

4 Spherical harmonic shape descriptors

Let x, y and z denote Cartesian object space coordinates and � and � polar parameter space coordinates.
The parametrization gives us three explicit functions de�ning the object surface as follows:

x(�; �) =

0
@ x(�; �)

y(�; �)
z(�; �)

1
A

When the free variables � and � run over the whole sphere (e.g. � = 0 : : : �; � = 0 : : : 2�), x(�; �) runs over
the whole surface of our object. As our shape description method, we use the surface net representation to
expand a 3-D shape into a complete set of basis functions. We use the spherical harmonics; Y m

l denotes
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Figure 6: Stages from an optimization run. The labels indicate the number of iterations. \0" marks the
starting con�guration, where the areas of the facets vary considerably. \64" is the �nal result; all facets
have now equal area, and distortions are minimized.

the function of degree l and order m [16]. De�nitions are given in the appendix. The coe�cients

cml =

0
@ cx

m
l

cy
m
l

cz
m
l

1
A

in this series are three-dimensional vectors. Their components, cx
m
l , cy

m
l

and cz
m
l , are usually complex

numbers; they are real numbers for m = 0. The series takes the following form.

x(�; �) =
1X
l=0

lX
m=�l

cml Y m
l (�; �) (1)

The coe�cients of the spherical harmonic functions of di�erent degrees provide a measure of the spatial
frequency constituents that comprise the structure. Partial sums of the series (1) are plotted in Figure 7.
The sums are truncated by limiting l to 0 � l < nl, where nl = 2; 4; 8. As higher frequency components
are included, more detailed features of the object appear.

The use of orthogonal basis functions is convenient for the calculation of the expansion coe�cients.
Formally, the coe�cients are calculated by forming the inner product of x with the basis function in
question:

cml = hx(�; �); Y m
l (�; �)i =

Z �

0

Z 2�

0

x(�; �)Ym
l (�; �) d� sin �d� (2)

Note that the parametrization de�nes the function x(�; �) only for the parameter coordinates of the vertices.
Let nvert denote the number of vertices and i be the index of a vertex, 0 � i < nvert. Only x(�i; �i) = xi
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Figure 7: Global shape description by expansion into spherical harmonics: The �gures illustrate the recon-
struction of the partial spherical harmonic series, using coe�cients up to degree 1 (a), to degree 3 (b) and
7 (c).

is de�ned. For the evaluation of the integral (2) we would have to de�ne an interpolating function between
these sample points; an adaptation of bilinear interpolation could be used for this purpose. But this would
introduce an arti�cial sub-voxel resolution that has no base in the input data. On the other hand, the
straightforward discretization of the integral,

cml � 4�

nvert

nvert�1X
i=0

xi Y
m
l (�i; �i) (3)

does not give the precise coe�cients of a series representing our object. The reason is that although the
functions Y m

l are orthonormal, their values evaluated at some set of parameter pairs (�i; �i) will generally
not form an orthonormal set of vectors. We adopt some indexing scheme j(l;m) that assigns a unique
index j to every pair l;m, like e.g. j(l;m) := l2 + l +m. When the degree of the spherical harmonics is
limited, i.e. 0 � l < nl, j is also limited by j < nj = n2l . We can arrange all needed values of our basis
functions in a nvert � nj matrix B where bi;j(l;m) = Y m

l (�i; �i). In the usual case where nj is signi�cantly
smaller than nvert, the columns of B are approximately orthogonal. We further arrange the object space
coordinates of all vertices in an nvert�3 matrix X = (x0;x1; : : : xnvert�1)

T and all coe�cients in the nj�3
matrix C = (c00; c

�1
1 ; c01 : : :)

T . The equations (3) for all l and m take the compact form C � 4�
nvert

BTX.
But what we really want is a spherical harmonic series that passes near the real positions of our vertices,
i.e. X = BC +E where the error matrix E should be small. These so-called normal equations are solved
with least square sums over the columns of E by

C = (BTB)�1BTX : (4)

The global approximation error is the square of the Frobenius norm ofE = BC�X, which is also minimized.
This is not too di�erent from (3) because the symmetric nj � nj matrix 4�

nvert
BTB is close to the identity

matrix.

4.1 Rotation independent descriptors

The coe�cients obtained so far still depend on the relative position of the parameter net of the object
surface and on the orientation of the object in space (Figure 5). We can get rid of these dependencies by
rotating the object to canonical positions in parameter space and object space. This needs three rotations
in parameter space and three rotations in object space, when rotations are described by Euler angles. All
rotations result in new linear combinations of the components of the harmonic descriptors.

The relations between the Cartesian and the spherical coordinates of the parameter space are u =
sin � cos�, v = sin � sin� and w = cos �. To de�ne a standard position we consider only the contribution
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of the spherical harmonics of degree l = 1 in equation (1), an ellipsoid (see Figure 7).

x1(�; �) =
1X

m=�1
cm1 Y m

1 (�; �) (5)

This sum involves the basis functions Y �11 =
p
3

2
p
2�

(u� iv), Y 0
1 =

p
3

2
p
�
w and Y 1

1 = �
p
3

2
p
2�
(u+ iv). Any

three real valued linear combinations of these (i. e. (cx
�1
1 )� = �cx11 and cx

0
1 2 < and similarly for y and

z), interpreted as Cartesian coordinates in the object space, will always describe an ellipsoid. We rotate
the parameter space so that the north pole (� = 0, on the w axis) will be at one end of the shortest main
axis of this �rst order ellipsoid and the point where the Greenwich meridian (� = 0) crosses the equator
(� = �

2
, on the u axis) is at one end of the longest main axis.

At the three main axes, the length of the vector x1(�; �) is stationary: it reaches a maximum, a saddle
point, and a minimum, respectively. Measuring Euclidean lengths becomes simpler when we transform the
component vectors to a Euclidean, real valued form. A short calculation yields

x1(u) = Au = A

0
@ u

v

w

1
A = a1 u+ a2 v + a3w ; (6)

where

A = (a1;a2;a3) =

p
3

2
p
2�

�
c�11 � c11; i(c

�1
1 + c11);

p
2c01

�
: (7)

We are looking for the unit vectors û1, û2 and û3 that maximize or minimize the length of the vector.
The solutions are the eigenvectors of ATA, with nonnegative eigenvalues l21 > l22 > l23. Their roots l1, l2
and l3 represent half the lengths of the main axes of the ellipsoid. At the middle eigenvector, û2, kx1k has
a saddle-point rather than an extremum. The normalized eigenvectors form the rotation matrix RT

uvw =
(û1; û2; û3), which is applied to the parameters ui associated with each vertex i: u0i = RT

uvw ui. This new
parametrization, results in new coe�cients cml

0 and hence in the new coe�cient matrix A0 = ARuvw. Its
three column vectors a01, a02 and a03 are the main axes of the �rst order ellipsoid in object space.

All rotations are determined based on the values of ci1 (i = �1 : : : 1) of the ellipsoid only, but they
are applied to all components of the descriptor fcml g. The parameter space rotations result in a di�erent
description of the same object in the same position, just parametrized in a standard way.

Now, the ellipsoid is rotated in the object space to make its main axes coincide with the coordinate
axes, putting the longest ellipsoid axis along x and the shortest one along z. The object space rotations
require only the matrix multiplication cml

00 = Rxyz c
m
l
0. The object space rotation matrix is Rxyz =

diagonal( 1
l1
; 1
l2
; 1
l3
) � A0T . It rotates the main axes of the ellipsoid into an axis-parallel position and makes

the coe�cient matrix A00 = Rxyz A
0 = Rxyz ARuvw diagonal. The elements of the diagonal are the

lengths of the main axes of the ellipsoid.
The descriptors c00 are now invariant under rotation of the object, except mirrorings (rotations by �).

Including information from higher degree coe�cients could eventually disambiguate these cases. Ignoring
c00 results in translation invariance. Scaling invariance can be achieved by dividing all descriptors by l1,
the length of the longest main axis.

4.2 Importance of uniform parametrization

The report so far presumed that a homogeneous density and a minimal distortion of the parameter net
would be important for shape characterization, especially for obtaining an invariant description. Similarly,
the 2-D expansion of contours s(t) into series of harmonics [5] was based on the model of tracing a curve
with constant velocity, i.e. assigning same lengths �L to equivalent parameter steps �t. A non-uniform
distribution of parameters on an object surface, e.g. by clustering at certain locations, seems to be subopti-
mal with respect to a uniform representation of the whole surface. One would expect an over-representation
of some parts to the disadvantage of others, resulting in distorted shape descriptions.

The importance of a parametrization with minimal distortion can be demonstrated with an experiment.
The expansion into a series of spherical harmonics is calculated for both the non-uniform initial parame-
trization (bypassing the optimization step for this part of the experiment) and the result after optimization.
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Egeog.ps

145 � 70 mm

Figure 8: Two di�erent parametrizations of the \E" object. Left: The initial parametrization is the starting
point of the optimization. Right: The optimized parametrization.

A manifestly non-star-shaped form was chosen: the original object consists of 11 voxels and is shaped like
the character E. Its initial and optimized parametrizations are given in Figure 8 for comparison. The
diagrams correspond to Figures 4a and 5a.

Figure 9 illustrates the expansion in a spherical harmonic series up to degree ten and the truncated
reconstruction up to degree one (top), four (middle) and ten (bottom) for the initial (left) and optimized
(right) parametrization. (A �ve-fold oversampling was applied to the surface to represent it accurately.
This may be viewed as a rough form of numerical integration.) Comparing the expressive di�erence, one
can conclude that a uniform parametrization is absolutely essential to obtain useful spherical harmonic
descriptors. Even from the distorted initial parametrization, descriptors can be derived that are \optimal"
in the least squares sense, but the series of harmonics does not reect the shape properties of the surface.
Using the optimized parametrization, the reconstructed objects demonstrate the most desirable behavior
that coe�cients of higher degree add information about details of higher spatial frequency. The �rst degree
harmonic approximation (Figure 9b) covers the whole object and comprises information about the major
size and elongation, whereas the three \legs" of the E-shape appear in the reconstruction using harmonics
up to degree four (Figure 9d,f).
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(a)
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(b)

E1opt.ps

68 � 57 mm

(c)

E4ori.ps
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(d)

E4opt.ps
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(e)
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(f)
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Figure 9: Experiment demonstrating the importance of a homogeneous parameter distribution for shape
description. The original E-shaped object surface, indicated by a wireframe, is expanded into a series of
spherical harmonics once starting from a non-uniform parametrization and second from an optimized para-
metrization. The series are truncated at degree one (a,b), four (c,d), and ten (e,f). Shaded surfaces depict
the reconstructions. The images in the left column (a,c,e) clearly illustrate the poor shape representation
based on non-uniform parametrization. A signi�cant improvement is achieved by using the optimized para-
metrization (b,d,f), reecting the hierarchical nature of a harmonic approximation regarding shape details
at di�erent scales. Quantitatively, kEkF measures the error, which is divided by the square root of the
number of rows of E to give the RMS distance in pixel units. The values for the individual reconstructions
are 1.143 (a), 0.884 (b), 0.729 (c), 0.250 (d), 0.313 (e), and 0.102 (f).
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4.3 Experimental results

The surfaces of the following test objects are parametrized, and their shapes are expressed through spherical
harmonic descriptors.

� c4 A \c"-shaped polyhedron made up from �ve 4x4x4 voxel cubes.

� c8 The same object, magni�ed by a factor of two in all coordinate directions.

� box A The voxels �ll a rectangular box, which is not aligned with the coordinate axes.

� box B Rotating the box A results in a completely di�erent sampling.

� patella The patella was extracted from a segmented CT scan data set of a human knee.

� ventricle The ventricular system has been segmented from a MRI data set of a hydrocephalus patient1.
We selected one lateral ventricle. The data has been interpolated to compensate for the aspect ratio
of 1:1:6.4 of the original data.

For each object, Figure 10 presents the cuberille interpretation of the input data, a spread-out graph
of the parametrization, and the reconstruction from spherical harmonic descriptors. The cylindrical pro-
jection we chose for drawing the parametrization shows the true area ratios. The smooth surface of the
reconstruction is shaded in a pattern that allows the estimation of the parameter values. These latter
parameter values do not coincide with the ones in the middle diagram. They rather di�er by the rotation
in parameter space that makes the descriptors rotation invariant. The object space rotation is suppressed
in the diagrams to show the spatial relation of the original data { shown as a wireframe { with the recon-
struction from the descriptor, up to degree 8. In the case of the ventricle, this shows an insu�cient degree
of detail, but the same value was chosen for comparability.

Table 1 summarizes the sizes and di�erences of the various test objects. Virtually all of the processing
time for an object is spent in the optimization. The �gure for computation time must be interpreted with
caution; it quali�es only the optimization program, which is not necessarily as e�cient as possible, and
which might be substituted with an out-of-the box optimizer. Times are measured on a HP 9000/735.
The number of vertices, nvert indicates the size of the problem: the optimization has 3nvert variables,
2nvert � 3 equality constraints and 4nvert � 8 inequality constraints.

The distance between the descriptors appears to be a valid rough measure of shape dissimilarity. The
matrix of distances is symmetric by de�nition. The two \c"s are most similar to each other. The two boxes
are also quite similar. Both these examples illustrate the translation, rotation and scale invariance of the
descriptors. The patella is more similar to a box than to a \c", whereas the ventricle is more similar to a
\c" than to any of the other objects.

distance to
name nvert time box A box B c4 c8 patella ventricle
box A 628 33 s 0 0.0241 0.2370 0.2378 0.0673 0.3850
box B 902 267 s 0.0241 0 0.2796 0.2808 0.0859 0.4555
c4 354 26 s 0.2370 0.2796 0 0.0002 0.2309 0.2175
c8 1410 338 s 0.2378 0.2808 0.0002 0 0.2299 0.2143
patella 2182 536 s 0.0673 0.0859 0.2309 0.2299 0 0.2623
ventricle 37654 28 h 0.3850 0.4555 0.2175 0.2143 0.2623 0

Table 1: Comparison of the six test objects, including the squared Euclidean distances between their
descriptors.

1Data courtesy Ron Kikinis, M. D., Surgical Planning Lab, Department of Radiology, Brigham and Women's hospital and

Harvard Medical School, Boston
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Figure 10: Test objects and results. From Top to bottom: objects \box A", \box B", \c4", \c8", \patella",
and \ventricle". From left to right in each row: The cuberille interpretation of the input data, the para-
metrization drawn as a at net spread out in (�;w = cos �) parameter space, and the reconstruction
superimposed with a wireframe of the original data.
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5 Conclusions

This paper presents new techniques to generate explicit parametric representations of convoluted object
surfaces with minimal distortion and to characterize 3-D surfaces by invariant spherical harmonic shape
descriptors. We intended to overcome traditional limitations of expressing an object surface by explicit
parametric representations, which are the restriction to star-shaped objects, the non-uniform spacing of
parameters on the object surface, and often a speci�c choice of the new coordinate system with respect to
the object geometry. The parametrization technique is described for closed surfaces of simply connected
objects, but it generalizes naturally to the unfolding or attening of complex surface patches (open surfaces
with one edge). Other classes of simple 3-D surfaces with di�erent topology, for example tori and tubes,
are not considered.

The following paragraphs summarize the properties of the novel surface analysis techniques.
Parametrization: The unfolding and optimization procedure maps nodes onto a sphere, each of

which can be expressed by two parameters and is associated with a voxel vertex. The procedure imposes no
restrictions regarding the geometry of objects and is suitable for surfaces of arbitrary complexity. An initial
di�usion of \temperature" on the object's surface achieves a continuous mapping by assigning latitude and
longitude to each surface vertex. The position of poles and the geometry of the object produce a clustering
of parameters at certain regions of the object surface. This non-uniform distribution of parameter density
on the object surface is corrected by a nonlinear optimization technique, which preserves the area of original
surface elements in parameter space and minimizes their distortion. The latter is formulated as the goal
function of the nonlinear optimization problem and the former as its constraints. The resulting arrangement
of the vertex nodes on the sphere (parameter space) reects the geometry of the original shape and achieves
similar parametrizations for similar shapes, but is free to rotate around any axis as no surface points are
kept �xed. It must be pointed out that the polar coordinate system for spherical surfaces is only used for
the sake of visualization. This coordinate system itself determines a non-uniform tessellation of the sphere
and may give a misleading visual impression of parameter densities (see e.g. Figure 5). Alternative display
techniques could be found by tessellating the sphere into small cells, for example by regular or semiregular
polyhedra.

The parametrization of object surfaces forms an intermediate representation with the following proper-
ties:

� The surface of arbitrarily shaped (but simply connected) objects can be parametrized. Objects are
not restricted to a limited family of shapes; even protrusions and intrusions are appropriately dealt
with.

� The surface is explicitly represented by the variation of two parameters, expressing the properties of
local surface neighborhoods as well as of the global shape.

� The parametrization results in a continuous (no overlap of elements), one-to-one mapping of surface
vertices to a sphere. While varying the two parameters � and � over the parameter range, each point
of the surface is visited exactly once.

� The optimization results in a unique, reproducible solution (except for rotation).

� The parametrization preserves areas exactly and minimizes local distortions which cannot be avoided
when mapping an object with corners to a sphere (see location marked by a black dot in Figures 5 a,
b and c). The uniformity of the parametrization is important for a subsequent shape description, as
illustrated in Figure 9.

The parametrization technique is potentially interesting for applications where a mapping of convoluted
object surfaces to a simple surface { like the sphere { is required. The unfolding, or attening, process with
minimization of distortions generates a representation which could serve as a useful intermediate surface
description for many structure analysis processes. The only restriction, i.e. the presence of the closed
surface of a simply connected object, highlights the generality of the approach.

As discussed previously, the unfolding is in principle not restricted to closed surfaces. Ongoing devel-
opments focus on a similar technique for attening parts of surfaces onto planar charts. This procedure
could be interesting for the comparative analysis and description of convoluted surface patches. Practical
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applications can be found in brain research, for example, where regional cortical patterns of the human
brain are qualitatively and quantitatively analyzed.

Applications are still constrained by the e�ciency of the nonlinear optimization. Although the method
itself poses no restriction on the maximum number of object vertices, the commonly available optimization
routines cannot be applied for a large number of vertices (exceeding several hundreds). In real applications,
e.g. the analysis of volume data in medicine, one can expect to deal with object surfaces with up to one
million voxel vertices. We have recently developed an optimization technique which takes into account the
sparsity of the problem and the speci�c nature of the local constraints.

Shape description: The new parametrization allows representation of object surfaces of arbitrary
complexity. As one possible approach to global shape analysis, it enables us to expand an object surface
into a series of spherical harmonic functions. The numerical coe�cients in the Fourier series represent
an object-centered, surface-oriented descriptor of the object's form. Surface description with harmonic
descriptors is no longer restricted to star-shaped objects but can now be applied to a broad class of shapes.
Invariance has to be considered as one of the most important properties of shape description, as it only
allows a comparative analysis between di�erent objects or a match between objects and models. With the
development of new scale and rotation independent descriptors we obtain a global, object-centered shape
description which is invariant to standard transformations (rotation, translation and scaling). The invariant
positioning of the object and of the parameter net are based on the analysis of harmonic descriptors up
to the �rst degree, de�ning the three main axes of the ellipsoid. The symmetry of this low frequency
representation determines a general 3-D object only up to four di�erent positions. Including coe�cients of
higher degree, for example at the extremal points of the description up to degree one, could disambiguate
the di�erent cases and avoid a matching using four di�erent object descriptions.

Applications of global object representation and description in computer vision and image analysis
are imminent. Generality with respect to object complexity, invariance to standard transformations, and
descriptive power in terms of object geometry are the critical issues for shape-based categorization and
comparison of 3-D objects. Robot vision and medical image analysis, e.g. are dealing with recovering
the global shape characteristics of objects. Whereas the former most often deals with a small number of
views of objects and hence only a partial surface description, modern scanning techniques in medicine can
provide full 3-D images. Mapping of convoluted surface structures and high level 3-D shape descriptions
of anatomical objects (e.g. the heart cavities, the ventricular system or cortical substructures of the
brain) will play a signi�cant role in the analysis of shape dissimilarities, morphological deformations and
in the comparison of malformed with \normal" shape structures. The overall shape is captured by a
small number of parameters, expressing structural details at various scales with coe�cients of di�erent
degrees. The continuous analytical description of the approximated surface permits to compute local
di�erential characteristics, e.g. principal curvature [17]. Inferring the di�erential structure would result in
a characterization of important landmarks, e.g., for registration of di�erent 3-D objects.

Appendix A: An example of the initial parametrization

The \two-voxel" object (cf. Figure 1) is used throughout the example. The surface data structure of this
object and a at diagram of the surface net are given below for reference.

node number x y z neighbors
0 fff 9; 14; 6g; f1; 7; 6; 9; 3; 4gg;
1 ff 10; 14; 6g; f0; 3; 4; 5; 2; 8; 7; 6gg;
2 ff 11; 14; 6g; f1; 4; 5; 11; 8; 7gg;
3 ff 9; 15; 6g; f4; 1; 0; 6; 9; 10gg;
4 ff 10; 15; 6g; f3; 9; 10; 11; 5; 2; 1; 0gg;
5 ff 11; 15; 6g; f4; 10; 11; 8; 2; 1gg;
6 ff 9; 14; 7g; f7; 10; 9; 3; 0; 1gg;
7 ff 10; 14; 7g; f6; 0; 1; 2; 8; 11; 10; 9gg;
8 ff 11; 14; 7g; f7; 1; 2; 5; 11; 10gg;
9 ff 9; 15; 7g; f10; 4; 3; 0; 6; 7gg;
10 ff 10; 15; 7g; f9; 6; 7; 8; 11; 5; 4; 3gg;
11 ff 11; 15; 7g; f10; 7; 8; 2; 5; 4ggg

2cubeNet0.idraw
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Determining latitude

The border conditions

�0 � �north = 0

�11 � �south = �

and the average properties

4�1 = �0 + �4 + �2 + �7

3�2 = �1 + �5 + �8

3�3 = �4 + �0 + �9

4�4 = �3 + �10 + �5 + �1
...

4�10 = �9 + �7 + �11 + �4

can be arranged in matrix notation.0
BBBBBBBBBBBBBBBBBB@

1 0 0 0
�1 4 �1 �1 �1

�1 3 �1 �1
�1 3 �1 �1

�1 �1 4 �1 �1
�1 �1 3 �1

�1 3 �1 �1
�1 �1 4 �1 �1

�1 �1 3 �1
�1 �1 3 �1

�1 �1 �1 4 �1
0 0 0 1

1
CCCCCCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBBBBBB@

�0
�1
�2
�3
�4
�5
�6
�7
�8
�9
�10
�11

1
CCCCCCCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBBBBBB@

�north
0
0
0
0
0
0
0
0
0
0

�south

1
CCCCCCCCCCCCCCCCCCA

(8)

Applying the �rst and the last row (boundary conditions) leads to the following reduced, symmetric system.0
BBBBBBBBBBBBBB@

4 �1 �1 �1
�1 3 �1 �1

3 �1 �1
�1 �1 4 �1 �1

�1 �1 3
3 �1 �1

�1 �1 4 �1 �1
�1 �1 3

�1 �1 3 �1
�1 �1 �1 4

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

�1
�2
�3
�4
�5
�6
�7
�8
�9
�10

1
CCCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBB@

�north
0

�north
0

�south
�north
0

�south
0

�south

1
CCCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBB@

0
0
0
0
�

0
0
�

0
�

1
CCCCCCCCCCCCCCA

(9)

The solution is � = ( 2�
5 ;

3�
5 ;

3�
10 ;

�
2 ;

7�
10 ;

3�
10 ;

�
2 ;

7�
10 ;

2�
5 ;

3�
5 )

T , or �0 = (0; 2�5 ;
3�
5 ;

3�
10 ;

�
2 ;

7�
10 ;

3�
10 ;

�
2 ;

7�
10 ;

2�
5 ;

3�
5 ; �)

T ,
where the �rst and last value correspond to the poles.
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Determining longitude

The path 0, 1, 2, 5, 11 is used as the date line;
it is indicated by a row of small black triangles.
Links extending from the date line to the west
are 1 ! 4 and 5 ! 4; they are marked with
white triangles. The poles, \N" (vertex 0) and
\S" (vertex 11), are no longer part of the net.
The following equations result.

2cubeNet1.idraw
60 � 55 mm

6 7

1
2

3
4

5

8

9 10

N

S

3�1 = (�4 � 2�) + �2 + �7

3�2 = �1 + �5 + �8

2�3 = �4 + �9

4�4 = �3 + �10 + (�5 + 2�) + (�1 + 2�)

...

3�10 = �9 + �7 + �4

These equations, together with 2�1 = 0, can be put into matrix notation as follows.0
BBBBBBBBBBBBBB@

5 �1 �1 �1
�1 3 �1 �1

2 �1 �1
�1 �1 4 �1 �1

�1 �1 2
2 �1 �1

�1 �1 4 �1 �1
�1 �1 2

�1 �1 3 �1
�1 �1 �1 3

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

�1
�2
�3
�4
�5
�6
�7
�8
�9
�10

1
CCCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBB@

�2�
0
0
4�
�2�
0
0
0
0
0

1
CCCCCCCCCCCCCCA

(10)

The solution is �= (0; 0; 5�
4 ;

3�
2 ;

��
4 ; 3�4 ;

�
2 ;

�
4 ; �; �)

T

Appendix B: Spherical harmonic functions

The following de�nitions are used in this paper [12].
Legendre polynomials

Pl(x) =
1

2ll!

dl

dxl
(x2 � 1)l (11)

Associated Legendre polynomials

Pm
l (x) = (�1)m(1� x2)

m

2
dm

dxm
Pl(x) =

(�1)m
2ll!

(1� x2)
m

2

dm+l

dxm+l
(x2 � 1)l (12)

Spherical harmonic functions

Y m
l (�; �) =

s
2l+ 1

4

(l �m)!

(l +m)!
Pm
l (cos �) eim� (13)

Y �ml (�; �) = (�1)mY m
l
�(�; �) (14)
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A spherical harmonic function of degree l can be written as a homogeneous polynomial of degree l in
u = sin � cos�, v = sin � sin� and w = cos �.
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Isosurfacesand Level-SetSurfaceModels

RossT. Whitak er
Scientific Computing and Imaging Institute

Schoolof Computing
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1 Intr oduction

1.1 Moti vation

This chapteraddressesmechanismsfor analyzingandprocessingvolumesin a way that dealsspecificallywith iso-
surfaces. Theunderlyingphilosophyis to useisosurfacesasa modelingtechnologythat canserve asan alternative
to parameterizedmodelsfor a variety of importantapplicationsin visualizationandcomputergraphics.This paper
presentsthemathematicsandnumericaltechniquesfor describingthegeometryof isosurfacesandmanipulatingtheir
shapesin prescribedways. We startwith a basicintroductioninto the notationandfundamentalconceptsandthen
presentsthegeometryof isosurfaces.We describethemethodof level sets,i.e., moving isosurfaces,andpresentthe
mathematicalandnumericalmethodsthey entail.Thispaperconcludeswith someapplicationexamplesanddescribes
VISPACK, aC++, object-orientedlibrary theperformsvolumeprocessingandlevel-setmodeling.

1.2 Isosurfaces

1.2.1 Modeling SurfacesWith Volumes

Whenconsideringsurfacemodelsfor graphicsandvisualization,one is facedwith a staggeringvariety of options
including meshes,spline-basedpatches,constructive solid geometry, implicit blobs, and particle systems. These
optionscanbedividedinto two basicclasses— explicit (parameterized)modelsandimplicit models.With animplicit
model,onespecifiesthemodelasa level setof ascalarfunction,����� ���� 	
������� � � (1)

where
����� 	��

is thedomainof thevolume(andtherangeof thesurfacemodel).Thus,asurface� is

������� � �"! �$#%� �'&%( (2)

Thechoiceof � is arbitrary, and
�

is sometimescalledtheembedding. Noticethatsurfacesdefinedin this way divide�
into aclearinsideandoutside—suchsurfacesarealwaysclosedwherever they do not intersecttheboundaryof the

domain.
Choosingthis implicit strategy begs the questionof how to represent

�
. Historically, implicit modelsarerepre-

sentedusinglinearcombinationsof basisfunctions.Thesebasisor potentialfunctionsusuallyhaveseveraldegreesof
freedomincluding3D position,size,andorientation.By combiningthesefunctions,onecancreatecomplex objects.
Typical modelsmight containseveralhundredto severalthousandsof suchprimitives.This is thestrategy behindthe
“blobby” modelsproposedby Blinn [1].

While suchan implicit modelingstrategy offers a variety of new modelingtools, it hassomelimitations. In
particular, theglobalnatureof thepotentialfunctionslimits onesability to modellocal surfacedeformations.Consider
apoint �*)+� where� is thelevel surfaceassociatedwith amodel

� �-,/.10 . , and 0 . is oneof theindividualpotential
functionsthat comprisethatmodel. Supposeonewishesto move the surfaceat the point � in a way thatmaintains
continuity with the surroundingneighborhood.With multiple, global basisfunctionsonemustdecidewhich basis
function or combinationof basisfunctionsto alter and at the sametime control the effects on other partsof the
surface.Theproblemis generallyill posed— therearemany waysto adjustthebasisfunctionssothat � will movein
thedesireddirectionandyet it maybeimpossibleto eliminatetheeffectsof thosemovementson otherdisjoint parts
of the surface. Theseproblemscanbe overcome,however they usuallyentail heuristicsthat tie the behavior of the
surfacedeformationto thechoiceof representation[2].
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φ
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Figure1: A volumecanbeconsideredasanimplicit modelwith a largenumberof localbasisfunctions.

An alternative to usinga smallnumberof global basisfunctionsis to usea relatively largenumberof local basis
functions. This is theprinciplebehindusinga volumeasan implicit model. A volumeis a discretesamplingof the
embedding

�
. It is alsoanimplicit modelwith a very largenumberof basisfunctions,asshown in Figure1. Thetotal

numberof basisfunctionsis fixed,asaretheirpositions(grid points)andextent.Onecanchangeonly themagnitudeof
eachbasisfunction,i.e.,eachbasisfunctionhasonly onedegreeof freedom.A typicalvolumeof size 24315�672�315 682�395
containsover a million suchbasisfunctions.Theshapeof eachbasisfunction is opento interpretation— it depends
on how one interpolatesthe valuesbetweenthe grid points. A trilinear interpolation,for instance,implies a basis
functionthatis apiece-wisecubicpolynomialwith avalueof oneat thegrid pointandzeroatneighboringgrid points.
Anotheradvantageof usingvolumesasimplicit models,is that for thepurposesof analysiswe cantreatthevolume
asa continuousfunction whosevaluescanbe setat eachpoint accordingto the application. Oncethe continuous
analysisis completewecanmapthealgorithminto thediscretedomainusingstandardmethodsof numericalanalysis.
Thesectionsthatfollow discusshow to computethegeometryof surfacesthatarerepresentedasvolumesandhow to
manipulatetheshapesof thosesurfacesby changingthegray-scalevaluesin thevolume.

1.2.2 IsosurfaceExtraction and Visualization

This paperaddressesthequestionof how to usevolumesassurfacemodels.Dependingon theapplication,however,
a 3D grid of data(i.e. a volume) may not be a suitablemodel representation.For instance,if the goal is make
measurementsof anobjector visualizeits shape,anexplicit modelmight benecessary. In suchcasesit is beneficial
to convertbetweenvolumesandothermodelingtechnologies.

For instance,theliteratureproposesseveralmethodsfor scanconvertingpolygonalmeshesor solidmodels[3, 4].
Likewiseavarietyof methodsexist for extractingparametricmodelsof isosurfacesfrom volumes.Themostprevalent
methodis to locateisosurfacecrossingsalonggrid linesin a volume(betweenvoxelsalongthe3 cardinaldirections)
andthento link thesepointstogetherto form trianglesandmeshes.This is thestrategy of “marchingcubes”[5] and
otherrelatedapproaches.However, extractinga parametricsurfaceis not essentialfor visualization,anda varietyof
directmethods[6, 7] arenow computationallyfeasibleandarguablysuperiorin quality. Thischapterdoesnotaddress



theissueof extractingor renderingisosurfaces,but ratherstudiesthegeometryof isosurfacesandhow to manipulate
themdirectlyby changingthegrey-scalevaluesin theunderlyingvolume.Thus,weproposevolumesasamechanism
for studyinganddeformingsurfaces,regardlessof theultimateform of theoutput.Their aremany waysof rendering
or visualizingthemandandthesetechniquesarebeyondthescopeof this discussion.

2 SurfaceNormals

Thesurfacenormalof anisosurfaceis givenby thenormalizedgradientvector. Typically, weidentify asurfacenormal
with a point in thevolumedomain : . Thatis; ! �%#%� < �"! �%#� < �"! �%#=� where �*)�: ( (3)

Theconventionregardingthedirectionof this vectoris arbitrary;thenegative of thenormalizedgradientmagnitude
is alsonormalto theisosurface.Thegradientvectorpointstowardthatsideof theisosurfacewhich hasgreatervalues
(i.e. brighter).Whenrendering,theconventionis to useoutward pointingnormals,andthesignof thegradientmustbe
adjustedaccordingly. However, for mostapplicationsany consistentchoiceof normalvectorwill suffice. Onadiscrete
grid, onemustalsodecidehow to approximatethegradientvector(i.e.,first partialderivatives).In many casescentral
differenceswill suffice. However, in thepresenceof noise,especiallywhenvolumerendering,it is sometimeshelpful
to computefirst derivativesusingsomesmoothingfilter (e.g.,convolution with a Gaussian).Whenusingthenormal
vectorto solve certainkinds of partial differentialequations,it is sometimesnecessaryto approximatethe gradient
vectorwith discrete,one-sideddifferences,asdiscussedin successivesections.

Note thata singlevolumecontainsfamiliesnestedisosurfaces,arrangedlike the layersof anonion. We specific
thenormalto anisosurfaceasa functionof thepositionwithin thevolume.Thatis, ; ! �%# is thenormalof the(single)
isosurfacethatpassesthroughthepoint � . The � valueassociatedwith thatisosurfaceis

�"! �%# .
3 Second-OrderStructure

In differentialgeometricterms,thesecond-orderstructureof asurfaceis characterizedby aquadraticpatchthatshares
first- andsecond-ordercontactwith the surfaceat a point (i.e., tangentplaneandosculatingcircles). The principal
directionsof thesurfacearethoseassociatedwith thequadraticapproximation,andtheprincipal curvatures, �?>9�@�BA ,
arethecurvaturesin thosedirections.

Thesecond-structureof the isosurfacecanbecomputedfrom thefirst- andsecond-orderstructureof theembed-
ding,

�
. All of the isosurfaceshapeinformationis containedfield of normalsgivenby ; ! �%# . The CD6EC matrix of

derivativesof this vector, F ��GIH ; J�; KI; LNM (4)

describesthesecond-orderstructureof thesurface.This matrix has(typically) ranktwo, andthetwo nonzeroeigen-
valuesof thismatrix give theprinciplecurvatures.Thatis,O > � � > ��O A � � A �PO � �/Q ( (5)

Themeancurvature is themeanof thetwo principalcurvatures,which is onehalf of thetraceof
F ! �%# [8]:R � � >%S � A3 � 23 T�U !WV #� � AJ !W� KXK S � L@L # S � AK !Y� JNJ S � L@L # S � AL !W� JNJ S � KXK #"GI3 � J � K � J4K GI3 � J � L � J4L GZ3 � K � L � KXL3 !W� AJ S � AK S � AL # �P[ A (6)

TheGaussiancurvature is theproductof theprincipalcurvatures:\ � �?>=�]A � O9>XO�A S O1>^O � S O�A=O � �/3 T_U !`V # A G 23 �a� V �b� (7)

�
� AL !W� JNJ � KXK G � J4K � J4K # S � AK !W� JNJ � LPL G � J4L � J4L # S � AJ !W� KXK � L@L G � KXL � K=L #S 3 !Y� J � K !W� JNL � KXL G � J4K � L@L # S � J � L !W� JNK � KXL G � J4L � KXK # S � K � L !W� JNK � J4L G � KXL � J4J #�#!W� AJ S � AK S � AL # A (



Thetotalcurvature,alsocalledthedeviationfromflatness,: , is therootsumof squaresof thetwo principalcurvatures,
which is theEuclideannormof thematrix

F
.

Notice, thesemeasuresexist at every point in
�

, andat eachpoint they describethe geometryof the particular
isosurfacethat passesthroughthat point. All of thesequantitiescanbe computedon a discretevolumeusingfinite
differences,asdescribedin successivesections.

4 Deformable Surfaces

This sectionbegins with mathematicsfor describingsurfacedeformationson parametricmodels. The result is an
evolution equationfor a surface. Eachof the termsin this evolution equationcanbe re-expressedin a way that is
independentof theparameterization.Finally, theevolutionequationfor aparametricsurfacegivesriseto anevolution
equation(differentialequation)on a volume,whichencodestheshapeof thatsurfaceasa level set.

4.1 SurfaceDeformation

A regularsurface� �c� 	d� is a collectionof pointsin 3D thatcanbeberepresentedlocally asa continuousfunction.
In geometricmodelinga surfaceis typically representedasa two-parameterobjectin a three-dimensionalspace,i.e.,
a surfaceis local amappinge : e ��f 6 fI�� � 	 �g h 
_������ � (8)

where
f 6 fi� 	 A , and the bold notationrefersspecificallyto a parameterizedsurface(vector-valuedfunction). A

deformablesurfaceexhibits somemotion over time. Thus e��je ! g9�Ph]��k # , where k ) � 	�l
. We assumesecond-

order-continuous,orientablesurfaces;thereforeat every point on the surface(and in time) thereis surfacenormalm � m ! g9�Ph]��k # . We use�on to referto theentiresetof pointson thesurface.
Local deformationsof e canbe describedby an evolution equation,i.e., a differentialequationon e that incor-

poratesthepositionof thesurface,local andglobalshapeproperties,andresponsesto otherforcing functions. That
is, p ep k �-q ! e � e r � eds � e r�r � e r@s � edsts �=(N(=( # � (9)

wherethesubscriptsrepresentpartialderivativeswith respectto thoseparameters.Theevolutionof e canbedescribed
by asumof termsthatdependson boththegeometryof e andtheinfluenceof otherfunctionsor data.

Therearea variety of differentialexpressionsthat canbe combinedfor differentapplications.For instance,the
modelcouldmovein responseto somedirectional“forcing” function[9, 10], u �v������ 	��

, thatisp ep k �/u ! e�# ( (10)

Alternatively, thesurfacecouldexpandandcontractwith a spatially-varyingspeed.For instance,p ep k �xw ! e�# m (11)

where w �?� 	 � ��y� 	
is a signedspeedfunction. Theevolution might alsodependon thesurfacegeometryitself. For

instance, p ep k �ze rPr S e sts (12)

describesa surfacethat movesin way that is becomesmoresmoothwith respectto its own parameterization.This
motioncanbecombinedwith themotionof Equation10 to producea modelthat is pushedby a forcing functionbut
maintainsa certainsmoothnessin its shapeandparameterization.Therearemyriad termsthat dependon both the
differentialgeometryof thesurfaceandoutsideforcesor functionsto controltheevolutionof a surface.



Figure2: Level-setmodelsrepresentcurvesandsurfacesimplicitly usinggreyscaleimages:a)anellipseis represented
asthelevel setof animage,b) to changetheshapewemodify thegreyscalevaluesof theimage.

5 Deformation: The Level SetApproach

Themethodof level-sets,proposedby OsherandSethian[11] anddescribedextensively in [8], providesthemathe-
maticalandnumericalmechanismsfor computingsurfacedeformationsastime-varyingiso-valuesof

�
by solvinga

partialdifferentialequationon the3D grid. Thatis, thelevel-setformulationprovidesa setof numericalmethodsthat
describehow to manipulatethegreyscalevaluesin avolume,sothattheisosurfacesof

�
movein aprescribedmanner

(shown in Figure2).
We denotethemovementof a point on a surfaceasit deformsas {|�~}9{ k , andwe assumethat this motioncanbe

expressedin termsof the positionof ��) �
andthe geometryof the surfaceat that point. In this case,thereare

generallytwo optionsfor representingsuchsurfacemovementsimplicitly:

Static: A single,static
�"! �~# containsa family of level setscorrespondingto surfacesasdifferenttimes k . Thatis,�"! � ! k #�#~� � ! k #�� < �"! �~#�� p �k � { � ! k #{ k ( (13)

To solvethisstaticmethodrequiresconstructinga
�

thatsatisfiesequation13. Thisis aboundaryvalueproblem,
which can be solved somewhat efficiently startingwith a single surfaceusing the fast marchingmethodof
Sethian[12]. This representationhassomesignificantlimitations, however, because(by definition) a surface
cannotpassbackover itself over time, i.e.,motionsmustbestrictly monotonic— inwardor outward.

Dynamic: Theapproachis to usea one-parameterfamilyof embeddings,i.e.,
�"! � ��k # changesover time, � remains

on the � level setof
�

asit moves,and � remainsconstant.Thebehavior of
�

is obtainedby settingthe total
derivativeof

��! � ! k # ��k #~� � to zero.Thus,�"! � ! k # ��k #~� � � p �p k ��G < � � {��{ k ( (14)

This approachcanaccommodatemodelsthatmove forwardandbackwardandcrossbackover their own paths
(over time). However, to solve this requiressolvingtheinitial valueproblem(usingfinite forwarddifferences)



on
��! � ��k # — apotentiallylargecomputationalburden.Theremainderof thisdiscussionfocusesonthedynamic

case,becauseof its superiorflexibility .

All surfacemovementsdependon positionandgeometry, andthe level-setgeometryis expressedin termsof the
differentialstructureof

�
. Thereforethe dynamicformulationfrom equation14 givesa generalform of the partial

differentialequationon
�
: p �p k ��G < � � {��{ k ��G < � �4u ! � ��� � ��� A � �=(N(=( # � (15)

where :�� � is thesetof order- � derivativesof
�

evaluatedat � . Becausethis relationshipappliesto every level-setof�
, i.e. all valuesof � , thisequationcanbeappliedto all of

�
, andthereforethemovementsof all thelevel-setsurfaces

embeddedin
�

canbecalculatedfrom Equation15.
Thelevel-setrepresentationhasanumberof practicalandtheoreticaladvantagesoverconventionalsurfacemodels,

especiallyin thecontext of deformationandsegmentation.First, level-setmodelsaretopologicallyflexible, they can
easily representcomplicatedsurfaceshapesthat can, in turn, form holes,split to form multiple objects,or merge
with otherobjectsto form a singlestructure.Thesemodelscanincorporatemany (millions) of degreesof freedom,
andthereforethey canaccommodatecomplex shapes.Indeed,theshapesformedby the level setsof

�
arerestricted

only by theresolutionof thesampling.Thus,thereis no needto reparameterizethemodelasit undergoessignificant
deformations.

Such level-setmethodsare well documentedin the literature[11, 13] for applicationssuchas computational
physics[14], imageprocessing[15, 16], computervision [17, 18], medicalimageanalysis[19, 18], and3D recon-
struction[20, 21]. For instance,in computationalphysicslevel-setmethodsareaapowerful tool for modelingmoving
interfacesbetweendifferentmaterials(seeOsherandFedkiw[14] for aniceoverview of recentresults).Examplesare
water-air andwater-oil. In suchcases,level-setmethodscanbeusedto computedeformationsthatminimizesurface
areawhile preservingvolumesfor materialsthatsplit andmerge in arbitraryways. The methodcanbe extendedto
multiple,non-overlappingobjects.

Level-setmethodshavealsobeenshownto beeffectivein extractingsurfacestructuresfrom biologicalandmedical
data. For instanceMalladi et al. [18] proposea methodin which the level-setsform an expandingor contracting
contourwhichtendsto “cling” to interestingfeaturesin 2D angiograms.At thesametimethecontouris alsoinfluenced
by its own curvature,and thereforeremainssmooth. Whitaker et al. [19, 22] have shown that level setscan be
usedto simulateconventionaldeformablesurfacemodels,anddemonstratedthis by extractingskin andtumorsfrom
thick-sliced(e.g. clinical) MR data,and by reconstructinga fetal facefrom 3D ultrasound. A variety of authors
[23, 24, 16, 25] have presentedvariationson themethodandpresentedresultsfor 2D and3D data.Sethian[8] gives
severalexamplesof level-setcurvesandsurfacefor segmentingCT andMR data.

5.1 Deformation Modes

In the caseof parametricsurfaces,onecanchoosefrom a variety of differentexpressionsto constructan evolution
equationthatis appropriatefor aparticularapplication.For eachof thoseparametricexpressions,thereis acorrespond-
ing expressionthatcanbeformulatedon

�
, thevolumein which thelevel-setmodelsareembedded.In constructing

evolutionson levels sets,therecanbe no referenceto the underlyingsurfaceparameterization(termsdependingong and h in Equations8 through12). This hastwo importantimplications:1) only thosesurfacemovementsthatare
normalto thesurfacearerepresented—any othermovementis equivalentto a reparameterization2) all of thederiva-
tiveswith respectto surfaceparametersg and h mustbeexpressedin termsof invariantsurfacepropertiesthatcanbe
derivedwithout a parameterization.

Considertheterm e rPr S e�sts from equation12. If g9�Ph is anorthonormalparameterization,theeffectof thattermis
basedpurelyonsurfaceshape,notontheparameterization,andtheexpressione rPr S e sts is twice themeancurvature,
H, of thesurface.Thecorrespondinglevel-setformulationis givenby Equation6.

Table1 showsalist of expressionsusedin theevolutionof parameterizedsurfacesandtheirequivalentsfor level-set
representations.Also givenaretheassumptionsabouttheparameterizationthatgiveriseto thelevel-setexpressions.

6 Numerical Methods

By takingthestrategy of embeddingsurfacemodelsin volumes,we haveconvertedequationsthatdescribethemove-
mentof surfacepointsto nonlinear, partialdifferentialequationsdefinedon a volume,which is generallya rectilinear



Effect Parametric Evolution
Level-Set
Evolution

Parameter
Assumptions

1 Externalforce u u�� < � None

2
Expansion/
contraction

w ! �%# m w ! �~#=� < �"! � ��k #=� None

3
Mean

curvature
� r�r S � sts R � < � � Orthonormal

4
Gauss

curvature
� r�r�6 � sts \ � < � � Orthonormal

5 Secondorder
� rPr or

� sts � R���� R A G \E� � < � � Principal
curvatures

Table1: A list of evolution termsfor parametricmodelshasa correspondingexpressionon theembedding,
�
, associ-

atedwith thelevel-setmodels.

grid. The expression���.�� �P� � refersto the � th time stepat position � ���B�@� , which hasan associatedvalue in the 3D
domainof thecontinuousvolume

�"! 
 . �� � ��� � # . Thegoalis to solve thedifferentialequationconsistingof termsfrom
Table5.1on thediscretegrid ���.`� ��� � .

The discretizationof theseequationsraisestwo importantissues.First is the availability of accurate,stablenu-
mericalschemesfor solvingtheseequations.Secondis theproblemof computationalcomplexity andthefactthatwe
have converteda surfaceproblemto a volumeproblem,increasingthedimensionalityof thedomainover which the
evolutionequationsmustbesolved.

Thelevel-settermsin Table1 arecombined,basedon theneedsof theapplication,to createa partialdifferential
equationon

�"! � ��k # . The solutionsto theseequationsare computedusingfinite differences.Along the time axis
solutionsareobtainedusingfinite forward differences,beginning with an initial model (i.e., volume)andstepping
sequentiallythroughaseriesof discretetimessteps(whicharedenotedassuperscriptson � ). Thustheupdateequation
is: � � l >.�� �P� ���x� �.�� �P� � S�� k � � �.`� ��� � � (16)

The term � ���.�� �P� � is a discreteapproximationto
p � } p k , which consistsof a weightedsumof termssuchasthosein

Table5.1.Thosetermsmust,in turn,beapproximatedusingfinite differenceson thevolumegrid.

6.1 Up-wind Schemes

The termsin Table1 fall into two basiccategories: the first-orderterms(items1 and2 in Table1) andthe second-
order terms(items3 through5). The first-ordertermsdescribea moving wave front with a space-varying velocity
(expression1) or speed(expression2). Equationsof this form cannotbesolvedwith asimplefinite forwarddifference
scheme.Suchschemestendto overshoot,andthey areunstable.To addressthis issueOsherandSethian[26] have
proposedanup-windscheme.Theup-windmethodreliesonaone-sidedderivativethatlooksin theup-winddirection
of themoving wave front, andtherebyavoidstheover-shootingassociatedwith finite forwarddifferences.

We denotethetypeof discretedifferenceusingsuperscriptson a differenceoperator, i.e., �v� lo� for forwarddiffer-
ences,� ��� � for backwarddifferences,and � for centraldifferences.For instance,differencesin the 
 directionon a
discretegrid, � .`� ��� � , with domain� anduniformspacing  aredefinedas

� � lo�J � .�� �P� � ¡� ! � . l > � �P� � GE� .�� �P� � #�}B  � (17)� ��� �J � .�� �P� � ¡� ! � .`� ��� � GE� . � > � ��� � #P}1  � and (18)� J � .�� �P� � ¡� ! � . l > � �P� � GE� . � > � �P� � #�} ! 3] ¢# � (19)

(20)

wherewehaveleft off thetimesuperscriptfor conciseness.Second-ordertermsarecomputedusingthetightest-fitting
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Figure3: Theup-windnumericalschemeusesone-sidedderivativesto preventovershootingandthecreationof new
level sets.

centraldifferenceoperators.For example,

� J4J � .`� ��� � ¡� ! � . l > � ��� � S � . � > � ��� � GZ31� .`� ��� � #¢}1  A � (21)� L@L � .`� ��� � ¡� ! � .`� ��� � l > S � .`� ��� � � > GZ31� .`� ��� � #¢}1  A � and (22)� JNK � .`� ��� � ¡� � J � K � .�� �P� � (23)

Thediscreteapproximationto the first-ordertermsof in Table5.1 arecomputedusingthe up-windproposedby
Osherand Sethian[11]. This strategy avoids overshootingby approximatingthe gradientof

�
using a one-sided

differencesin thedirectionthat is up-windof themoving level-settherebyensuringthatno new contoursarecreated
in theprocessof updating�'�.`� ��� � (asdepictedin Figure3). Theschemeis separablealongeachaxis(i.e., 
 ,  , and � ).

ConsiderTerm1 in Table5.1. If weusesuperscriptsto denotethevectorcomponents,i.e.,u ! 
������� #%� !`£ � J � ! 
������� # � £ � K � ! 
������� # � £ � L � ! 
_������ #�# � (24)

theup-windcalculationfor a grid point ���.�� �P� � is

u ! 
 . �� . ��� . #¤� < �"! 
 . �� � �P� � ��k #%¥ ¦§@¨v© J � K � L^ª £ � § � ! 
 . �� . ��� . #"« � l§ �'�.`� ��� � £ � § � ! 
 . �� . �P� . #¬�Q� .§ � �.`� ��� � £ � § � ! 
 . �� . �P� . #®�Q (25)

Thetimestepsarelimited—thefastestmoving wave front canmoveonly onegrid unit periteration.Thatis� k u°¯ 2, §@¨v© J � K � LXª²±�³|´ .`� ��� � ¨Bµ �?� < £ � § � ! 
 . �� � �P� � #=� & ( (26)

For Term2 in Table5.1thedirectionof themoving surfacedependsonthenormal,andthereforethesameup-wind
strategy is appliedin a slightly differentform.w ! 
 . �� � ��� � #N� < �"! 
 . �� � ��� � ��k #=�B¥

¦§^¨v© J � K � LXª w ! 
 . �� . ��� . # «·¶8¸1¹ A ! � l§ �'�.`� ��� � � Q]# S ¶7ºa» A ! � �§ ���.`� ��� � � Q]#¼w ! 
 . �� . �P� . #½¬¾Q¶7ºa» A ! � l§ ���.�� �P� � � Qv# S ¶¿¸1¹ A ! � �§ ���.`� ��� � � Q]#¼w !`À # ! 
 . �� . �P� . #®�Q (27)

Thetimestepsare,again,limited by thefastestmoving wave front:� ktÁ ¯ 2C ±�³|´ .`� ��� � ¨Bµ �?� < w ! 
 . �� � ��� � #=� & (28)



Figure4: A level curve of a 2D scalarfield passesthrougha finite setof cells. Only thosegrid pointsnearestto the
level curvearerelevantto theevolutionof thatcurve.

To computeapproximationthe updateto the second-ordertermsin Table5.1 requiresonly centraldifferences.
Thus,themeancurvatureis approximatedas:R �.`� ��� � � 23ÃÂ �W� J � �.�� �P� � � A S �Y� K � �.�� �P� � � A S �Y� L � �.`� ��� � � A=Ä � >�Å Â �W� K � �.`� ��� � � A S �W� L � �.`� ��� � � ANÄ � J4J � �.�� �P� � (29)S Â � � L � �.`� ��� � � A S � � J � �.�� �P� � � A Ä � KXK � �.`� ��� � S Â � � J � �.�� �P� � � A S � � K � �.�� �P� � � A Ä � L@L � �.`� ��� �Gd3B� J � �.�� �P� � � K � �.�� �P� � � J4K � �.`� ��� � GI31� K � �.`� ��� � � L � �.`� ��� � � K=L � �.�� �P� � GZ3B� L � �.`� ��� � � J � �.�� �P� � � L@J � �.�� �P� �4Æ
Suchcurvaturetermscanbecomputingby usinga combinationof forwardandbackwarddifferencesasdescribedin
[27]. In somecasesthis is advantageous—but thedetailsarebeyondthescopeof this paper.

Thetime stepsarelimited, for stability, to � ktÇ ¯ 2È ( (30)

Whencombiningterms,the maximumtime stepsfor eachtermsis scaledby oneover the weightingcoefficient for
thatterm.

6.2 Narr ow-Band Methods

If one is interestedin only a single level set, the formulationdescribedpreviously is not efficient. This is because
solutionsareusuallycomputedover theentiredomainof

�
. Thesolutions,

��! 
_��'�P����k # describetheevolution of an
embeddedfamily of contours.While this densefamily of solutionsmight be advantageousfor certainapplications,
thereareotherapplicationsthatrequireonly a singlesurfacemodel. In suchapplicationsthecalculationof solutions
over a densefield is an unnecessarycomputationalburden,andthe presenceof contourfamiliescanbe a nuisance
becausefurtherprocessingmight berequiredto extractthelevel setthatis of interest.

Fortunately, the evolution of a single level set,
�"! � ��k #D� � , is not affectedby the choiceof embedding.The

evolution of thelevel setsis suchthat they evolve independently(to within theerror introducedby thediscretegrid).
Furthermore,theevolutionof

�
is importantonly in thevicinity of thatlevel set.Thus,oneshouldperformcalculations

for the evolution of
�

only in a neighborhoodof the surface �����4��� �"! �%#É� �'& . In the discretesetting,thereis a
particularsubsetof grid pointswhosevaluescontrol a particularlevel set (seeFigure4). Of course,asthe surface
moves,thatsubsetof grid pointsmustchangeto accountfor its new position.

AdalsteinsonandSethian[28] proposeanarrow-bandapproachwhich followsthis line of reasoning.Thenarrow-
bandtechniqueconstructsanembeddingof theevolving curveor surfacevia asigneddistancetransform.Thedistance
transformis truncated,i.e,computedoverafinite width of only Ê pointsthatlie within aspecifieddistanceto thelevel
set. The remainingpointsaresetto constantvaluesto indicatethat they do not lie within the narrow band,or tube
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Figure5: Thenarrow bandschemelimits computationto thevicinity of thespecificlevel set.As thelevel-setmoves
neartheedgeof thebandtheprocessis stoppedandthebandrecomputed.

asthey call it. Theevolution of thesurface(they demonstrateit for curvesin the plane)is computedby calculating
theevolution of � only on thesetof grid pointsthatarewithin a fixeddistanceto the initial level set,i.e. within the
narrow band.Whentheevolving level setapproachestheedgeof theband(seeFigure5), they calculateanew distance
transformanda new embedding,andthey repeattheprocess.This algorithmrelieson thefact that theembeddingis
not a critical aspectof theevolution of thelevel set.That is, theembeddingcanbetransformedor recomputedat any
point in time,solongassucha transformationdoesnot changethepositionof the � th level set,andtheevolutionwill
beunaffectedby this changein theembedding.

Despitetheimprovementsin computationtime, thenarrow-bandapproachis notoptimalfor severalreasons.First
it requiresa bandof significantwidth ( Ê��·2�3 in theexamplesof [28]) whereonewould like to have a bandthat is
only aswideasnecessaryto calculatethederivativesof � nearthelevel set(e.g. Ê��-3 ). Thewiderbandis necessary
becausethe narrow-bandalgorithmtradesoff two competingcomputationalcosts. Oneis the costof stoppingthe
evolution andcomputingthepositionof thecurve anddistancetransform(to sub-cellaccuracy) anddeterminingthe
domainof theband.Theotheris thecostof computingtheevolution processover theentireband.Thenarrow-band
methodalsorequiresadditionaltechniques,suchassmoothing,to maintainthestabilityat theboundariesof theband,
wheresomegrid pointsareundergoingtheevolutionandnearbyneighborsarestatic.

6.3 The Sparse-FieldMethod

Thebasicpremiseof thenarrow bandalgorithmis thatcomputingthedistancetransformis socostlythatit cannotbe
doneat every iterationof theevolutionprocess.Thestrategy proposedhereis to useanapproximationto thedistance
transformthatmakesit feasibleto recomputetheneighborhoodof thelevel-setmodelateachtimestep.Computation
of theevolutionequationis computedon a bandof grid pointsthatis only on point wide. Theembeddingis extended
from the active points to a neighborhoodaroundthosepointsthat is preciselythe width neededat eachtime. This
extensionis donevia a fastdistancetransformapproximation.

This approachhasseveral advantages.First, the algorithmdoespreciselythe numberof calculationsneededto



computethenext positionof thelevel curve. It doesnot requireexplicitly recalculatingthepositionsof level setsand
theirdistancetransforms.Becausethenumberof pointsbeingcomputedis sosmall,it is feasibleto usea linked-listto
keeptrackof them.Thus,ateachiterationthealgorithmvisitsonly thosepointsadjacentto the � -level curve. For large
3D datasets,theveryprocessof incrementingacounterandcheckingthestatusof all of thegrid pointsis prohibitive.

Thesparse-fieldalgorithmis analogousto a locomotiveenginethat laysdown tracksbeforeit andpicksthemup
from behind. In this way the numberof computationsincreaseswith the surfaceareaof the modelratherthanthe
resolutionof theembedding.Also, thesparse-fieldapproachidentifiesa singlelevel setwith a specificsetof points
whosevaluescontrol thepositionof that level set. This allows oneto computeexternalforcesto anaccuracy that is
betterthanthe grid spacingof the model,resultingin a modelingsystemthat is moreaccuratefor variouskinds of
“model fitting” applications.

The sparse-fieldalgorithm takesadvantageof the fact that a � -level surface,
�

, of a discreteimage � (of any
dimension)hasa set of cells throughwhich it passes,as shown in Figure 4. The set of grid points adjacentto
the level setis calledthe activeset, andthe individual elementsof this setarecalledactivepoints. As a first-order
approximation,thedistanceof thelevel setfrom thecenterof any activepoint is proportionalto thevalueof � divided
thegradientmagnitudeat thatpoint. Becauseall of thederivatives(up to secondorder)in thisapproacharecomputed
usingnearestneighbordifferences,only theactivepointsandtheirneighborsarerelevantto theevolutionof thelevel-
setatany particulartimein theevolutionprocess.Thestrategy is to computetheevolutiongivenby equation15onthe
active setandthenupdateneighborhoodaroundtheactive setusinga fastdistancetransform.Becauseactive points
mustbeadjacentto the level-setmodel,their positionslie within a fixeddistanceto themodel. Thereforethevalues
of � for locationsin the active setmustlie within a certainrange.Whenactive-pointvaluesmove out of this active
range they areno longeradjacentto themodel.They mustberemovedfrom thesetandothergrid points,thosewhose
valuesaremoving into theactiverange,mustbeaddedto taketheirplace.Thepreciseorderingandexecutionof these
operationsis importantto theoperationof thealgorithm.

Thevaluesof thepointsin theactivesetcanbeupdatedusingtheup-windschemefor first-ordertermsandcentral
differencesfor themean-curvatureflow, asdescribedin theprevioussections.In orderto maintainstability, onemust
updatetheneighborhoodsof activegrid pointsin away thatallowsgrid pointsto enterandleavetheactivesetwithout
thosechangesin statusaffecting their values. Grid pointsshouldbe removed from the active setwhenthey areno
longerthenearestgrid point to thezerocrossing.If we assumethat theembedding� is a discreteapproximationto
thedistancetransformof themodel,thenthedistanceof aparticulargrid point, 
¢Ë � ! � ���B�@� # , to thelevel setis given
by thevalueof � at thatgrid point. If thedistancebetweengrid pointsis definedto beunity, thenwe shouldremove
a point from theactivesetwhenthevalueof � at thatpoint no longerlies in theinterval HÌG >A � >A M (seeFigure6). If the
neighborsof thatpoint maintaintheir distanceof 1, thenthoseneighborswill move into the active rangejust 
 Ë is
readyto beremoved.

Therearetwo operationsthataresignificantto theevolutionof theactiveset.First, thevaluesof � atactivepoints
changefrom oneiteration to the next. Second,as the valuesof active pointspassout of the active rangethey are
removedfrom theactive setandother, neighboringgrid pointsareaddedto theactive setto take their place. In [21]
theauthorgivessomeformaldefinitionsof activesetsandtheoperationsthataffect them,which show thatactivesets
will alwaysform aboundarybetweenpositiveandnegativeregionsin theimage,evenascontrolof thelevel setpasses
from onesetoff activepointsto another.

Becausegrid pointsthatarenearthe active setarekeptat a fixedvaluedifferencefrom the active points,active
pointsserve to control the behavior of non-active grid pointsto which they areadjacent.Theneighborhoodsof the
activesetaredefinedin layers, Í l >��N(=(N( Í l_Î andÍ � >9�=(=(N( Í � Î , wherethe � indicatesthedistance(city blockdistance)
from thenearestactive grid point, andnegative numbersareusedfor theoutsidelayers.For notationalconvenience
theactivesetis denotedÍ~Ï .

Thenumberof layersshouldcoincidewith thesizeof thefootprint or neighborhoodusedto calculatederivatives.
In this way, the insideandoutsidegrid pointsundergo no changesin their valuesthataffect or distort the evolution
of thezeroset. Most of the level-setwork relieson surfacenormalsandcurvature,which requireonly second-order
derivativesof

�
. Second-orderderivativesarecalculatedusinga Cd6ÐCd6ÑC kernel(city-blockdistance2 to thecorners).

Thereforeonly five layersarenecessary(2 insidelayers,2 outsidelayers,andtheactiveset).TheselayersaredenotedÍ > , Í A , Í � > , Í � A , and Í Ï .
Theactivesethasgrid point valuesin therange HÌG >A � >A M . Thevaluesof thegrid pointsin eachneighborhoodlayer

arekept 1 unit from the next layer closestto the active set(asin Figure6). Thusthe valuesof layer Í . fall in the
interval H ��G >A � � S >A M . For 3 F S 2 layers,thevaluesof thegrid pointsthataretotally insideandoutsideare

F S >A
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Figure6: Thestatusof grid pointsandtheirvaluesat two differentpointsin timeshow thatasthezerocrossingmoves,
activity is passedonegrid point to another.

and G F G >A , respectively. Theprocedurefor updatingtheimageandtheactivesetbasedon surfacemovementsis as
follows:

1. For eachactivegrid point, 
 Ë � ! � �Y�]�@� # , do thefollowing:

(a) Calculatethelocalgeometryof thelevel set.

(b) Computethe net changeof � J�� , basedon the internalandexternalforces,usingsomestable(e.g.,up-
wind) numericalschemewherenecessary.

2. For eachactive grid point 
 � add the changeto the grid point valueanddecideif the new value ��� l >J � falls
outsidethe HbG >A � >A M interval. If so,put 
¢Ë on lists of grid pointsthatarechangingstatus,calledthestatuslist;� > or

� � > , for ��� l >J � ¬z2 or ��� l >J � ®zGi2 , respectively.

3. Visit thegrid pointsin thelayersÍ . in theorder �¤� � 2 �N(=(=( � F , andupdatethegrid point valuesbasedon the
values(by addingor subtractingoneunit) of thenext inner layer, Í . � > . If morethanone Í . � > neighborexists
thenusetheneighborthatindicatesa level curveclosestto thatgrid point, i.e.,usethemaximumfor theoutside
layersandminimumfor theinsidelayers.If agrid point in layer Í . hasno Í . � > neighbors,thenit getsdemoted
to Í . ! > , thenext level away from theactiveset.

4. For eachstatuslist
� ! >�� � ! AB�=(N(=(=� � ! Î do thefollowing:

(a) For eachelement
 � on thestatuslist
� . , remove 
 � from thelist Í . � > , andaddit to the Í . list, or, in the

caseof �"� � ! F S 2�# , remove it from all lists.

(b) Add all Í . � > neighborsto the
� ."! > list.

This algorithmcanbe implementedefficiently usinglinked-listdatastructurescombinedwith arraysto storethe
valuesof the grid pointsand their statesasshown in Figure7. This requiresonly thosegrid pointswhosevalues
arechanging,the active pointsandtheir neighbors,to be visited at eachtime step. The computationtime grows asÊ � � > , whereÊ is thenumberof grid pointsalongonedimensionof � (sometimescalledtheresolutionof thediscrete
sampling).Computationtime for dense-fieldapproachincreasesas Ê � . The Ê � � > growth in computationtime for
thesparse-fieldmodelsis consistentwith conventional(parameterized)models,for whichcomputationtimesincrease
with theresolutionof thedomain,ratherthantherange.

Anotherimportantaspectof theperformanceof thesparse-fieldalgorithmis thelargertimestepsthatarepossible.
Thetime stepsarelimited by thespeedof the “f astest”moving level curve, i.e., themaximumof theforce function.
Becausethe sparse-fieldmethodcalculatesthe movementof level setsover a subsetof the image, time stepsare
boundedfrom below by thoseof thedense-fieldcase,i.e.,±�³|´J ¨$#&%�µ !('�! 
 #�# ¯ ±�³|´J ¨Bµ !)'²! 
 #�# � (31)
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Figure7: Linked-listdatastructuresprovide efficient accessto thosegrid pointswith valuesandstatusthatmustbe
updated.

where
'�! 
 # is thespacevaryingspeedfunctionand « is theactiveset.

Resultsfrom previouswork [21] have demonstratedseveral importantaspectsof thesparse-fieldalgorithm.First,
themanipulationsof theactive setandsurroundinglayersallow theactive setto “track” thedeformablesurfaceasit
moves.Theactivesetalwaysdividestheinsideandoutsideof theobjectsit describes(i.e., it staysclosed).Empirical
resultsshow significantincreasesin performancerelative to boththecomputationof full domainandthenarrow-band
method,asproposedin the literature. Empirical resultsalsoshow that the sparse-fieldmethodis aboutasaccurate
as both the full, discretesolution, and the narrow-bandmethod. Finally, becausethe methodpositionslevel sets
to sub-voxel accuracy it avoids aliasingproblemsandis moreaccuratethentheseothermethodswhenit comesto
fitting level-setmodelsto othersurfaces.This sub-voxel accuracy is importantaspectof theimplementation,andwill
significantlyimpactthequality of theresultsfor theapplicationsthatfollow.

7 Applications

This sectiondescribesseveralexamplesof how level-setsurfacemodelscanbeusedto addressproblemsin graphics,
visualization,andcomputervision. Theseexamplesarea small selectionof thoseavailablein the literature. All of
theseexampleswhereimplementedusingthesparse-fieldalgorithmandtheVISPacklibrary, whichis describedin the
sectionthatfollows.

7.1 SurfaceMor phing

This sectionsummarizesthework of [29], which describestheuseof level-setsurfacemodelsto perform3D shape
metamorphosis.Themorphingof 3D surfacesis theprocessof constructinga seriesof 3D modelsthat constitutea
smoothtransitionfrom oneshapeto another(i.e.,ahomotopy). Suchacapabilityis interestingfor creatinganimations
andasatool for geometricmodeling.Thereis notyetasingle,generalmethodfor generatingsuchtransitionalshapes.
However, thereareseveraldesirableaspectsof morphingalgorithmsthatallow usto comparetheadequacy of different
approachesto surfacemorphing.Severaldesirablepropertiesof 3D surfacemorphingare:

1. Thetransitionprocessshouldbegin with an initial surfaceandendwith aspecifiedtargetsurface.

2. Themorphingalgorithmshouldapplyto a wide rangeof shapesandtopologies.



3. Intermediatesurfacesshouldundergocontinuous3D transitions(ratherthancontinuityonly in theimagespace).

4. A 3D morphingalgorithmshouldincorporateuserinputeasilybut shoulddegradegracefullywithout it.

5. Transitionalshapesshoulddependonly on thesurfacegeometryof thetwo input shapesanduserinput.

Theserequirementsarenot exhaustive,but they capturemany of thepracticalaspectsof 3D morphing.
In this sectionwe show how level-setmodelsprovide analgorithmfor 3D morphingwhich meetsmostof these

criteria andcomparefavorably with existing algorithms. Furthermore,this algorithm is a naturalextensionof the
mathematicalprinciplesdiscussedin previoussections.Thestrategy is to allow afree-formdeformationof onesurface
(calledthe initial surface)usingthesigneddistancetransformof a secondsurface(the target surface).This free-form
deformationis combinedwith anunderlyingcoordinatetransformationthatgiveseithera roughglobalalignmentof
thetwo surfaces,or one-to-onerelationshipsbetweena finite setof landmarkson boththeinitial andtargetsurfaces.
Thecoordinatetransformationcanbecomputedautomaticallyor usinguserinput (asin [30]).

Much of the previous 3D morphingwork hasfocusedon morphingparametricmodels[31, 32] andappliesto
only very limited classesof shapesandtopologies.Several authorshave describedvolumetrictechniques.Hughes
[33] demonstrateshow volumescanprovide topologicalflexibility in surfacemorphing. Lerios et al. [30] followed
up with a volume-basedschemewhich incorporatesuserinput via underlyingcoordinatetransformations(a known
generalizationtheimagewarpingtechniquethat is oftenusedin imagemorphing).Neitherof theseapproacheshave
dealtwith thedeeperissueof deformingthelevel setsof avolume,but ratherrely on thepropertiesof theembedding.
PayneandToga[34] aswell asCohen-Oret al. [35] fix theembeddingproblemby usinga signeddistancetransform
to createvolumesfrom surfaces.However, interpolatingdistancetransformscanintroduceartifactsthat violate the
previously statedproperties,andboth of thesemethodsusea discretedistancetransformwhich introducesvolume
aliasing.

7.1.1 Free-Form Deformations

ThedistancetransformgivesthenearestEuclideandistanceto asetof points,curve,or surface.For closedsurfacesin
3D, thesigneddistancetransformgivesa positive distancefor pointsinsideandnegative for pointsoutside(onecan
alsochoosetheoppositesignconvention).

If two connectedshapesoverlapthentheinitial surfacecanexpandor contractusingthedistancetransformof the
target.Thesteadystateof suchadeformationprocessis ashapeconsistingof thezerosetof thedistancetransformof
thetarget.Thatis, theinitial objectbecomesthetarget.This is thebasisof theproposed3D morphingalgorithm.

Let : ! �%# bethesigneddistancetransformof thetargetsurface,¬ , andlet  betheinitial surface.Theevolution
processwhich takesa model

�
from  to ¬ is definedbyp �p k � m : ! �%# � (32)

where � ! k #�)·� n and � n(®oÏ �¯ . The free-form deformationscan be combinedwith an underlyingcoordinate
transformation.Thestrategy is to usea coordinatetransformation(for instancea translationandrotation)to position
thetwo surfacesneareachother. Thesetransformationscancapturegrosssimilaritiesin shapeaswell asuserinput.
A coordinatetransformationis givenby �±°¢�³² ! � � 0¤# � (33)

where Q ¯ 0 ¯ 2 parameterizesa continuousfamily of thesetransformationsthat begins with identity, i.e. � �² ! � � Q]# . Theevolutionequationfor a parametricsurfaceisp �p k � m : ! ² ! � � 2�#�# � (34)

andthecorrespondinglevel-setequationispµ´ ! � ��k #p k ��� < ´ ! � ��k #=�1: ! ² ! � � 24#�# ( (35)

This processproducesa seriesof transitionshapes(parameterizedby k ). The coordinatetransformationcanbe
a global rotation,translation,or scaling,or it might be a warping of the underlying3D spaceaswasusedby [30].



Figure8: A 3D modelof a jet thatwasbuilt usingClockworks,aCSGmodelingsystem.

Incorporatinguserinput is importantfor any surfacemorphingtechnique,becausein many casesfinding the best
setof transitionsurfacesdependson context. Only userscanapplysemanticconsiderationsto the transformationof
oneobjectto another. However, this underlyingcoordinatetransformationcan,in general,achieve only somefinite
similarity betweenthe“warped”initial modelandthetarget,andeventhis mayrequirea greatdealof userinput. In
theeventthata useris not ableor willing to defineevery importantcorrespondencebetweentwo objects,someother
methodmust“fill in” thegapsremainingbetweenthe initial andtargetsurface. In [30] they proposealphablending
to achieve thatsmoothtransition—reallyjust a fadingfrom onesurfaceto theother. We areproposingtheuseof the
free-formdeformations,implementedwith level-setmodels,to achieveacontinuoustransitionbetweentheshapesthat
resultfrom theunderlyingcoordinatetransformation.Wehavealsoexperimentedwith waysof automaticallyorienting
andscalingobjects,using3D moments,in orderto achieveasignificantcorrespondencebetweentwo objects.

Figure8 shows a 3D modelof a jet that wasbuilt usingClockworks [36], a CSGmodelingsystem. Lerios et
al. [30] demonstratethetransitionof a jet to a dart,which wasaccomplishedusing37 user-definedcorrespondences,
roughlya hundreduser-definedparameters.Figure9 shows theuseof level-setmodelsto constructa setof transition
surfacesbetweena jet andadart.Thetrianglemeshis extractedfrom thevolumeusingthemethodof marchingcubes
[5]. Theseresultsareobtainedwithoutany userinput. Distancetransformson theCSGmodelsarecomputednearthe
level surfaceusingananalyticaldescriptionandextendedinto thevolumeusinga level-setmethod[37].

The applicationin this sectionshows how level-setmodelsmoving accordingto the first-order term given in
expression2 in Table1 can“fit” otherobjectsby moving with a speedthatdependson thesigneddistancetransform
of the target object. The applicationin the next sectionrelieson expression5 of Table1, a second-orderflow that
dependson theprincipalcurvaturesof thesurfaceitself.

7.2 Filleting and Blending Solid Objects

The constructionof blendingsurfacesis an importanttool in solid modeling. Geometricsolid primitivesandtheir
intersectionsoftenproducesharpcornersor creasesthatareoftennot consistentwith thereal-world objectsthat they
areintendedto represent.Thissectionshowshow blendingcanbedescribedasadeformationprocess,wheresurfaces
move undera geometricflow that canaddor remove materialbasedon local curvatureinformation. The result is a
methodfor solid objectblendingthat doesnot dependon any particularmodelrepresentation.Thusthis methodis
not restrictedto a specificclassof shapesor topologies.Additionally, the resultsareinvariant; they do not depend
on arbitrarychoicesof coordinatesystemsor bases.Theonly requirementis that theblendedobjectsmustbeclosed
surfaceswith someknown inside-outsidefunction.

Surfaceblendingtechniquesaretypically tied very closely to the choiceof geometricprimitives. For instance,
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Figure9: The deformationof the jet to a dart usinga level-setmodelmoving with a speeddefinedby the signed
distancetransformof thetargetobject.



Middleditch andSears[38] proposea set-theoreticmethodfor blendingsolidswhich relieson low-orderalgebraic
primitives.A fillet at thejoint of two tori requiresthesolutionof adegree32polynomial.BloomenthalandShoemake
[39] proposea modelingsystembasedon convolutions,which relieson a skeletonizedrepresentationof objects. In
generaltheuseof convolution to achievedeformationson implicit shapesresultsin shapesthatreflectboththeshape
of themodelandtheembedding,́ .

Theblendingmethodproposedin thissectionimplementsaninterativesmoothingschemethatsmoothsonly along
thelevel set;thefinal resultis independentof theembedding.Considerthecaseof fillets. We proposethata fillet can
beconstructedfrom a processof “filling in” materialin placesof high curvature.Thecurvatureof a level-setmodel
canbecalculatedfrom theembedding,andthedeformationof the level setis well definedby thecurvaturetermsin
Table1.

Thestrategy is toconstructacurvatureterm, �·¶ , thatconsistsof onlypositivecurvatures.1 Theprincipalcurvatures
of the level setsof

´
arefunctionsof

´
andits derivatives.For a specific

´
theprincipalcurvaturesarefunctionsof

3-space�?> ! �%# and �BA ! �%# . For addingmaterialthejoint betweentwo objects,we consideronly thepositive curvature
components,i.e., p¸´p k ��� < ´ � �·¶ ��� < ´ � � l> S � < ´ � � lA � (36)

where� l consistsof only thepositivepartsof � andis definedaszeroelsewhere.Becausetheuseof separatecurvature
termscancauseover-shooting,theup-windscheme(treating�·¶ asaspace-varyingvelocity in thenormaldirection)is
usedfor this evolution.

Figure10 showshow thepositive-curvatureflow canbeusedto constructfillets. No knowledgeof theunderlying
modelsis necessary. Thefillets grow largerasmoretime passes.Thephysicalextentor positionof thefillet canbe
controlledby eitherspecifyinga region of actionor by placinga small blob of deformablematerialin the joint that
requiresa fillet. Figure11 shows how sucha blendingcapabilitycanbe useful in animation. In this casea pair of
superquadricsundergo a rigid transformationthatcontrolstheir relative positions.Level-setmodelswith a positive-
curvatureflow are usedto createa smoothjoint betweenthesetwo primitives. Notice that the positive curvature
methoddoesnot suffer from thegrowth or expansionartifactsthatareoftenassociatedwith distance-basedblending
methods[40].

Thus,asecond-orderflow cancreatesmoothblendsbetweenobjectsin awaythatdoesnot requirespecificknowl-
edgeof theshapesor topologiesof theobjectinvolved. Theapplicationin thenext section,3D scenereconstruction,
showshow acombinationof first-orderandsecond-ordertermsfrom Table1 arecombinedto createtechniquethatfits
modelsto datawhile maintainingcertainsmoothnessconstraintsandtherebyoffsettingtheeffectsof noise.

7.3 3D Reconstructionfr om Multiple RangeMaps

Level-setmodelsareusefulfor problemsrelatedto 3D reconstruction.Previouswork haspresentedlevel-setresults
derivedfrom noisy3D datasuchasMRI [19] andultrasound[41]. In [42] we have shown how thereconstructionof
objectsfrom multiple rangemapscanbe formulatedasa problemof finding thesurfacethatoptimizestheposterior
probability given a setof measurements(noisy rangemaps)andsomeinformationaboutthe a-priori probability of
differentkindsof surfaces.Thatoptimizationproblemcanbeexpressedasavolumeintegralwhichcanbesolvedwith
level-setmodels.This sectionpresentsthemathematicalexpressionsthatresultfrom thoseformulationsandpresents
somenew results:thereconstructionof entirescenesby fitting level-setmodelsto thedatafrom a scanningLADAR
(laserranginganddetection)system.

A rangemapis acollectionof rangemeasurementstakenalongdifferentdirections(linesof sight)but from asingle
pointof view. Rangemapscouldcomefrom any numberof differentsourcesincludinglaserscanners,structuredlight
depthsystems,shapefrom stereo,or shapefrom motion. We assumethat suchrangemapsarenoisyanduncertain.
Thegoal is to combinea numberof rangemapsfrom differentpointsof view to createa 3D structurethatreflectsthe
collectiveconfidenceanddepthmeasures.

Severalexamplesin theliteraturehave appliedparametricmodelsto this task.Turk andLevoy [43], for instance,
“zip” togethertrianglemeshesin order to construct3D objectsfrom sequencesof rangemapsfrom a laserrange
finder. They performminor adjustmentsto the surfaceposition in orderaccountfor ambiguity in the rangemaps.
Their approachassumesvery little noisein theinput, which is reasonablegiventhehigh quality of their rangemaps.
Chenand Medioni [44] usea parametric(triangle mesh)model which expandsinside a sequenceof rangemaps.

1Thesignof curvatureis definedby thedirectionof thenormals—in this work normalspoint into thevolumeenclosedby theobject.
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Figure10: Two rectangularsolidmodelsarejoinedby avolumetricfillet thatis createdfrom apositivecurvatureflow.
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Figure11: A shortanimationis createdby specifyingtherelativemotionbetweentwo superquadriccomponentsof an
object.A positive-curvatureflow (appliedframeby frameto thejoint betweenthetwo 3D models)createsa smooth,
flexible object.



CurlessandLevoy [45] describea volume-basedtechniquefor combiningrangedata. They usethe signeddistance
transformto encodevolume elementswith datathat representthe averages(with someallowancefor outliers) of
multiple measurements.Surfacesof objectsarethe level setsof volumes.Relatedapproachesaregiven in [46, 47].
Bajaj et. al. [48] usea Delaunaytriangulationto imposea topologyon a setof unordered3D pointsandthenfit
trivariateBernstein-Bezierpatches—i.e.a higher-order implicit model—tothe data. Muraki [2] usesimplicit or
blobbymodelsto reconstructobjectsfrom rangedata.The individual blobsaresphericallysymmetric3D potentials
thatarecombinedlinearly so that they blendtogether. The resultingmodels,with approximately400primitivesare
quitecoarse.

This work differs from previous work in two ways. First, ratherthanheuristics,our reconstructionstrategy is
basedon a strategy that solvesfor the optimal surfaceestimate.This optimal estimateincludesinformationabout
one’s expectationsof the likelihoodof differentsurfaces. The result is not a closed-formsolution,but an iterative
processthatseeksto fit a level-setmodelto thedatawhile enforcinga kind of smoothnesson thedata.

7.3.1 Objective function for multiple range maps

Theevolutionequationfor theestimationof optimalsurfacesis shown in [42] to consistof two parts:p �p k ��G�w ! �%# m Sº¹ ! �½# ( (37)

Thisfirst part, G�w ! �%# m , is thedataterm,which is a movementwith variablespeed(asin expression2 from Table1)
that is thecumulative effect from all of the individual rangemaps.Thesecondpart is theprior, which describesthe
likelihoodof thesurfaceindependentof thedata.Thedatatermis

w ! �%#~�/¦ � » � � � ! �%#¤: � � � ! �%#½¼ Â : � . � ! �%# Ä¿¾ � � � ! �%# � (38)

where : � is thesigneddistancealongtheline of sight from a rangemeasurementin rangemap � associatedpassing
through � . Thefunction ¼ �?� 	��� � 	

is a windowing functionthat limits thepenaltyof any onerangemeasurement,
and » ! � # is a confidencefunction, which is inverselyproportionalto the level of noisein the rangemeasurement
associatedwith thesameline of sight. Theterm

¾ ! � # is anintegrationconstantthat takesinto accountthecurvilinear
coordinatesystemof therangescanner.

Thus, a set of rangemapscreatesa scalarfunction of 3D, which describesthe movementof a surfacemodel
as it seeksthe optimal surfaceposition. In the absenceof a prior, ¹ � Q , the zerosetof this function is the final
position(steadystate)of thatevolving surface.Thus,in theabsenceof a prior, onecouldsample

'�! �%# andobtainan
approximationto theoptimalsurfaceestimate.Thisstrategy resultsin analgorithmthatis verymuchlike thatof [45].

Thereareseveralreasonsfor goingto aniterativeschemefor finding optimalsolutions.First is theuseof a prior.
In surfacereconstruction,evena very low level of noisecandegradethequality of therenderedsurfacesin thefinal
result,andin suchcasesbetterreconstructionscanbeobtainedby introducingaprior. Secondis aliasing.Discretizing'²! �%# andfinding thezerocrossingswill causealiasingin thoseplaceswherethe transitionfrom positive to negative
is particularlysteep.A deformablemodelcanplacethesurfacemuchmoreprecisely. The third reasonfor going to
an iterative schemeis that despitethe windowing function ¼ ! �%# thereis interferencebetweendifferentrangemaps
at placesof high curvature. This problemis addressedby introducinga nonlinearitywhich is solved in an iterative
schemegivenby equation37. In thework describedin [21], thesolutionof the linearproblem,thezerosetof

'²! �%# ,
servesastheinitial estimatefor thenonlinear, iterative optimizationstrategy thatresultsfrom theinclusionof a prior
andanonlineartermthatcompensatesfor lackof any explicit modelof selfocclusions.

Equation37 includesa prior, which is a likelihoodfunctionon surfaceshape.A reasonablechoiceof prior is one
thatmodelsobjectswith lesssurfaceareaasmorelikely thanobjectswith moresurfacearea.Alternatively, onecould
saythatgivena setof surfacesthatarenearthedata,thealgorithmshouldchoosea surfacethathaslessarea.Often,
but notalways,thiswill bethesmoothersurface.The ¹ ! �# thatresultsfrom thisprior is themeancurvature.Therefore
theevolution of thesurface,usingthelevel-setformulation,thatseeksto maximizetheposteriorprobability(givena
setof rangemapsandaprior thatpenalizessurfacearea)ispµ´ ! � ��k #p k ��� < ´ ! �~#N��¦ � À : � � � ! �%#Á¼ Â : � . � ! �%# Ä 6 ¾ � � � ! �%# » � � � ! �%# � < ´ � ; � � � ! �%# � l< ´ � ; � � � ! �%#ÃÂ SºÄ R � (39)



(a) (b)

Figure12: Rangemaps:Syntheticrangedata2006 200pixelswith 20%Gaussianwhite noiseof a torusend(a) and
side(b).

(a) (b) (c)

Figure13: (a) An analytically-definedmodelof a torus. (b) An initial model(80 6 80 6 40 voxels) is constructedby
combiningsix pointsof view of a torusandsolvingfor

'²! �%#$�-Q . (c) Themodel,which is attractedto therangedata
but subjectto internalforces,evolvesandsettlesinto a smoothersteadystate.

where ; � � � ! �%# is theline of sight from a rangefinderto a 3D point, � , Ä is a freeparameterthatcontrolsthelevel of
smoothingin themodel,and

R
is theexpressionfor themeancurvaturegivenin equation6.

Figure 12 shows a pair of simulatedrangemapsconstructedfrom an analyticaldescriptionof a torus. These
2006 200 pixel rangemapsarecorruptedwith additive Gaussiannoisethat hasa standarddeviation of 20% (asa
functionof thesmallerof thetwo radii). Six syntheticnoise-corruptedviewpointsof a torusarecombinedto createa
level-setreconstructionof a torus.Figure13(a)showstheinitial model(80 6 80 6 40voxels)usedfor fitting a level-set
modelsto therangedata.Figure13(b)shows theresultof the level-setmodelsthatuses13(a)asan initial stateand
hasa valueof Ä equalto Q ( Å . The result is a reasonablereconstructionof thenoiselessmodel(Figure13(c))which
combinesthesix pointsof view andthesmoothingfunction.

Figure14(a)shows a rangemaptakenwith the PerceptronmodelP5000,an infra-red,time-of-flight laserrange
finderwith a pan-tilt mechanism.Figure14(b)shows theamplitudesassociatedwith thereturnsignal(an intensity),
and14(c) shows a surfaceplot of the rangemapto demonstratethe degreeof noise(additive andoutliers). Figure
14(d) shows the confidencevaluesassociatedwith thoserangemeasurements.Theseconfidencevaluesarederived
from empiricaldataaboutthe level of noisein the rangefinder (which dependson the returnamplitude),andsome
analysis,from first principles,abouttheeffectsof uncertaintyin the3D positionsof thescansandthemodel— which
resultsin thelowerconfidenceatedgesasdescribedin [42]. We combinedtwelvesuchviews from differentlocations



(a) (b)
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Figure14: (a) Oneof twelve rangemaps(b) The associatedamplitudemap(c) A surfaceplot of the rangedatato
show thelevel of noise.(d) Theconfidencemeasuresassociatedwith thoserangevalues.



in theroomto generatetheresultsthatfollow.
Figure 15(a) shows the initial estimatebasedon the zerocrossingsof

'²! ��# , and15(b) shows the result of 32
iterationswith the prior term andthe correctionfor the surfacenormaldirection. The sizeof the volumeis CBQBQ+62 Å Q�6+245BQ voxels,andtheresolutionis 1.8cm/voxel. Theseresultsshow theability of thestatistically-basedapproach
to overcomethenoisein thescanner, andthey show that the inclusionof iterative,model-fittingschemehelpscreate
moreaccuratereconstructions.Theresolutionof themodelfallsbelow thatof thescans,becauseit waslimited by the
random-access-memoryavailableonourworkstation.Somesmallfeatures,suchasthearmrestsof thechairs,arelost
becauseof theinaccuraciesin theregistrationof theindividual rangemaps.

8 VISPACK

8.1 Intr oduction

VISPACK is a setof C++, object-orientedlibrariesfor imageprocessing,volumeprocessing,andlevel-setsurface
modeling. It consistsof five libraries: Matrix, Image,Volume, Util, and Voxmodel (level-setmodeling). These
librariescanbeusedseparatelyor togetherwhencreatingapplications.

VISPACK incorporateseightbasicdesignattributes.Theseare

Data Handles/Copyon Write: VISPack is anobject-orientedlibrary, andassuchwe allow theobjectsto handle
memorymanagement,andrelieve theprogrammer(in mostcases)from having to worry pointersandthecor-
respondingmemoryallocation/deallocationproblems.For this we usethe datahandleswith a copyon write
protocol. Copy constructorsperforma shallow copy with referencecountinguntil a nonconstoperationon the
underlyingbuffersforcesa deepcopy. Thusdeepcopiesareperformedonly whennecessary, but all memoryis
maintainedby theobjectsandobjectsbehaveas“variables”ratherthanpointers.

Modified Data Hiding: Accessto datain objectsis generallythroughaccessmethods,however, pointersto buffers
for fastimplementationsareavailable.

Templates: VISPackutilizesthetemplatingconstructof C++ virtually throughout.Many of theobjects,including
images,volumes,lists, andarrays,are intendedto supporta wide rangeof datatypes. Thus,via templating
programmerscandefinethepixelsof differentimagesof differenttypes,suchasfloatingpoint,24-bit color, and
16-bit greyscale.

Useof Standard File Formats: WhenappropriateVISPackusesstandardfile formats.We chooseformatsthatare
well known andhave publicly availablelibrariesthat canbe distributedwith our libraries. Thematrix library
usesasimpletext format.Theimagelibrary usesTIFF andFITSfile formats.Becausenostandardformatexists
for saving volumesof datawe do usea rawfile format.

Operator Overloading: Properuseof operatoroverloadinggivesusersa convenientway to executeoperations
on an object. Whencompinedwith the copy-on-write convention,operatoroverloadingallows programmers
to treatmany heavy-weightobjects(e.g. imagesandvolumes)asvariables.For instance,the following code
computesnon-maximaledgesin a on afilteredvolume.

Volume<float> dx, dy, dz;
Volume<float> vol gauss = vol.gauss(0.5);
Volume<float> vol out = (((dx = vol gauss.dx()).power(2)

*vol gauss.dx(2)
+ ((dy = vol gauss.dy()).power(2)*vol gauss.dy(2)
+ ((dz = vol gauss.dz()).power(2)*vol gauss.dz(2)
+ dx*dy*(dx).dy() + dx*dz*(dx).dz())
+ dy*dz*(dy).dz()) )).zeroCrossings()

&& ((dx.power(2) + dy.power(2)) > T*T));



Figure15: (top) The3D reconstructionresultingfrom thezerocrossingsof
'�! ��# givessomeaveraging,but includes

no prior. (bottom)Theresultof 32 iterationswith the iterative schemeincludestheprior andexcludesinfluencesof
dataon surfacesthatfaceaway from thescanner.



8.2 Level-SetSurface-ModelingLibrary

TheLevel-SetSurface-Modeling(LSSM)Library is animplementationof thelevel-settechnique[11, 13] specifically
for deformingsurfacemodelsembeddedin volumes.The implementationusesthe sparse-fieldmethoddescribedin
[20]. The library implementsall of thebasicnumericalalgorithmsandhandlesall of the datastructuresrequiredto
performLSSM. Thestrategy for usingthis library is to subclasstheobjectVoxModel, setsomeparameters,define
a setof simplevirtual functionsthatcontrol thedeformationprocess,initialize themodel,andthendirect themodel
to iteratively deformaccordingto thoseequations.This sectiondescribesthe relationshipbetweenthe mathematics
of previoussectionsandtheVISPacklibrary. Its alsopresentsanexampleof usingVISPacklibararyto do 3D shape
metamorphosisasdescribedin Section7.1.

8.2.1 SurfaceDeformation

The LSSM library allows oneto solve for surfacedeformations,asa function of time, for generallevel-setsurface
movementsof theform:p �p k �x0¤u ! � � m ! �%#�# SÆÄ w ! � � m ! �%#�# m ! �%# S ¾ m ! �%# SºÇÉÈ ! �v> ! �%# �P�]A ! �%#�#�# � (40)

where� is apointon thesurface.Thisequationis solvedby representingthesurfaceasthe � th level setof animplicit
function

�"! � ��k # �1� 	d� 6 � 	dlI���� 	
. Thisgivesp �p k �c0¤u ! � � < � #�#�� < � SÆÄ w ! � � < � #=� < � � S ¾ � < � � SºÇÉÈ ! : � ��� A � # � (41)

where� � and � A � arecollectionsfirst andsecondderivativesof
�
, respectively. Thisequationis solvedonadiscrete

grid usinganup-windschemegradientcalculations,centraldifferencesfor thecurvature,andforwardfinite differences
in time. TheLSSM library usesthesparse-fieldmethoddescribedin Section6.3andin [21].

Thus,theLSSM library offersthefollowing capabilities:

1. Createsaninitial model(with associatedactiveset)from avolume.

2. Calculates� ���.�� �P� � and � k usingvirtual functions(definedby subclasses)thatdescribeu and w , andparameters
(valuessetby thesubclass)0 , Ä ,

¾
, and Ç .

3. Performsanupdateon thevaluesof ���.�� �P� � .
4. Maintainsthelist of active grid pointsandupdatesthe layers aroundthosepointsin orderto maintaina neigh-

borhoodfrom which to calculatesubsequentupdates.

5. Providesaccessto thevolumethatdefines���.`� ��� � andthelinkedlist of activegrid points.

Giventhevolumedefining ���.�� �P� � , onecanthenrely on thefunctionalityof thevolumelibrary for subsequentprocess-
ing, file I/O, or surfaceextraction.

8.2.2 Structur eand Philosophy of the LSSM Library

The library is organized(mostly for easeof development)into a baseclass,LevelSetModel, anda derivedclass,
VoxModel. The baseclassdoesall of the book keepingassociatedwith the active setandsurroundinglayers, the
link lists associatedwith thosesets,andinitializing themodel. Thusit addsandremovesvoxels from the active set
(andsurroundinglayers)in responseto an updateoperation.The baseclassassumesthat the subclassesknow how
to updateindividual voxels. Applicationsarebuilt by subclassingVoxModel andredefininga small setof virtual
functionsthatcontrolthemovementof themodel.

Thesubclass,VoxModel, performsupdateon thegrid pointsin theactive setof theform givenin Equation16,
usingfunctionsu and w andparameters0 , Ä ,

¾
, and Ç . It alsocalculatesthemaximum� k thatensuresstability. Thus

auserwhowishesto performasurfacedeformationusingtheLSSMlibrary, wouldcreatesubclassof VoxModel and
definetheappropriatevirtual functionsandsettheparametersto achievethedesiredbehavior.



8.2.3 The LevelSetModel Object

TheLevelSetModel containsavolumeof values,avolumeof statusflags,fivelists(oneactivelist, two insidelists,
andtwo outsidelists), andthreeparametersthatdeterminetheorigin of thecoordinatesystemform which themodel
performsits calculations.

There are two constructors,LevelSetModel() and LevelSetModel( const VISVolume<float>
&). Thefirst simply initializesthedatastructure,andthesecondalsosetthevaluesof themodelvolume( values)
to the input. Oncethe valueshave beenset,onecancreatean initial volumefrom thosevaluesby calling con-
structLists(), which canalsotake a floating-pointargumentthatcontrolsthescalingof the input relative to a
localdistancetransformnearthezeroset.

Thelist thatkeepstrackof theactive set,called active list, keepstrackof the locationof thosegrid points
andasinglefloating-pointvalue,which storesthechangein their valuesfrom oneiterationto thenext.

Anotherimportantmethodsfor usersof this objectis update(float), which changesthegrey-scalevaluesof
thegrid for theactivesetaccordingto thevaluesstoredin active list, andupdatesthestatusof elementson the
active list aswell asthevaluesandstatusof nearbylayers(2 insideand2 outside).Thefloatingpoint argumentis the
valueof � k from Equation16, andthereturnvalueis themaximumchangethatoccurredon theactive set. Finally,
the methoditerate() calls the virtual methodcalculate change, a virtual function which setsthe values
of � ���.�� �P� � andreturnsthe maximumvalueof � k for stability, andthencallsupdate. For this objectthe function
calculate change performssometrivial (i.e.,useless)operation.

8.2.4 The VoxModel Object

TheVoxModel objectis a subclassof LevelSetModel, andit addthreethingsto thebaseclass.

1. calculate change() is redefinedto implementthesurfacedeformationdescribedin Equation41.

2. Thevirtual functionsaredeclaredfor
£

(calledforce) and w (calledgrow). Thesefunctionsaredefinedto
returnzerofor thisobject.

3. The parametersthat control the relative influence of the various terms are read from file by a routine
load params.

4. A methodrescale(float) is defined,which resamplesthevolumeof grid-pointvaluesinto a new volume
with differentresolutionandredefinesthelists (andtherebythemodel)in this new volume.This methodis for
performingcoarse-to-finedeformationprocedures.

8.3 Example: 3D ShapeMetamorphasis

TheMorph objectallowsoneto constructasequenceof volumesor surfacemeshesusingthe3D shapemetamorphasis
techniquedescribedin Section7.1, which was first proposedby Whitaker and Breen[20]. This techniquerelies
distancetransformsfor boththesourceandtargetobjectsandusesa LSSMsto manipulatetheshapeof thesourceso
thatit coincideswith thetarget.Thesurfacedeformationthatdescribesthis behavior isp �p k � Ä w ! ² ! �¤#�# m ! �%# � (42)

wherew ! �%# is simply thedistancetransform(or somemonotonicfunctionthereof)of thetarget,and ² is acoordinate
transformationthatalignsthesourceandtargetobjects.Thelevel-setformulationof this isp ��! � ��k #p k � Ä w ! ² ! ��#�#�� < � � ( (43)

Themorphingprocessconsistsof severalsteps:

1. Readin distancetransforms(in theform of volumes)for bothsourceandtarget.

2. Initialize theLSSMby fitting it to thezerosetof thesourcedistancetransform.



3. UpdatetheLSSM accordingto Equation43.

4. Save intermediatevolumes/surfacesat regularintervals.

The remainderof this sectionlists the codeandcommentsfor threefiles, morph.h(which declarestheMorph
object),morph.C(which definesthemethods)andmain.C(which performsall of theI/O andusestheMorph object
to constructa sequenceof shapes.

8.4 Mor ph.h

//
// morph.h
//
//

#ifndef iris_morph_h
#define iris_morph_h

#include "voxmodel/voxmodel.h"
#include "matrix/matrix.h"

#define INIT_STATE 0
#define MORPH_STATE 1
//
// This is the morph object. It uses all of the machinery of the base
// class to manipulate level sets. It needs to have an initial volume
// and a final volume (which would typically be the distance transform,
// it might need a 3D transformation, and it needs to redefine the
// virtual function "grow", which takes 6 floats as input, the position
// followed by the normal vectors (all will calculated and passed into
// this method by the base class). It might also have a state, that
// indicates whether or not it’s been initialized.
//
// Functions not defined here should be defined in "morph.C"
//
class Morph: public VoxModel
{

protected:
VISVolume<float> _dist_source;
VISVolume<float> _dist_target;
VISMatrix _transform;

//
// This is the function that is used by the base class to manipulate the
level
// set. You can define it to by anything you want. For this object, it
will
// return a value from the distance transform of the target.
//

virtual float grow(float x, float y, float z,
float nx, float ny, float nz);

// There are two states. In the first state, the model is trying to fit
// to the input data. In this way the models starts by looking just like



// the input data
int _state;

public:

Morph(const Morph& other)
{

_dist_target = other._dist_target;
_initial = other._initial;
_state = MORPH_STATE;
_transform = VISVISMatrix(3, 3);
_transform.identity();

// initialize();
}

Morph(VISVolume<float> init, VISVolume<float> d)
:VoxModel()

{
_dist_target = d;
_initial = init;
_state = MORPH_STATE;
_transform = VISVISMatrix(3, 3);
_transform.identity();

// initialize();
}

void initialize();

// for this object I assume that the transform is just a matrix.
// but it could be anything

void transform(const VISVISMatrix& t)
{ _transform = t;}

const VISVISMatrix& transform()
{ return(_transform);}

void distance(const VISVolume<float> d)
{ _dist_target = d;}
VISVolume<float> distance()
{ return(_dist_target);}

};
#endif

8.5 Mor ph.C

#include "morph.h"
#include "util/geometry.h"
#include "util/mathutil.h"

//
// this is the virtual function, that is the guts of it all.



//

float Morph::grow(float x, float y, float z,
float nx, float ny, float nz)

{

// this says you are in the morph state (things have been initialized)
if (_state == MORPH_STATE)

{
float xx, yy, zz;
VISPoint p(4u);
p.at(0) = x;
p.at(1) = y;
p.at(2) = z;
p.at(3) = 1;
VISPoint p_tmp;

// this is where you could put some other transform.
p_tmp = _transform*p;

xx = p_tmp.x();
yy = p_tmp.y();
zz = p_tmp.z();

// make sure you are not out of the bounds
// of your distance volume.
if (_dist_target.checkBounds(xx, yy, zz))

// if not, get the distance (use trilinear interpolation).
return(_dist_target.interp(xx, yy, zz));

else
return(0.0f);

}
else

{
// if you are still initializing, then move toward the zero set of
// your initial case
if (_initial.checkBounds(x, y, z))

return(_initial.interp(x, y, z));
else

return(0.0f);
}

}

// this makes the model look like the input.
#define INIT_ITERATIONS 5
void Morph::initialize()
{

_values = _initial;
int state_tmp = _state;
_state = INIT_STATE;
construct_lists(DIFFERENCE_FACTOR);

// these couple of iterations are required to make sure that the zero
// sets of the model match the zero sets of the
//



for (int i = 0; i < INIT_ITERATIONS; i++)
{

// limit the dt to 1.0 so that the model settles in to a solution
update(::min(calculate_change(), 1.0f));

}
_state = state_tmp;

}

8.6 Main.C

#include "vol/volume.h"
#include "vol/volumefile.h"
#include "image/imagefile.h"
#include "morph.h"
#include <string.h>

const int V_HEIGHT = (40);
const int V_WIDTH = (40);
const int V_DEPTH = (40);

#define XY_RADIUS (12) // this matches the 2.5D data generated in
torus.C
#define T_RADIUS (4) // this matches the 2.5D data generated in torus.C
#define S_RADIUS (12) // radius of a sphere

#define B_WIDTH (20.0f)
#define B_HEIGHT (60.0f)
#define B_DEPTH (20.0f)

#define B_CENTER_X (12.0f)
#define B_CENTER_Y (32.0f)
#define B_CENTER_Z (12.0f)

float sphere(unsigned x, unsigned y, unsigned z);
float torus(unsigned x, unsigned y, unsigned z);
float cube(unsigned x, unsigned y, unsigned z);

// This is a program that does the morph. If you give it two
// arguments, it reads the initial model and the dist trans for the
// final model from the two file names given, otherwise, it makes a
sphere
// and deforms it into a torus

main(int argc, char** argv)
{

VISVolume<float> vol_source, vol_target;
VISVolumeFile vol_file;
int i;
char fname[80];



vol_source = VISVolume<float>(25,65,25);
vol_source.evaluate(cube);

if (argc > 2)
{

// read in the sourceing model
vol_source = VISVolume<float>(vol_file.read_float(argv[1]));

// read in the dist trans of the final model
vol_target = VISVolume<float>(vol_file.read_float(argv[2]));

}
else
// make up some volumes

{
vol_source = VISVolume<float>(V_WIDTH, V_HEIGHT, V_DEPTH);
vol_source.evaluate(sphere);
vol_target = VISVolume<float>(V_WIDTH, V_HEIGHT, V_DEPTH);
vol_target.evaluate(torus);

}

// create morph object
Morph morph(vol_source, vol_target);
// loads in some parameters (for morphing these are all zero but one)
// i.e.
//
//
//
//
morph.load_parameters("morph_params");
morph.initialize();
vol_file.write_float(morph.values(), "morph0.flt");

float dt;

// do 150 iterations for your model to get from start to finish
// probably don’t need this many iterations

for (i = 0; i < 150; i++)
{

dt = morph.calculate_change();
// limit dt to 0.5 so that model never overshoots goal
dt = min(dt, 0.5f);
morph.update(dt);

printf("iteration %d dt %f\n", i, dt);

if (((i + 1)%10) == 0)
{

// save every tenth volume
sprintf(fname, "morph_out.%d.dat", i + 1);
vol_file.write_float(morph.values(), fname);

}
}



// save a surface model (i.e. marching cubes).
vol_file.march(0.0f, morph.values(), ‘‘morph_final.iv’’);

printf("done\n");

}
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For Consideration
“Thereare two kindsof peoplein thisworld...
Thosewholike to solvepartial differential
equations,andthosewhodon’t.”

– anonymous



Overview
� Introduction
� Geometry
� DeformableSurfaces
� Level-SetSurfaceModels
� NumericalMethods
� Applications
� TheVISPackLibrary

Introduction
Motivation

� Framework for VolumeProcessing/Filtering

– Level-setmethodsfor nonlinearimage/volume
filtering

– Denoising& Reconstruction

� Surface-ModelingTechnology

– Many degreesof freedom

– Topologicallyflexible

– Limits resolutionratherthanshape



Introduction
Isosurfaces

� An Implicit Representation

φ : U �� IR
x � y� z k

� U � IR3 — domainof thevolume/rangeof surface
model.

� A surfaceS is a setof ponts

S � �
x̄ � φ � x̄ 	
� k �

How Do We Representφ
� Linearcombinationof globalbasisfunctions

– “Blobby” models— Blinn 1982

– Deformationby modifying size,position,number,
etc.— Muraki 1991

� Linearcombinationof local local basisfunctions

– Candefinelocal deformationsin termsof nearest
neighbors

– Many degreesof freedom

– Well-definedrelationshipbetweensurface
movementsandvoxel values



Local BasisFunctions
A Volume-BasedRepresentation(1D)

x

φ

Basis function

k

Local BasisFunctions
� Geometrydefinedby local operations
� Continuousmathematicson φ
� Voxel manipulationsdeterminedby well-defined

numericalmethods



IsosurfaceVisualization
� Triangulation(meshextraction)

– E.g. marchingcubes(Lorensenet. al. 87)

– Otherrelatedapproaches
� “Direct” visualization

– E.g. volumerendering

� Note: not thedomainof this talk

TheGeometryof Isosurfaces
� Surfacenormals
� Curvature
� Goal: expressthegeometryof theisosurfacein termsof

derivativesof φ



SurfaceNormals
� Existsfor every point in D.

n̄ � x̄ 	
� ∇φ � x̄ 	
�∇φ � x̄ 	�� where x̄  D �

� Givesnormalto level setpassingthroughthatpoint
� Covention— insideor out (beconsistent)
� How to compute?(e.g.centraldifferences)

Second-OrderStructure
A ShortCourseIn DifferentialGeometry

Eliptic Parabolic (cylinder)

Hyperbolic
Planar



DifferentialGeometry
Thingsto Remember

� Surfaceshapeis locally quadratic
� Principaldirections— ē1 � ē2� Principalcurvatures— k1 � k1

� Meancurvature— H � k1 � k2
2� Gaussiancurvature— K � k1 � k2

� Total curvature— D2 � k2
1 � k2

2 � 4H2 � 2K

� Note: k1 � 2 � H ��� H2 � K

Second-OrderStructureof TheLevel Sets
� Gradientof thenormal � � matrix:

N ��� n̄x n̄y n̄z�

� Second-ordergeometryof level set � � invariantsof N
� Eigenvalues:

– e1 � k1

– e2 � k2

– e3 � 0



Second-OrderStructureof TheLevel Sets
MeanCurvature

H � x̄ 	
� k1 � k2

2
� 1

2
Tr � N 	�� 1

2
∇ � ∇φ

�∇φ �

H � x̄ 	
�
φ2

x � φyy � φzz	 � φ2
y � φxx � φzz	 �

φ2
z � φxx � φyy 	 � 2φxφyφxy

�
2φxφzφxz

� 2φyφzφyz

2 � φ2
x � φ2

y � φ2
z 	 3� 2

Second-OrderStructureof TheLevel Sets
Total Curvature

D2 � x̄	�� k2
1 � k2

2 � ���N ���



Second-OrderStructureof TheLevel Sets
GaussianCurvature

K � x̄  "! k1k2 ! e1e2 # e1e3 # e2e3 ! 2H2 � x̄  %$ 1
2

D2 � x̄ 

K � x̄  &!
φ 2

z � φxxφyy $ φxyφxy  # φ 2
y � φxxφzz $ φxzφxz 

# φ 2
x � φyyφzz $ φyzφyz # 2 ' φxφy � φxzφyz $ φxyφzz 

# φxφz � φxyφyz $ φxzφyy  # φyφz � φxyφxz $ φyzφxx  )(
� φ 2

x # φ 2
y # φ 2

z  2

Example:Total Curvatureof An
Isosurface

Isosurfaceof greyscalevolume Total curvature(lighter is greater)



DeformableModels
� Basicterminology/mathematics
� Deformationprocesses(i.e. types)
� Level-SetSurfaceModels

DeformableModels
RegularSurfaces

� Model only local defor-
mation in terms of local
surfacestructure

� Surface— * � IR3

� Local mapping

S̄:V � V �� IR3
r s x � y� z �

whereV � V � IR2



DeformableModels
RegularSurfaces

� Locally parametricandchangingover time —
S̄ � S̄� r � s� t 	

� Surfacenormalsn̄ � n̄ � r � s� t 	
� Parameterizationis just a placeholder

– Geometrywill bereexpressedwithout

– It will be“forgotten”asthemodeldeforms

DeformableSurfaces
� Pointson surface,x̄ � S̄� r � x � t 	 , move in a prescribed

manner
� Dependson positionandlocal surfacestructureof S̄.

∂ x̄
∂ t

� Ḡ � x̄ � n̄ � S̄r � S̄s � S̄rr � S̄rs � S̄ss�+�+�+�,	-�

� Note: independencefrom parameterization� � assume
� r � s	 is anorthnormalparameterization.



SurfaceDeformationExamples
� Forcingfunction

∂ x̄
∂ t

� F̄ � x̄	

� Expand/Contract

∂ x̄
∂ t

� G � x̄	 n̄

Level-SetSurfaceDeformation
� Representa surface/contourimplicit
� Changeshapeby modifying greyscalevalues



Level-SetSurfaceDeformation
Two approaches
� Static:

φ � x̄ � t 	+	.� k � t 	 �0/ ∇φ � x̄ 	&� ∂ x̄
∂ t

� dk � t 	
dt

EikonalEquation
� Dynamic:

φ � x̄ � t 	-� t 	1� k �
/ ∂φ
∂ t

� � ∇φ � dx̄
dt

Sethian,1999

Level-SetSurfaceModels
DynamicApproach

� Embedthesurfacemotionin φ

∂φ
∂ t

� � ∇φ � dx̄
dt

� � ∇φ � F̄ � x̄ � Dφ � D2φ �2�+�+�3	-�
whereDnφ arenth-orderderivativesof φ

� Appliesto all level setsof φ



DeformationModes

Effect Parametric Evolution
Level-Set
Evolution

Parameter
Assumptions

1 Externalforce F̄ F̄ 4 ∇φ None

2
Expansion/

contraction
G 5 x̄6 N̄ G 5 x̄687∇φ 5 x̄ 9 t 687 None

3
Mean

curvature
Srr : Sss H 7∇φ 7 Orthonormal

4
Gauss

curvature
Srr ; Sss K 7∇φ 7 Orthonormal

5 Secondorder Srr or Sss < H =�> H2 ? K @A7∇φ 7 Principal

curvatures

Level-SetSurfaceDeformationExamples
� Forcingfunction

∂ x̄
∂ t

� F̄ � x̄ 	-� �0/ φt � � F̄ � ∇φ

� Expand/contract

∂ x̄
∂ t

� G � x̄	 n̄ �0/ φt � G �∇φ �



NumericalMethods
� Finite differences
� Up-wind schemes
� Narrow-bandandsparse-fieldmethods
� Notation

– un
i � j � k — nth time step,i � j � k on grid

– x̄i � j � k — 3D positionof i � j � k grid point

– un
i � j � k discretesamplingof φ � x̄i � j � k � tn 	

– assumew.o.l.g. grid spacingis 1 unit

Finite Differences
� Time — forwarddifferences

un� 1
i � j � k � un

i � j � k � ∆t∆un
i � j � k �

� Space(to approxmiate∆un
i � j � k — depends

– Second-orderterms— centraldifferences

– First-orderterms— up-windschemes



First-OrderOperators

δ B �DCx ui � j � k E� � ui � 1 � j � k � ui � j � k 	
δ B�F Cx ui � j � k E� � ui � j � k � ui F 1 � j � k 	

δxui � j � k E� 1
2
� ui � 1 � j � k � ui F 1 � j � k 	

Second-OrderOperators
TightestFitting

δxxui � j � k E� δ B�F Cx δ B �DCx ui � 1 � j � k � ui � 1 � j � k � ui F 1 � j � k � 2ui � j � k
δzzui � j � k E� δ B�F Cz δ B �DCz ui � 1 � j � k � ui � j � k � 1 � ui � j � k F 1

� 2ui � j � k
δxyui � j � k E� δxδyui � j � k



Up-Wind Scheme
OsherandSethian,1988

� “Non-oscillatory” scheme
� Useone-sideddifferenceoperatorsin gradientof φ
� Avoid overshoot— createno new contours
� Note: choiceof derivativesdependson data

Up-Wind Scheme

Level-set motion

xi

ui

∆∆∆∆ui

Up-wind 
difference

Down-wind 
difference

Down wind Up wind



Up-Wind Scheme

xi

ui

∆t∆ui limited by 
up-wind difference

Overshoot creates 
“new” level sets

Up-Wind Scheme
� Let

F̄ � x̄	��G� F B 1C � x̄ 	-� F B 2C � x̄ 	-� F B 3C � x̄ 	+	

� Then

F̄ � x̄i � j � k 	&� ∇φ � x̄i � j � k � t 	�H
2

∑
qI 1

F B qC � x̄i � j � k 	 δ �q un
i � j � k for F B qC � x̄i � j � k 	1J 0

δ Fq un
i � j � k for F B qC � x̄i � j � k 	1K 0



Second-OrderTerms
Example:MeanCurvature

Hn
i L j L k M

N < δyun
i L j L k @ 2 :O< δzun

i L j L k @ 2 P
δxxun

i L j L k
: N < δzun

i L j L k @ 2 :O< δxun
i L j L k @ 2 P

δyyun
i L j L k :

N < δxun
i L j L k @ 2 :Q< δyun

i L j L k @ 2 P
δzzun

i L j L k? 2δxun
i L j L kδyun

i L j L kδxyun
i L j L k ? 2δyun

i L j L kδzun
i L j L kδyzun

i L j L k ? 2δzun
i L j L kδxun

i L j L kδzxun
i L j L k

< δxun
i L j L k @ 2 :Q< δyun

i L j L k @ 2 :O< δzun
i L j L k @ 2

Time Steps
Limited For Stability

Up-wind scheme:

∆tG R 1
3supi � j � k S X

� �∇G � xi � y j � zk 	T�U�
Second-orderterms:

∆tH R 1
6



Narrow-BandMethods
Evolution of level set,φ � x̄ � t 	.� k, not impactedby choiceof
embedding

Performcalculationsfor surfaceevolution only in a
neighborhoodof thesurface* � �

x̄ � φ � x̄ 	�� k �

Narrow-BandAlgorithm
AdalsteinsonandSethian,1995

Restablishtheneighborhood(embedding)whennecessary

Narrow band/tube

Surface model (level set)

Time passes“Outside” – not 
computed

Boundary interference
Recompute band



Sparse-FieldAlgorithm
Whitaker 1998

Maintain a thin bandof
pixels aroundan active
set
Update active set and
thenconsecutive layers

Sparse-FieldAlgorithm
Behavior

Fast:executiontime grows with surfaceelements

Accurate:active setavoidsshocks—subvoxel surfacefitting

Fitting of

surface model

to toriodal data

(dist. trans.)

Conventional— Shocks Sparse-Field



Applications
� Surfacemorphing
� Filleting
� 3D reconstruction
� Antialiasingbinaryvolumes
� Other

SurfaceMorphing
Whitaker andBreen,1998;BreenandWhitaker 2000

Two partsof morphing:

1. Warping— coordinatetransformation

2. Blending— “filling in” details V � level-set
surface
models� Fourierdomain— Hughes1992� Linearinterpolation— Lerioset al. 1995� Distancetrans.— Cohen-Oret al. 1998



SurfaceMorphing
Strategy

Expansion/contraction— dependingon signed-distance
transformto “target”

dx̄
dt � γB � x̄ � t 	+	 n̄ � x̄ � t 	+	0W x̄ � t 	XY* tZ

∂φ B x̄C∂ t � �∇φ � x̄ 	T� γB � x̄ 	

Example



Example

Filleting andBlending
Whitaker andBreen,1998

Modify meancurvatureflow to “filling in” material

∂φ
∂ t

� �∇φ �\[ max� k1 � 0	 � max� k2 � 0	^]
Canalsolimit to prescibedcurvatureκ

∂φ
∂ t

� �∇φ �_[ max� k1 � κ 	 � max� k2 � κ 	^]



Filleting

Solid Models t = 1.0 t = 4.0

Blending



3D ReconstructionFromRangeData
Whitaker, 1998

Estimate3D surfacesfrom noisyrangemeasurementstaken
from differentpointsof view

A rangeimage Amplitudedata Surfacerendering

Model Fitting To RangeData
Combinedatatermwith prior (surfaceareapenalty)

∂φ
∂ t

� �∇φ �G � x̄ 	 � H � x̄	

Thedataterm,G � x̄ 	 , includesinferencefrom a setof
registeredrangemaps



Initial Model
No prior
No deformation/fitting

Final Estimate
Prior
Deformation/fitting



AntialiasingBinary Volumes
Whitaker, 2000

Treatthebinaryvolumeproblem
asanundercontrainedestimation
problem
Solutionmust:
` Encloseall of theinsidepoints
` Enclosenoneof theoutsidepoints

Resolve ambiguityby imposing
someothercondition
` Find a “preferred”solution
` E.g. minimal surfacearea

AntialiasingBinary Volumes
Example

“Ideal” volume Binary volume SurfaceEstimate



OtherApplications
� 2D/3D imagesegmentation(Whitaker, 95; Casselleset

al. 95; Malladi etal., 95; etc.)
� Image/volumefiltering (Osher& Rudin,90; Alvarez&

Morel, 1994;Malladi & Sethian,96; etc.)
� Imageblending(Whitaker, 00)
� Computervision (Kimia & Zucker, 92,94)
� Physicalsimulation(Osher& Fedkiw, 00)
� Seealso:Sethian,Level SetMethodsandFast

MarchingMethods, CambridgeUniversityPress,1999

VISPack
Volume-Image-SurfacePackage

Capabilities` Imageprocessing
` Volumeprocessing
` Level-setsurfacemodeling

Design` C++ — objectoriented
` Datahandles/copy on write
` Templates
` Functionalinterface— operatoroverloading
` File I/O (extensible)— no GUI



OperatorOverloading
3D EdgeDetector

Volume<float> dx, dy, dz;
Volume<float> vol gauss = vol.gauss(0.5);
Volume<float> vol out

= (((dx = vol gauss.dx()).power(2)*vol gauss.dx(2)
+ ((dy = vol gauss.dy()).power(2)*vol gauss.dy(2)
+ ((dz = vol gauss.dz()).power(2)*vol gauss.dz(2)
+ dx*dy*(dx).dy() + dx*dz*(dx).dz())
+ dy*dz*(dy).dz()) )).zeroCrossings()
&& ((dx.power(2) + dy.power(2)) > T*T));

Level-SetSurfaceModeling

∂φ
∂ t

� αF̄ � x̄ � ∇φ 	&� ∇φ � βG � x̄ � ∇φ 	T�∇φ �
� γ �∇φ � � ηE � Dφ � D2φ 	



VoxModelObject
1. Createsa modelfrom a volume

2. Calculates∆un
i � j � k, ∆t, etc.

3. Virtual functions(subclasses)defineF̄ , G

4. Parameters(α, β , γ, η) setby thesubclass

5. Performsanupdateon thevaluesof un
i � j � k

6. Maintainsactive setandupdatesthe layers

7. Providesaccessto un
i � j � k andlist of active grid points.

Example:ShapeMorphingObject
SubclassOf VoxModel

1. Sourceandtargetvolumes

2. Inialize to source

3. Definevirtual method:
grow(float x, float y, float z,

float nx, float ny, float nz)

4. call iterate() andsave volumes/modelsat regular
intervals



Conclusions
� Isosurface— representingandmanipulatingsolid

shapes
� Level setsurfacemodels— wide rangeof applications

for processingvolumesandsurfaces
� Analytical — surfacemotion � � pde’s on volume
� Lots of potential

– Applications

– New technologies

Thanks
� Office of Naval Research
� NationalLibrary of Medicine
� NationalScienceFoundation
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